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About:enVision Horida

B.EST. ALGEBRA

enVision® Florida B.E.S.T. Algebra 1 offers a carefully constructed
lesson design to help you succeed in math.

Step 1 At the start of each lesson,

you and your classmates
will work together to come up with

a solution strategy for the problem
or task posed. After a class discussion,
you'll be asked to reflect back on the
processes and strategies you used in
solving the problem.

Mext, your teacher will guide you through new concepts and skills
Step 2
for the lesson.
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After each example o you work out a
problem called the Try It! to solidify your
understanding of these concepts.

Side notes o help you with study tips,
suggestions for avoiding common errors, and
questions that support learning together and
having a growth mindset,

In addition, you will periodically answer Thinking
and Reasoning guestions to refine your
thinking and problem-solving skills.
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m This part of the lesson

concludes with a
Lesson Check that helps you to know
how well you are understanding the new
content presented in the lesson. With the
exercises in the Do You Understand? and
Do You Know How?, you can gauge your
understanding of the lesson concepts.

m In Step 3, you will find a balanced T o
exercise set with Understand exercises _— — "

that focus on conceptual understanding, Practice

exercises that target procedural fluency, and Apply ° HiE
exercises for which you apply concept and skills to L)

real-world situations !

The Assessment and Practice °exercisns offer __' —

practice for high stakes assessments. Your teacher
rmay have you complete the assignment in your
Student Edition, 5tudent Companion, or online at
SavwasRealize.com.

m Your teacher may have you L

take the Lesson Quiz after 7-2 Lesson Quiz
each lesson. You can take the quiz enline
or in print. To do your best on the quiz,
review the lesson problems in that lesson.

ABOUT enVision Florida B.E.5.T. Algebra 1
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Digital Resources

Everything you need for math, anytime, anywhere.

SavvasRealize.com is your gateway to all of the digital resources for
enVision® Florida B.E.5.T. Algebra 1.

INTERACTIVE STUDENT EDITION @ ANIMATION View and interact with
Log in to access your interactive student real-world applications.
edition, called Realize Reader.

FAMILY ENGAGEMENT @ PRACTICE
Irvalve family in your learning, Practice what you've |earned,

ACTIVITIES Complete Explore & Reason, 0 VIDEDS Watch clips to support
Model & Discuss, Critigue & Explain activities. Mathematical Modeling in 3 Acts
Interact with Examples and Try fts. Lessons and enVision™ STEM Projects.

wiii DIGITAL RESOURCES
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ADAPTIVE PRACTICE

Practice that is just right and just for you.

22 1-1: Medupiben Practicn

GLOSSARY Read and listen to English

and Spanish definitions.

TUTORIALS Get help from Virtual Nerd,
right when you need it.

MATH TOOLS Explore math with digital
tools and manipulatives.

CONCEPT SUMMARY Review key
lesson content through multiple
representations.

ASSESSMENT
Show what you've learned.

ll.j DESMOS Use Anytime and as
el cmbedded Interactives in Lesson
content.

08 QR CODES Scan with your mobile
oI5 device for Virtual Nerd Video Tutorials
and Math Modeling Lessons.

DIGITAL RESOURCES



Florida's B.E.ST. Standards and Benchmarks |

Number Sense and
Operations

MA912.N50.1 Generate equivalent expressions and
perform operations with expressions involving
exponents, radicals, or logarithms.

MA.912.N50.1.1 Extend previous understanding

of the Laws of Exponents to include rational
exponents. Apply the Laws of Exponents to
evaluate numerical expressions and generate
equivalent numerical expressions involving rational
exponents.

Clarification 1: Instruction includes the use of
technelogy when appropriate,

Clarification 2: Refer to the K-12 Formulas
(Appendix E) for the Laws of Exponents,

Clarification 3: Instruction includes converting
between expressions involving rational exponents
and expressions involving radicals.

Clarification 4: Within the Mathematics for
Data and Financial Literacy course, it is not the
expectation to generate equivalent numerical
expressions.

MA.91 2.N50.1.2 Generate equivalent algebraic
expressions using the properties of exponents.

Example: The expression 1.5+ 2 is equivalent to
the expression 2.25(1.5)3 which is equivalent to
2.25(3375)".

MA.912.N50.1.4 Apply previous understanding of
operations with rational numbers to add, subtract,
multiply and divide numerical radicals,

Algebra 1 Example: The expression "Il,gﬁ is

equivalent to \fgﬁ-‘_ which is equivalent ta J68 which
is equivalent to 2/17.

Clarification 1: Within the Algebra 1 course,
expressions are limited to a single arithmetic

operation involving two square roots or two cube
roots,

x FLORIDA'S BE.S.T. STANDARDS AND BENCHMARKS

Algebraic Reasoning

MA912ZAR.T Interpret and rewrite algebraic
expressions and equations in equivalent forms.

MA.912.AR1.1 Identify and interpret parts of an
equation or expression that represent a quantity
in tarms of a mathematical or real-world context,
including viewing one or more of its parts as a
single entity.

Algebra 1 Example: Derrick is using the formula

P =1000{1 + .1 to make a prediction about the
camel population in Australia. He identifies the
growth factor as (1 +.1), or 1.1, and states that the
camel| population will grow at an annual rate of
10% per year.

Example: The expression 1.15! can be rewritten

as f1.1511_¢:' 12Twhich is approximately equivalent
to 1.012" This latter expression reveals the
approximate equivalent monthly interest rate of
1.2% if the annual rate is 15%.

Clarification 1: Parts of an expression include
factors, terms, constants, coefficients and variables.

Clarification 2: Within the Mathematics for Data
and Financial Literacy course, problem types focus
an money and business.

MA.912.AR.1.2 Rearrange equations or formulas to
isolate a quantity of interest.

Algebra 1 Example: The Ideal Gas Law PV = nRT can
be rearranged as T = ﬁ: to isolate temperature as
the quantity of interest.

Example; Given the Compound Interest formula
A=P(1+5"™ solve for P,

Mathematics for Data and Financdal Literacy Honors
Example: Given the Compound Interest formula
A=P(1+5" swolve for t.

Clarification 1: Instruction includes using formulas
for temperature, perimeter, area and volume; using
equations for linear (standard, slope-intercept

and point-slope forms) and guadratic (standard,
factored and vertex forms) functions.

Clarification 2: Within the Mathematics for Data
and Financial Literacy course, problem types focus
an money and business.



MA.912.AR.1.3 Add, subtract and multiply polynomial
expressions with rational number coefficients,

Clarification 1: Instruction includes an
understanding that when any of these operations
are performed with polynomials the result is also a
polynomial.

Clarification 2: Within the Algebra 1 course,
poalynomial expressions are limited to 3 or
fewer terms.

MA.912.AR.1.4 Divide a polynomial expression
by a monomial expression with rational number
coefficients.

Clarification 1: Within the Algebra 1 course,
polynomial expressions are limited to 3 or
fewer terms.

MA.912.AR.1.7 Rewrite a polynomial expression as a
product of polynomials over the real number system.

Example: The expression 4x¥y = 3xYy? is equivalent
to the factored form xdy (4x — 3y7).

Example: The expresion 16x% — 97 is equivalent to
the factored form (dx — 3y) (dx + 3y

Clarification 1: Within the Algebra 1 course,
polynomial expressions are limited to 4 or fewer
terms with integer coeffidents.

MA912.AR.2 Write, solve and graph linear
equations, functions and inequalities in one and
two variables.

MA 912 AR.21 Given a realworld context, write and
solve one-variable multi-step linear equations.

:@nVision FHori

B.E.S.T. ALGEE

MA91Z.AR.2.2 Write a linear two-variable equation
to represent the relationship between two
quantities from a graph, a written description ar a
table of values within a mathematical or real-world
context.

Clarification 1: Instruction includes the use

of standard form, slope-intercept form and
point-slope form, and the conversion between
these forms.

MA.912.AR.2.3 Write a linear two-variable equation
for a line that is parallel or perpendicular te a given
line and goes through a given point.

Clarification 1: Instruction focuses on recognizing
that perpendicular lines have slopes that when
multiplied result in =1 and that parallel lines have
slopes that are the same.

Clarification 2: Instruction includes representing a
line with a pair of points on the coordinate plane
or with an equation.

Clarification 3, Problems include cases where one
variable has a coefficient of zera.

MA.912.AR.2.4 Given a table, equation or written

description of a linear function, graph that function,

and determine and interpret its key features,

Clarification 1: Key features are limited to domain,
range, intercepts and rate of change.

Clarification 2; Instruction includes the use of
standard form, slope-intercept form and point-
slope form.

Clarification 3: Instruction incudes cases where one
variable has a coefficient of zero.

Clarification 4: Instruction includes represanting
the domain and range with inequality notation,
interval notation or set-builder notation.

Clarification 5: Within the Algebra 1 course,
notations for domain and range are limited to
inequality and set-builder notations.

FLORIDA'S B.E.S.T. STANDARDS AND BENCHMARKS
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Florida's B.E.ST. Standards and Benchmarks |

MA91 2.4R.2.5 Solve and graph mathematical and
real-world problems that are modeled with linear
functions. Interpret key features and determine
constraints in terms of the context.

Algebra T Example: Lizzy's mother uses the function
Clp) = 450 + 7.75p, where Clp) represents the total
cost of a rental space and p is the number of people
attending, to help budget Lizzy's 16th birthday
party. Lizzy's mom wants to spend no more than
$850 for the party. Graph the function in terms of
the context.

Clarification 1: Key features are limited to domain,
range, intercepts and rate of change.

Clarification 2: Instruction includes the use of
standard form, slope-intercept form and point-
slope form.

Clarification 3: Instruction includes representing
the domain, range and constraints with ineguality
notation, interval notation or set-builder notation.

Clarification 4: Within the Algebra 1 course,
natations for domain, range and constraints are
limited to inequality and set-builder.

Clarification 5: Within the Mathematic for Data
and Financial Literacy course, problem types focus
on money and business.

MA 91 2LAR.2 B Given a mathematical or real-
world context, write and solve one-variable linear
inequalities, including compound inequalities.
Represent solutions algebraically or graphically.

Algebra 1 Example: The compound ineguality
2x < 5% + 1 < 4 is equivalent to —1 < 3x and 5x < 3,
which is equivalent to 31 NS i

MA.912.AR.2.7 Write two-variable linear inequalities
to represent relationships between quantities

from a graph or a written description within a
mathematical or real-world context.

Clarification 1: Instruction includes the use of
standard form, slope-intercept form and point-
slope form and any inequality symbal can be
represented.

Clarification 2: Instruction includes cases where one
variable has a coefficient of zero,

xii FLORIDA'S B.E.5.T. STANDARDS AND BENCHMARKS

MA912.AR.2.8 Given a mathematical or real-world
context, graph the solution set to a two-variable
linear inequality,

Clarification 1: Instruction includes the use of
standard form, slope-intercept form and point-
slope form and any ineguality symbol can be
represented.

Clarification 2: Instruction includes cases where one
variable has a coefficient of zero.

MA.912.AR.3 Write, solve and graph quadratic
equations, functions and inequalities in one and
two variables.

MAS12.AR31 Given a mathematical or real-world
context, write and solve one-variable quadratic
equations over the real number system.

Clarification 1: Within the Algebra 1 course,
instruction includes the concept of non-real
answers, without determining non-real solutions.

Clarification 2: Within this benchmark, the
expectation is to solve by factoring technigues,
taking square roots, the quadratic fermula and
completing the square.

MA.912.AR.3.4 Write a quadratic function to
represent the relationship between two quantities
from a graph, a written description or a table of
values within a mathematical or real-world context.

Algebra | Example: Given the table of values below
from a gquadratic function, write an equation of
that function.

X =2 | =1 0 1 2
iy 2 -1 -2 -1 2

Clarification 1: Within the Algebra 1 course, a
graph, written description or table of values
must include the vertex and two points that are
equidistant from the vertex.

Clarification 27 Instruction includes the use of
standard form, factored form and vertex form.

Clarification 3: Within the Algebra 2 course, one
of the given points must be the vertex or an
x-intercept.



MA.912.4R.3.5 Given the x-intercepts and another
point on the graph of a guadratic function, write
the equation for the function,

MA.912.AR.3.6 Given an expression or equation
representing a quadratic function, determine the
vertex and zeros and interpret them in terms of a
real-world context.

MAS12AR.3.7 Given a table, equation or written
description of a quadratic function, graph that
function, and determine and interpret its key
features.

Clarification 1: Key features are limited to domain;
range; intercepts; intervals where the function is
increasing, decreasing, positive or negative; end
behavior; vertex; and symmetry.

Clarification 2: Instruction includes the use of
standard form, factored form and vertex form, and
sketching a graph using the zeros and vertex.

Clarification 3: Instruction includes representing
the domain and range with inequality notation,
interval notation or set-builder notation.

Clarification 4; Within the Algebra 1 course,
notations for domain and range are limited to
inequality and set-builder

MA.912.AR.3.8 Solve and graph mathematical
and real-world problems that are modeled with
quadratic functions. Interpret key features and
determine constraints in terms of the context.

Algebra 1T Example: The value of a classic car
produced in 1972 can be modeled by the function
Vit) = 19.25¢2 — 440t + 3500, where t is the number
of years since 1972, In what year does the car’s
value start to increase?

Clarification 1: Key features are limited to domain;
range; intercepts; intervals where the function is
increasing, decreasing, positive or negative; end
behavior; vertex; and symmetry.

Clarification 2: Instruction includes the use of
standard form, factored form and vertex form.

Clarification 3: Instruction includes representing
the domain, range and constraints with inequality
notation, interval notation or set-builder notation.

Clarification 4: Within the Algebra 1 course,
notations for domain, range and constraints are
limited to inequality and set-builder.

iénVision Flor

MA. 912 AR.4 Write, solve and graph absolute value
equations, functions and inequalities in one and
two variables.

MA.912.AR.4.1 Given a mathematical or real-waorld
context, write and solve one-variable absolute value
equations.

MA.912.AR.4.2 Given a mathematical or real-waorld
cortext, write and solve ene-variable absolute
value inequalities. Represant solutions algebraically
or graphically.

MA.912.AR.4.3 Given a table, equation or written
description of an absolute value function, graph
that function and determine its key features.

Clarification 1: Key features are limited to domain;
range; intercepts; intervals where the function is
increasing, decreasing, positive or negative; vertex;
end behavior and symmetry.

Clarification 2, Instruction includes representing
the domain and range with inequality notation,
interval notation or set-builder notation.

Clarification 3 Within the Algebra 1 course,
notations for domain and range are limited to
inequality and set-builder.

MA912.AR.5 Write, solve and graph exponential
and logarithmic equations and functions in one
and two variables.

MA912.AR.5.3 Given a mathematical or real-
warld context, classify an exponential function as
representing growth or decay.

Clarification T: Within the Algebra 1 course,
exponential functions are limited to the forms
fix) = ab*, where b is a whole number greater
than 1 or a unit fraction, or fx) = a1 + r)", where
O<r<.

FLORIDA'S B.E.5.T. STANDARDS AND BENCHMARKS
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Florida's B.E.ST. Standards and Benchmarks |

MAS1 2ZAR.5.4 Write an exponential function to
represent a relationship between two quantities
from a graph, a written description or a table of

values within a mathematical or real-world context.

Clarification 1: Within the Algebra 1 course,
exponential functions are limited to the forms
fix) = ab*, where b is a whole number greater
than 1 or a unit fraction, or fix} = a{1 + r}*, where
O<r<l.

Clarification 2: Within the Algebra 1 course, tables
are limited to having successive nonnegative
integer inputs so that the function may be
determined by finding ratios between successive
outputs.

MA.912.AR.5.6 Given a table, equation or written
description of an exponential function, graph that
function and determine its key features.

Clarification 1: Key features are limited to domain;
range; intercepts; intervals where the function

is increasing, decreasing, positive or negative;
constant percent rate of change; end behavior and
asymptotes.

Clarification 2: Instruction includes representing
the domain and range with inequality notation,
interval notation or set-builder notation.

Clarification 3: Within the Algebra 1 course,
notations for domain and range are limited to
inequality and set-builder,

Clarification 4: Within the Algebra 1 course,
exponential functions are limited to the forms
fix) = ab*, where b is a whaole number greater
than 1 or a unit fraction, or fiix) = a{1 + r}*, where
O=r<1.

xiv FLORIDA'S B.E.5.T. STANDARDS AND BENCHMARKS

MA.912.AR.9 Write and solve a system of two- and
three-variable equations and inequalities that
describe quantities or relationships.

MA.912.AR.9.1 Given a mathematical or real-world
context, write and solve a system of two-variable
linear equations algebraically or graphically.

Clarification 1: Within this benchmark, the
expectation is to solve systems using elimination,
substitution and graphing.

Clarification 2: Within the Algebra 1 course, the
system is limited to two equations.

MA.912.AR9.4 Graph the solution set of a system of
two-variable linear inequalities.

Clarification 1: Instruction includes cases where one
variable has a coefficient of zero,

Clarification 2: Within the Algebra 1 course, the
system is limited to two inequalities.

MA.912.AR96 Given a real-world context, represent
constraints as systemns of linear equations or
inequalities. Interpret solutions to problems as
viable or non-viable options.

Clarification 1: Instruction focuses on analyzing a
given function that models a real-world situation
and writing constraints that are represented as
linear equations or linear inequalities.



Functions

MA.912.F.1 Understand, compare and analyze
properties of functions.

MA912.F1.1 Given an equation or graph that
defines a function, determine the function type.
Given an input-output table, determine a function
type that could represant it.

Clarification 1: Within the Algebra 1 course,
functions represented as tables are limited to linear,
guadratic and exponential.

Clarification 2: Within the Algebra 1 course,
functions represented as equations or graphs are
limited to vertical or horizontal translations or
reflections over the x-axis of the following parent

functions: fx) = x, fx) = x°, fix) = 27, f{x) = Jx,
c i X
fix) = =, fx) = w1, fix) = 2% and Ax) = [l] .

MA.912.F1.2 Given a function represented in
function notation, evaluate the function for an
input in its domain. For a real-world context,
interpret the output.

Algebra T Example: The function fix) = 3 = 8 models
Alicia's position in miles relative to a water stand

x minutes into a marathon. Evaluate and interpret
for a quarter of an hour into the race.

Clarification 1: Problems include simple functions in
two-variables, such as flx, ) = 3x — 2y,

Clarification 2: Within the Algebra 1 course,
functions are limited to one-variable such as
flx) = 3x.

MA 912 F1.3 Calculate and interpret the average
rate of change of a real-world situation represented
graphically, algebraically or in a table over a
specified interval.

Clarification 1; Instruction includes making the

connection to determining the slope of a particular
line segment,

iénVision Flor

MA.912.F1.5 Compare key features of linear
functions each represented algebraically,
graphically, in tables or written descriptions.

Clarification 1: Key features are limited to domain;
range; intercepts; slope and end behavior.

MA912.F1.6 Compare key features of linear and
nonlinear functions each representad algebraically,
graphically, in tables or written descriptions.

Clarification 1. Key features are limited to domain;
range; intercepts; intervals where the function is
increasing, decreasing, positive or negative; end
behavior and asymptotes.

Clarification 2: Within the Algebra 1 course,
functions other than linear, quadratic or
expoenential must be represented graphically.

Clarification 3; Within the Algebra 1 course,
instruction includes verifying that a quantity
increasing exponentially eventually exceeds a
gquantity increasing linearly or quadratically.

MA.912.F1.8 Determine whether a linear, quadratic
or exponential function best models a given real-
world situation.

Clarification T: Instruction includes recognizing
that linear functions model situations in which a
gquantity changes by a constant amount per unit
interval; that quadratic functions model situations
inwhich a quantity increases to a maximum,

then begins to decrease or a quantity decreases

to a minimum, then begins to increase; and that
exponential functions model situations in which a
quantity grows or decays by a constant percent per
unit interval.

Clarification 2: Within this benchmark, the
expectation is to identify the type of function from
a written description or table.

FLORIDA'S BE.ST. STANDARDS AND BEMCHMARKS
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MA912.F2 Identify and describe the effects of
transformations on functions. Create new functions
given transformations.

MA912.FE2.1 Identify the effect on the graph or
table of a given function after replacing fx) by
fix) + k, kf{x), fkx) and fx + k) for specific values
of k.

Clarification 1: Within the Algebra 1 course,
functions are limited to linear, guadratic and
absolute value.

Clarification 2: Instruction focuses on including
positive and negative values for k.

MA912.F2.3 Given the graph or table of fx)

and the graph or table of f{x) + k, kfx), fkx) and
fix + k), state the type of transformation and find
the value of the real number k.

Clarification 1: Within the Algebra 1 course,
functions are limited to linear, quadratic and
absolute value,

MA912F3 Create new functions from existing
functions.

MA91 2.FE3.1 Given a mathematical or real-world
context, combine two functions, limited to linear
and guadratic, using arithmetic operations. When
appropriate, include domain restrictions for the
new function,

Example: The quotient of the functions
fix) = 3x2 — 7x + 3 and gix) = 6x - 1 can be
(I -Tx 4+ 3)
(Bx — 1}
of h{x) is == x < ; and; < X <00

expressed as h{x) = , where the domain

Clarification 1: Instruction includes representing
domain restrictions with inequality notation,
interval notation or set-builder notation.

Clarification 2: Within the Algebra 1 Honors course,
notations for domain and range are limited to
inequality and set-builder.

xvi FLORIDA'S B.E.5.T. STANDARDS AND BENCHMARKS

Financial Literacy

MA.912FL.3 Describe the advantages and
disadvantages of short-term and long-term
purchases.

MA.912FL3.2 Solve real-world problems
involving simple, compound and continuously
compounded interast.

Example: Find the amount of money on deposit at
the end of 5 years if you started with $500 and it
was compounded quarterly at 6% interest per year

Example: loe won $25,000 on a lottery scratch-off
ticket. How mamy years will it take at 6% interest
compounded yearly for his money to double?

Clarification 1: Within the Algebra 1 course, interest
is limited to simple and compound.

MA.912FL.3.4 Explain the relationship between
simple interest and linear growth. Explain the
relationship between compound interest and
exponential growth and the relationship between
continuously compounded interest and exponential
growth.

Clarification 1: Within the Algebra 1 course,
exponential growth is limited to compound
interest.



Data Analysis and
Probability

MA.912.DP1 Summarize, represent and interpret
categorical and numerical data with one and two
variables.

MA.912.DP.1.1 Given a set of data, select an
appropriate method to represent the data,
depending on whether it is numerical or categorical
data and on whether it is univariate or bivariate.

Clarification 1: Instruction includes discussions
regarding the strengths and weaknesses of each
data display.

Clarification 2: Numerical univariate includes
histograms, stem-and-leaf plots, box plots and line
plots; numerical bivariate includes scatter plots

and line graphs; categorical univariate includes bar
charts, circle graphs, line plots, frequency tables and
relative frequency tables; and categorical bivariate
includes segmented bar charts, joint frequency
tables and joint relative frequency tables.

Clarification 3 Instruction includes the use
of appropriate units and labels and, where
appropriate, using technology to create data
displays.

MA.912.DP.1.2 Interpret data distributions
represented in various ways. State whether the data
is numerical or categorical, whether it is univariate
or bivariate and interpret the different components
and quantities in the display.

Clarification 1: Within the Probability and Statistics
course, instruction incudes the use of spreadsheets
and technaology.

MA.912.0P.1.3 Explain the difference between
correlation and causation in the contexts of both
numerical and categorical data.

Algebra T Example: There is a strong positive
correlation between the number of Nobel prizes
won by country and the per capita chocolate
consumption by country. Does this mean that
increased chocolate consumption in America will
increase the United States of America’s chances of a
MNobel prize winner?

iénVision Flor

MA.912.0P.1.4 Estimate a population total, mean
or percentage using data from a sample survey;
develop a margin of error through the use of
simulation,

Algebra T Example: Based on a survey of 100
househalds in Twin Lakes, the newspaper reports
that the average number of televisions per
household is 3.5 with a margin of error of +0.6.
The actual population mean can be estimated to
be between 2.9 and 4.1 television per househald.
Since there are 5,500 households in Twin Lakes the
estimated number of televisions is between 15,950
and 22,550,

Clarification T: Within the Algebra 1 course, the
margin of error will be given.

MA.912.0F.2 Solve problems invalving univariate
and bivariate numerical data.

MA.912.0P.2.4 Fit a linear function to bivariate
numerical data that suggests a linear association
and interpret the slope and y-intercept of the
model. Use the model to solve real-world problems
in terms of the context of the data.

Clarification 1: Instruction includes fitting a linear
function both informally and formally with the use
of technology.

Clarification 2: Problems include making a
prediction or extrapolation, inside and outside the
range of the data, based on the equation of the
line of fit,

MA.912.DP.2.5 Given a scatter plot that represents
bivariate numerical data, assess the fit of a given
linear function by plotting and analyzing residuals.

Clarification T: Within the Algebra 1 course,
instruction includes determining the number of
positive and negative residuals; the largest and
smallest residuals; and the connection between
outliers in the data set and the corresponding
residuals.
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MA91 2.DR2.6 Given a scatter plot with a line of fit

and residuals, determine the strength and direction
of the correlation. Interpret strength and direction
within a real-world context.

Clarification 1: Instruction focuses on determining
the direction by analyzing the slope and informally
determining the strength by analyzing the
residuals.

MA912.0F3 Solve problems involving categorical
data.

MA.912.DE3.1 Construct a two-way frequency table
summarizing bivariate categorical data. Interpret
joint and marginal frequencies and determine
possible associations in terms of a real-world
context.

Algebra 1 Example: Complete the frequency table
below.

Has an A | Doesn't have Total

inmath | an A in math
Plays an
instrument 0 0
Doesn't play 20
an instrument
Total 350

Using the information in the table, it is possible

to determine that the second column contains the
numbers 70 and 240. This means that there are 70
students who play an instrument but do not have
an A in math and the total number of students
who play an instrument is 20. The ratio of the joint
frequencies in the first column is 1 to 1 and the
ratio in the second column is 7 to 24, indicating

a strong positive association between playing an
instrument and getting an A in math.

FLORIDA'S B.E.S.T. STANDARDS AND BENCHMARKS

MA.912.0P3.2 Given marginal and conditional
relative frequencies, construct a two-way relative
frequency table summarizing categorical bivariate
data.

Algebra 1 Example: A study shows that 9% of the
population have diabetes and 91% do not. The
study also shows that 95% of the people who do
not have diabetes, test negative on a diabetes test
while 80% who do have diabetes, test positive.
Eased on the given information, the following
relative frequency table can be constructed.

Positive Negative m
Has diabetes 7.2% 1.8% 9%
Doesn't have .
diabetes 4.55% 86.45% 91%

Clartfication 1: Construction includes cases where
not all frequencies are given but enough are
provided to be able to construct a two-way relative
frequency table.

Clarification 2: Instruction includes the use of a tree
diagram when calculating relative frequencies to
construct tables.

MA.912.DP3.3 Given a two-way relative frequency
table or segmented bar graph summarizing
categorical bivariate data, interpret joint, marginal
and conditional relative frequencies in terms of a
real-world context.

Algebra 1 Example: Given the relative frequency
table below, the ratio of true positives to false
positives can be determined as 7.2 to 4.55, which

is about 3 to 2, meaning that a randomly selected
person who tests positive for diabetes is about 50%
more likely to have diabetes than not have it.

Positive Negative
Has diabetes 7.2% 1.8% 9%
Doesn't have
diabetes #4.55% 86.45% 91%

Clarification 1: Instruction includes problems
involving false positive and false negatives,



Mathematical Thinking and
Reasoning Standards

MA.K1Z.MTR.1.1 Actively participate in effortful
learning both individually and collectively.

Mathematicians who participate in effortful
learning both individually and with others:

= Analyze the problem in a way that makes sense
given the task.

Ask questions that will help with solving the
task.

= Build perseverance by modifying methods as
needed while solving a challenging task.

Stay engaged and maintain a positive mindset
when working to solve tasks

Help and support each other when attempting a
new method or approach.

MAK12Z.MTR.2.1 Demonstrate understanding by
representing problems in multiple ways.

Mathematicians who demonstrate understanding
by representing problems in multiple ways:

# Build understanding through madeling and
using manipulatives.

= Represent solutions to problems in multiple

wiays using objects, drawings, tables, graphs and

equations.

Pragress from modeling problems with objects

and drawings to using algorithms and equations.

Express connections between concepts and
represemtations.

+ Choose a representation based on the given
context or purpose.

MAK12.MTR.3.1 Complete tasks with mathematical
fluency.

Mathematicians who complete tasks with
mathematical fluency:

= Select efficient and appropriate methods for
solving problems within the given context.
Maintain flexibility and accuracy while
performing procedures and mental caleulations.
Complete tasks accurately and with confidence.,
Adapt procedures to apply them to a new
context.
# Use feedback to improve efficiency when
performing calculations.

iénVision Flor

MAK12.MTR.4.1 Engage in discussions that reflect
on the mathematical thinking of self and others,

Mathematicians who engage in discussions that
reflect on the mathematical thinking of self and
athers:

+ Communicate mathematical ideas, vocabulary

and methods effectively.

Analyze the mathematical thinking of others.

Compare the efficiency of a method to those

expressed by others.

* Recognize errors and suggest how to correctly
solve the task.

« Justify results by explaining methods and
processas.

« Construct possible arguments based on evidence.

MAK1Z.MTR.5.1 Use patterns and structure to help
understand and connect mathematical concepts,

Mathematicians who use patterns and structure
to help understand and connect mathematical
concepts:
* Focus on relevant details within a problem.
+ Create plans and procedures to logically order
events, steps or ideas to solve problems.
+ Decompose a complex problem imto manageable
parts.
* Relate previously learned concepts to new
concepts.
» Look for similarities among problems.
« Connect salutions of problems to more
complicated large-scale situations.

MA.K12. MTR.6.1 Assess the reasonableness of
solutions.

Mathematicians who assess the reasonableness of
solutions:

# Estimate to discover possible solutions.

« Use benchmark quantities to determine if a
solution makes sense.
Check calculations when solving problems.
Verify possible solutions by explaining the
methods used.
* Evaluate results based on the given context.

FLORIDA'S B.E.5.T. STANDARDS AND BENCHMARKS xix

Florida's B.E.5.T. Standards and Benchmarks



Florida's B.E.ST. Standards and Benchmarks ()

MAKI2ZMTR.7.1 Apply mathematics to real-world
contexts.

Mathematicians who apply mathematics to real-
world contexts:
* Connect mathematical concepts to everyday
experiences,
* Use models and methods to understand,
represent and solve problems.
+ Perform investigations to gather data or
determine if a method s appropriate.
¢ Redesign models and methods to improve
accuracy or efficiency.

ELA Expectations

ELA.K12.EE 1.1 Cite evidence to explain and justify
reasoning.

Clarifications:

K-1 Students include textual evidence in their oral
communication with guidance and support from
adults. The evidence can consist of details from the
text without naming the text. During 1st grade,
students learn how to incorporate the evidence in
their writing,

2-3 Students include relevant textual evidence in
their written and oral communication. Students
should name the text when they refer to it. In 3rd
grade, students should use a combination of direct
and indirect citations.

4-5 Students continue with previous skills and
reference comments made by speakers and peers.
Students cite texts that they've directly quoted,
paraphrased, or used for information. When
writing, students will use the form of citation
dictated by the instructor or the style guide
referenced by the instructor.

6-8 Students continue with previous skills and use a
style guide to create a proper citation.

9-12 Students continue with previous skills and
should be aware of existing style guides and the
ways in which they differ.

xx FLORIDA'S B.ES.T. STANDARDS AND BENCHMARKS

ELAK12.EE.2.1 Read and comprehend grade-level
complex texts proficiently.

Clarifications:
See Text Complexity for grade-level complexity
bands and a text complexity rubric.

ELA.K12.EE.3.1 Make inferences to support
comprehension.

Clarifications:

Students will make inferences before the words
infer or inference are introduced. Kindergarten
students will answer questions like “Why is the
girl smiling?* or make predictions about what
will happen based on the title page. Students will
use the terms and apply them in 2nd grade and
beyond.

ELAK12.EE4.1 Use appropriate collaborative
techniques and active listening skills when
engaging in discussions in a variety of situations,

Clarifications:
In kindergarten, students learn to listen to one
another respectfully.

In grades 1-2, students build upon these skills

by justifying what they are thinking. For

example: | thank because " The
collaborative conversations are becoming academic
conversations

In grades 3-12, students engage in academic
conversations discussing claims and justifying their
reasoning, refining and applying skills. Students
build on ideas, propel the conversation, and
support claims and counterclaims with evidence.



ELA.K12.EE.5.1 Use the accepted rules governing a
specific format to create quality work

Clarifications:

Students will incorporate skills leamed into work
products to produce quality work. For students to
incorporate these skills appropriately, they must
receive instruction. A 3rd grade student creating a
poster board display must have instruction in how
to effectively present information to do quality
work

ELA.K12.EE6.1 Use appropriate voice and tone when
speaking or writing

Clarifications:

In kindergarten and 1st grade, students learn the
difference between formal and informal language
For example, the way we talk to our friends differs
from the way we speak to adults. In 2nd grade and
beyond, students practice appropriate social and
academic language 1o discuss texts.

‘enVision Fo

BEST. /

English Language
Development for English
Language Learners

ELD.K12.ELLMA.1 English language leamers
communicate information, ideas and concepts
necessary for academic success in the content area
of Mathematics
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Solving Equations and
Inequalities

‘? TOPIC ESSENTIAL QUESTION

What general strategies can you use to solve simple equations
and inequalities?

a Topic Overview Topic Vocabulary
enVision™ STEM Project * compound inequality
Design a Smartphane * element of a set
) * formula
1-1 Solving Linear Equations ) )
AR.Z1, MTR.1.1, MTRA.1, MTR.6.1 * identity
1-2 Solving Equations with a Variable on * literal equation
Both Sides * set

AR.Z.1, MTR.3.1, MTRA.1, MTR.5.1 s sybset

1-3 Literal Equations and Formulas
AR MTRET.Y, MTR.2.1, MTR.5.1

1-4 Solving Inegualities in One Variable
AR.2.6 MTR.2.1. MTRA.1. MTR.I1
Mathematical Medeling in 3 Acts:

Collecting Cans
AR 21 AR.2E MTR.TI

1-5 Compound Inequalities
AR.26, MTRS.1, MTRE.1, MTR.7.1
1-6 Absolute Value Equations and

Inequalities
AR.41, ARAZ MTR1.1, MTR.3.1, MTRS.1

P Digital Experience

INTERACTIVE STUDENT EDITION
Access online or offline.

FAMILY ENGAGEMENT
Invalve family in your learning.

ACTIVITIES Complete Explore & Reason,
Model & Discuss, and Critigue & Explain
activities. Interact with Examples and Try Its.
ANIMATION View and interact with
real-world applications.

PRACTICE Practice what
you've [2arned.
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MATHEMATICAL MODELING IN 3 AcTs (0

0 Collecting Cans

Many schools and community centers organize canned food drives and
donate the food collected to area food pantries or homeless shelters.

A teacher may hold a contest to see which student collects the most

cans. The teacher will track the number of cans each student brings in.
Sometimes students have their own ways of keeping track. You'll see how
some students kept track in the Mathematical Modeling in 3 Acts lesson,

VIDEOS Watch clips to support
Mathematical Modeling in 3 Acts Lessons
and enVision™ STEM Projects.

ADAPTIVE PRACTICE Practice that is
just right and just for you.

GLOSSARY Read and listen to
English and Spanish definitions.
CONCEPT SUMMARY Review
key lesson content through
multiple representations.

ASSESSMENT Show what
you've learned.

TUTORIALS Get help from
Virtuwal Nerd, right when you need it.

MATH TOOLS Explore math
with digital tools and manipulatives.

DESMOS Use Anytime and as embedded
Interactives in Lesson content.

QR CODES 5can with your mobile device
for Virtwal Nerd Video Tutorials and Math
Modeling Lessons.

06 O
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Did You Know?
The average American teenager s ® 30% of Americans own a cellphone

spends about 9 hours each day k_\ @ 54% of Americans own a smartphone
on a digital device. . 290000 0ODOBORBERS

5]

In general, people keep their cellphones
n and with them at all times

=]

-~
°‘€U A &
250 435 5
SOngs photos mins of
HD video

How Teens 5pend Their Screen Time
3% creating digital content
7% other

T 25% playing games or
browsing the Internet

e — 39% watching video, listening
to music, or reading

26% using social media

¥

. ' % LY

© Your Task: Design a Smartphone

smartphones are many things to many people. You and your classmates
will decide what a new smartphone will be able to do, how you want it
to look and feel, and how much storage it should have.
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Solving Linear
Equations

| CAN... create and solve
linear equations with one
variable.

a MA.51 2.AR.2.1-Given a real

werhl context, virite and sohe
ane-varable mule-step linear
[2= PR vy

MAK1Z.MTR 1.1, MTR4.1,
MTR 6.1

CONCEPTUAL
JUNDERSTANDING

VOCABULARY

Remember, a variable = an
unknown quantity, or a quantity
that can vary. An eguation is a
mathematical statement with

two expressions set equal to each
other. & salution of an equation is
awalue for the varable that makes
the equation a true statement,

*h'_,:l MODEL & DISCUSS

Joshua is going kayaking with a group during one of his vacation days.
In his vacation planning, he budgeted $50 for a kayak rental.

KAYAK RENTALS

Rental Rates

Per hour 1

single kayak 315
B single sea kayak 518
double kayak £25

_m

A. How can Joshua determine the number of hours he can rent a kayak for
himself? Describe two different options.

4

B. Joshua found out that there is a 325 nonrefundable equipment fee in
addition to the hourly rates. How does this requirement change the
mathematics of the situation?

C. Choose Efficient Methods How do the processes you used for parts A and
B differ? How are they the same?

How do you create equations and use them
‘? ESSENTIAL QUESTION PETT T "
OETEEY solve Linear Equations

What is the value of x in the equation M —-B=327

Method 1

=5 8=32
20x + 4) — 24 =96 L';ﬂ',j‘;"ge 244 _ a0 i:cdhasi?e
2x+8-24=96  by3fint dx+ =120 |t
2¥ - 16 =906 ¥+ 4 =60
2x= 112 X =50
x =156

Each solving method yields the same solution. Is one method better than
the other?

Look at how the expression on the left side of the original equation is built
up fram x.

2(x + 4) 2x +4)
3

3 8
Matice how Method 2 applies these steps in reverse to isolate x. This is often
a good strategy and can lead to simpler solution methods,

X = x+4 = 2x+4)

. In— 1 .
@ Try It! 1.Solve the equation 4 + =5— = 9. Explain the reasons why you

chose your solution method.
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o | AAIGR S Solve Consecutive Integer Problems

REPRESENT AND COMMECT
How would the equation and
solution be different if you let x
be the middle number?

The sum of three consecutive integers is 132. What are the three integers?
Write an equation to model the problem. Then solve.

XLl tbrd Jmias The three integers are consecutive, so

Combine 3x+3=132 each is 1 greater than the previous.
like terms. I +3-3=132-3
3x _ 129
3 3
x=43

The first of the three consecutive numbers is 43,
The three consecutive numbers whose sum is 132 are 43, 44, 45

@ Try It! 2.The sum of three consecutive odd integers is 57. What are the

three integers?

APPLICATION YRSV IGAEy Use Linear Equations to Solve Mixture Problems
s 4

Formulate

Compute 4

Interpret 4

A lab technician needs 25 liters of a solution that is 15% acid for a certain
experiment, but she has only a solution that is 10% acid and a solution that
is 30% acid. How many liters of the 10% and the 30% solutions should she
mix to get what she neads?

Write an equation relating the number of liters of acid in each solution.
Represent the total number of liters of one solution with a variable, like x.
Then the total number of liters of the other solution must be 25 - x.

25 L of 15% solution = x L of 10% solution + (25 - x) L of 30% solution

(0.15)(25) — 0.10x - 0.30(25 — x)
.75 = 0.1Ax B 7.5 - 0.3x
3.75-75=01%-03x+7.5-75
Subtract 7.5 from
375=-0.2x each side.
(-1 ¥~ 3.75) = (-1)(-0.2%)
3.75=0.2x Multiply each side
3.75 _0.2x by -1, then divide
0.z 02 each side by 0.2.
1875 =x

Since x represents the number of liters of the 10% acid solution, the lab
technician should use 18.75 liters of the 10% solution, Since 25 - x represents
the number of liters of the 30% acid solution, she should use 25 - 18.75, or
6.25 liters of the 30% solution.

@ Try It! 3.1 the lab technician needs 30 liters of a 25% acid solution, how

many liters of the 10% and the 20% acid solutiens should she
mix to get what she needs?

6 TOPIC1 Solving Equations and Inegualities



APPLICATION
e

COMMON ERROR

Subtract 15 from the price of each
ticket, not from the total cost of
four undiscournted tickets,

YRS SRS Use Linear Equations to Solve Problems

Four friends use an online coupon to get discounts on concert
tickets. They spent $108 for the four tickets. What was the price
of one ticket without the discount?

Your online order is complete.

Your order details are shown below

for your reference. .‘ ..
B oty | i

Order Total 5108 -

ORDER # 328 “ ..l
Tickets 4 ? D D
Step 1 Write an equation to represent the problem situation.

Sec B, Row 10, Seats 13-16
Discount $15.00 4% 515.00
——

Let p represent the original ticket price.

4 « original ticket price minus $15 = 5108

4{p - 15) = 108

Step 2 Solve the equation.

4{p - 15) = 108

Ap - 15) _ 108

4 4

p—15=27
pP=154+15=274+15

p =42

The ticket price without the discount was $42.

@ Try It! 4. The same four friends buy tickets for two shows on consecutive

nights. They use a coupon for $5 off each ticket. They pay a
total of $416 for 8 tickets. Write and solve an equation to find
the ariginal price of the tickets,

LESSON 1-1 Solving Linear Equations 7



APPLICATION
p

AMNALY ZE AND PERSEVERE
Look for relationships between

the distance traveled and the rate

when you write the equation.

o EXAMPLE 5 Solve Work and Time Problems

LaTanya will walk her bike from her house to the bike shop, which is 1.5 mi
from her house, to get the bike fixed. After getting her bike repaired, she
rides home. If the whole errand took one hour, how much time did LaTanya

spend at the bike shop?

Bike
| Shop
-
F
Home
Y I Bike
s (2 at 10 mi'h
-y F
Walk
at 3 mith

Step 1 Write an equation to represent the situation.

Time walking 4+ Time at the shop +

1.5 miles 2
3 miles per hour

: 1.5 1.5
The equation 3 +Ht+55

Step 2 Solve for t.

1.5 1.5 _
stegE=1

1.5 1.5 _
(30) R 30t + (30) i5 = 30
15 4 30f + 4.5 =30
30t +19.5=30

30t +195-195=30-195

30t =105
30t _ 10.5
30 30

t=0.35

Time biking

= Total time

1.5 miles =1 FiiiF

10 miles per hour

= 1 represents the situation.

Multiply each side the least
commaon denominator.

LaTanya spent 0.35 h, ar 21 min at the bike shop.

e Try It! 5.LaTanya leaves her house at 12:30 .. and bikes at 12 mi‘h to

Marta's house. She stays at Marta's house for 90 min. Both girls
walk back to LaTanya's house along the same route at 2.5 mi/h.
They arrive at LaTanya's house at 3:30 r.v. How far is Marta's
house from LaTanya's house?

8 TOPIC1 Solving Equations and Inegualities



@ CONCEPT SUMMARY Create and Solve Linear Equations

Use the following information about Kelsey's visit to the flower shop.
* Kelsey bought some roses and tulips.
* S5he bought twice as many tulips as roses,
= Roses cost 35 each.
* Tulips cost £2 each.
* Kelsey spent 536 total.
How many of each kind of flower did Kelsey buy?

('[v:/L Write an equation to represent the situation.

Cost of Roses + Cost of Tulips Total Cost

{Cost of One Rose){Number of Roses) + (Cost of One Tulip){Number of Tulips) = Total Cost

ALGEBRA BEEFEr RNl

Sx + dx = 36
Sw = 30
¥ =4

Kelsey bought 4 roses and 8 tulips.

Do You KNOW HOW?

Solve each equation.

©) Do You UNDERSTAND?

1 How do you

create equations and use them to solve 5 4b+ 14 =22
problems?
6. 6k-3=39
2. Communicate and Justify What is a first
step to solving for x in the equation 7.15-2(3-2x) =45
9x — 7 = 107 How would you check your
solution? 8. %y - % =5

3. Use Patterns and Structure For an equation

with fractions, why is it helpful to multiply 9. Terrence walks at a pace of 2 mi/h to the

both sides of the equation by the LCD?

4, Error Analysis Venetta knows that
1 mi = 1.6 km. To convert 5 mi‘h to km/h,
she multiplies 5 mi/h by 1_1ETE“. What error
does Venetta make?

theater and watches a movie for 2 h and

15 min. He rides back home, taking the same
route, on the bus that travels at a rate of

40 mifh. The entire trip takes 3.5 h. How far
along this route is Terrence’s house from the
theater? Explain.

LESSON 1-1 Solving Linear Equations



© PRACTICE & PROBLEM SOLVING

UNDERSTAND PRACTICE

10. Communicate and Justify What could be a first Solve each equation. SEE EXAMPLES 1 AND 2
step to solving the equation 3x + -0.5(x + 3} + 16, —dx + Ix =2
4 = 147 Explain.

17.7 =5y 13—y
11. Analyze and Persevere The sum of four

consecutive integers is —18. What is the greatest B.Im-4-9m-36=0

of these integers?
19. -2 ==5t+10+ 2t

12. Errar Analysis Describe and correct the error

a student made when solving the equation Solve each equation. SEE EXAMPLES 3 AND 4
4 = -2(x - 3). What is the correct solution? 20.2(2x + 1) = 26
21.=-2(2z+1)=126
4=-2(x-3)
=-Ix-4 22.92 = -4(2r - 5)
4+6=-Ix-6+6
10 = Ix 23. 1005 -n-1=29
o= 28, (7-20+7=-7

A= X
' / 25. 200 = 16(6¢ — 3)

Solve each equation. SEE EXAMPLE 5

13. Cnmmu.nlcate and Justify Parker ran on a 26 Ix+2=1 27 3, _2,_3
treadmill at a constant speed for the length of 2 & 3
time shown. How many miles did Parker run? 1 _13 7_5 1
Explaiin. 28.L(k-3)=3 29. G =W+ 13
30, 3m _m _7 31.1290=0 4 h

-/

05

Solve each equation.
32. 0.1r - 1 = 0.65

33.1.2n + 068 =5
34. 0.025(q + 2) = 2.81

35. -0.07p-0.6=5

36. 1.037x + 0.02x + 25 = 30.285

14. Use Patterns and _Strur_ture The Division 37. —0.85¢ _ 0.85f - 3.9 = -8.15
Property of Equality says that for every real
:r"umbbef a b, andc ifa=bandc L 0, then 38. A bee flies at 20 feet per second directly to an
¢ = ¢ Why does the property require that c # 07 orange grove from its hive. The bee stays at the

arange grove for 15 minutes, then flies directly
back to the hive at 12 feet per second. It is
away from the hive for a total of 20 minutes.
SEE EXAMPLE 5

15. Higher Order Thinking Tonya's first step in
solving the equation :]!4[23,— +4) = -6 is to use
the Distributive Property on the left side of the
equation. Deon's first step is to multiply each
side by 2. Which of these methods will result in a. What equation can you use to find the
an equivalent equation? Explain, distance of the orange grove from the hive?

b. How far is the crange grove from the hive?

10 TOPIC 1 Seolving Equations and Inegualities



(©) PRACTICE & PROBLEM SOLVING

39. Apply Math Models A fastpitch softball player

signs a six-year contract. Her agent expects
that she will earn 51,000,000 over the next six
years. If the agent is right, how many bonus
payments, on average, should the pitcher
expect each year? Explain,

Ml e e ek o0
' Welcome to Women's Softball ‘
BREAKING NEWS!!!

6 Year Contract!

Yearly Salary:
£20,000

Bonus for each
game that aftracts
100+ fans: 58,000

40, Apply Math Madels There are nine water

41

42,

bottles in Devin's refrigerator. He adds three
full boxes of water bottles to the refrigerator,
Then he adds two more boxes that each have 1
fewer bottle than a full box. When he is done,
there are 67 bottles in the refrigerator. Write
and solve an equation to find the number of
bottles in a full box.

. Check for Reasonableness “Yuson used her

calculator to solve the equation ;x - 8=3. %he
entered the following on her screen and got an
incorrect answer. How could she use parentheses

to find the correct answer? Explain. What is the

correct answer?

Apply Math Models A scientist makes an acid
solution by adding drops of acid to 1.2 L of
water. The final volume of the acid solution is
1.202 L Assuming the volume of each drop is
0.05 mL, how many drops were added to the
water? About what percent of the solution

is acid? Round to the nearest hundredth of a
percent.

(@) ASSESSMENT PRACTICE

43. Anna bought 8 tetras and 2 rainbow fish for

her aguarium. The rainbow fish cost 36 more
than the tetras. She paid a total of $37. Which
of the following are true? Select all that apply.

& AR2a

O A. The cost of 4 tetras is the same as the cost
of a rainbow fish.

O B. One rainbow fish plus 5 tetras cost 521,

[ C. An equation to find the cost r, in dollars,
of a rainbow fish is 8r + 2(r + 6) = 37

O D. Reducing the number of rainbow fish by
1 would result in a total cost of $28.50.

[ E. An equation to find the cost ¢, in dollars,
of atetra tis 8t + 2t + 6 = 37.

. SAT/ACT What is the solution of

1,200 — 5(3x + 30) = 6007

@ 30 @ 50 ©1s0 @200 E250

. Performance Task A mason will lay rows of

bricks to build a wall. The mason will spread

3 inch of mortar on top of all but the last row
of bricks. The finished wall will be 1; inch less
than 4 feet high.

Part A The mason wants to lay the bricks

5o that the shortest edges of each brick are
vertical. How many rows of bricks are needed?
Show your work,

Part B Suppose the mason decides to |ay bricks
5o that the 3-inch edge is vertical. If the mason
lays the same number of rows of bricks that
were used for the wall described in Part A, how
high will this wall be?

LESSONM 1-1 Solving Linear Equations 11



1 — 2 & ) EXPLORE & REASON

1 _ Some friends want to see a movie that is showing at two different theaters
50|"ul'lr‘lg Equat'OHE in town. They plan to share three tubs of popcorn during the movie.
With a Variable on

Both Sides Theater A | Theater B

Ticket Price  $14.50 $13.00

Popcomm §5.75 $6.75
| CAN... write and solve :
equations with a variable on
both sides to salve problems.

A. Communicate and Justify Which movie theater should the friends

VOCABULARY :
y choose? Explain,
= identity
B. For what situation would the total cost at each theater be exactly the
same? Explain.
e MADT 2 AR 2 1-Ghven & real
world context, write and sove C. There are different methods to solving this problem. Which do you think

one-variable muki-step Inear
eruatians

MAK12.MTR. 3.9, MTR.4.1,

is the best? Why?

MTR.5.1
How do you create equations with a
Q ESSENTIAL QUESTION variable on both sides and use them to
* solve problems?
o AN AN Solving Equations With a Variable on Both Sides
A. What is the value of x in the equation shown?
3x-10+dx=-2(x-4)+9
e . Distribute the 2.
STUDY TIP Tx-10=-2x+8+9
It does not matter if you add 10to Cmting Scs s IX+2x=8+9+10
each sidle first or add 2¢ to each R Collect like terms on the
side first. Either order will result in 9x = 27 same side of the equation,
the same equation, 9 = 7. ax _ 27
ERE}
Xx=3

B. What is the value of n in the equation shown?
%{n )-T=-2n+6
1
30 -4 =-2n +13 Multiply each side by 2
2(;(”_4” =2(-2n + 13) to eliminate the fraction.

n-4=-4n+ 26

n+4n=26+4
Bn = 30 Collect like terms on the
same side of the equation.

r'r=lE~

@ Try It! 1.Solve each equation.
a. 100{z - 0.2) = -10{5z + 0.8) b. g{lﬁd+ 24) =6{d -1} + 1

12 TOPIC 1 Solving Equations and Inegualities



CONCEPTUAL
JUNDERSTANDING

VOCABULARY

Simce this equation is true for
all values of the variable, it is
sometimes referred to as having
irfinitely many salutions,

STUDY TIP

Recall that you can assign a value
to the variable in an equation to
check whether the equation is true.

o A VNI Understand Equations With Infinitely Many or

No Solutions

A. What is the value of x in 4% + 6 = 2{2x + 3)7

Use algebra tiles to represent and solve dx + & = 2(2x + 3).

] 3 J ‘ Use 2 groups of 2x + 3
=13 - — to represent 2(2x + 3]

dx + 6B 2(x + 3)
dx —dx + 6 dy —dx + B
1 Because b = & is always a true statement
= 1] and it is equivalent to the original
1] 2 = equation, the equation is true for every
b 6 value of x.

The eguation 4x + & = 2{2x + 3} is an identity. You can establish that
equation is an identity by applying the rules of arithmetic and showing
that two sides are identical.

An identity is true all possible values of the variable.

. What is the value of x in 6x - 5 = 2(3x + 4)7

Solve for x.
Gr—5=2{3x + 4)
Bx-5=6x+8 Maintain the equality by
Br—6x—5=6Ex—6x4+8 subtracting Gx from each side.
5=8

There is no value of x that makes the equation true. Therefore, the
equation has no solution.

@ Try It! 2. 5olve each equation. Is the equation an identity? Explain.

at-27=27-1
_ m
b. 16(4 - 3m) = 95{— 3 +1j

LESSON 1-2 Solving Equations With a Variable on Both Sides 13



APPLICATION o Rt AR Solve Mixture Problems
.

REPRESENT AND COMMECT
How are tables helpful in
arganizing guantities to represent
situations algebraically?

Arabica coffee costs 328 per pound and Robusta coffee costs $8.75 per
pound. How many pounds of Arabica coffee must you mix with 3 pounds of
Robusta coffee to make a blend that costs 515.50 per pound?

Organize the information in a table,

_ Price (%/Ih) . Amount (Ib) | = | Total cost (%)

Arabiea coffee 2800 a 2Ba
Robusta coffee B.75 3 2625
Coffee blend 15.50 a+3 15502+ 3)

Write an equation to represent the situation.
28a + 26.25 = 15.5(a + 3)
28a + 26.25 = 15.5a + 46.5
28a - 15.53 = 46.5 - 26.25
12.5a = 20.25
a =162

You must mix 1.62 pounds of Arabica coffee with 3 pounds of Robusta
coffee to make a blend that costs $15.50 per pound.

@ Try It! 3. How many pounds of Arabica coffee should you mix with

5 pounds of Robusta coffee to make a coffee blend that costs
$12.00 per pound?

appLicaTioN YRR Use Equations to Solve Problems
—

Formulate -

Compute

Interpret 4

Cameron pays $0.95 per song with his current
music service, A new music download service

charges 50.89 per song with a 512 joining fee.
Should Cameron switch to the new service?

Music Downloads

Current Flan

Write an equation to represent when the cost $0.95 per song
far any number of songs, 5, is the same for
both services.

MNesad Plam
Mew music service = Cameron's current music service
$12.00
0.89s + 12 = 0.95s5 TO JOIN

Solve the equation to find the number of songs at

$0.89
which the cost for each option will be the same. e

0.89 - 0895+ 12 =0.955 - 0.89s

12 = 0.06s
12 _ 0.06s
0.06 ~ 0.06
200=5s

The cost of the two options will be the same for 200 songs.

If Cameron plans to purchase more than 200 songs, he should switch to the
new service because it will cost less than his current service.
CONTINUED OM THE NEXT PAGE
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EXAMPLE 4 CONTINUED

@ Try It! 4. Cameron's friend tells him of another service that has a
%15 joining fee but charges $0.80 per song. At what number
of songs does this new service become a less expensive option
than Cameron’s current service?

@ CONCEPT SUMMARY Create and Solve Equations with a Variable on Both Sides

Use the following information about Aki's and Hakeem's walkathon.
» Akiwalks at a rate of 3 mith.

* Hakeem walks at a rate of 4 mi/h,
* Hakeem begins 0.5 hour after Aki.
When will Hakeemn catch up to Aki?

L Write an equation to represent the situation,
Hakearm's Distance = Aki's Distance

{Hakeem's Rate){Hakeem's Time) = (Aki's Rate){aki's Time)

ALGEBRA (AT

dh-2=3h
h=2
Hakeem will catch up with Aki after 2 hours.

© Do You UNDERSTAND? Do You KNOW HOW?
1 How do you Solve each equation.
create eguations with a variable on both 5 10x=8x+ 18 6. -28 - 9h = 5h

sides and use them to solve problems?
7.2(y-6)=3(y-4) -y
2. Vocabulary How does the word identity
relate to the two sides of an equation such B.Bx-4=2(4x-4)

as3x = 2x + x? .
9, For how many games is the total cost of

3. Error Analysis Isabel says that the equation bowling for ene person equal for the two
¥ — 2 =—{x - 2} has no solution because a bowling establishments?
number can never be equal to its opposite. ) i
Explain the error Isabel made. T o8 R flowing
. _ Game | 400
4. Choose Efficient Methods You are solving - m Shoes | 1.00
an equation with a variable on each side. STBIKE! Knight 0wl Bowling
Does the side on which you choose to Bawling & Enteriaimeni Gama | 375
isolate the variable affect the solution? Why Shoss | 2.00

might you choose one side over the ather?

LESSON 1-2 Solving Equations With a Variable on Both Sides
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND PRACTICE

10. Use Patterns and Structure Do only equations Solve each equation. SEE EXAMPLES 1-3
with variables on both sides ever have no 16. Sx _ 4 = Ax 17. Tx = Bx + 12
solution? Or can an eguation with the variable on
one side have no solution? Justify your answer. 1B. 27 -3k =3x 4+ 27 19.34 -2x=Tx

11. Generalize How do you know whether an 20.5r—T=2r+14 2. % =Tx-56

equation is an identity?
) ) 22.5(n—-A =2n+14) 23.6w_33=3(dw_5)
12. Error Analysis Describe and correct any error

a student may have made when solving the 24. 3x - 2) = 9x 25. 6{x + 5) = 3x
equation 0.15(y - 0.2) = 2 - 0.5(1 — y). . ﬂx_;—ﬁ=31315 2_“'_q__;_1=,;,;-|
0.15(y-02) = 2-05(1-y) 28.2c+3=2c+3 29.12b +9=12b+ 1N
015y -03=2-05 + 0.5y 30.x-27 = {27 - x) N Mx+9=x+9
0.15y-0.3 = 1.5 + 0.5y .
(100)(0.15y - 0.3) = 100{1.5 + 0.5) 32.16(4 - 3m) = 96(- T + 1)
13y -30 = 130 + Sy 33.6y-8=203y-4)  34.5(5t+1)=25t-7
15y -30-15y- 150 = 150 + S0y
-15y- 150 35. 3k +4=-2 6k 35.%{2{,\(— 1)+ 10) = x
0 / 37.6x48_ 43 3a.3y:5‘;2f+2
15
39.0.25t=025-¢ 40. 0.625(x + 10)-10=10

Solve each problem. sEe ExampLe 4

41. Tavon has a 550 gift card that loses 32 for each
30-day pericd it is not used. He has a %40 card
that loses £1.50 for each 30-day period it is
not used.

13. Use Patterns and Structure When Nicky tried
to solve an equation using properties of
equality, she ended up with the equation
-3 = 3. What eqguation might she have tried to
solve? What is the solution of the equation?

a. Assuming both cards are unused, write and

solve an equation for the number of 30-day
periods until the value of the gift cards will

14. Mathematical Connections The triangle shown
is isosceles. Find the length of each side and the

perimeter.
be equal.
b. What will the value of each card be when
they have equal value?
(57 = 17} cm (2m + 1) om

42, A cereal box manufacturer changes the size
of the box to inorease the amount of cereal it
contains. The equations 12 + 7.6n and 6 + 8n,
where n is the number of smaller boxes, are
both representative of the amount of cereal that
the new larger box contains. How many smaller

nom

15. Higher Order Thinking The equation shown
has a missing value.

2 - +1=17-4ax boxes equal the same amount of cereal in the
a. For what missing value is the equation an larger box?
identity? -
b. For what missing value(s), if any, does the o
equation have exactly one solution? Cel‘fﬂ‘l O’;
c. For wll'la't missing valueEs]l, if any, does the g.ﬂ 0. @,
equation have no solution? & l - I

12 oz oz
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© PRACTICE & PROBLEM SOLVING

43.

45.

46.

a7.

Apply Math Models Arthur wants to buy an
item that costs p dollars before tax. Using the
Florida sales tax rate of 6%, write two different
expressions that represent the price of the

itemn after tax. Show that the two expressions
are equal.

. Apply Math Models Two window washers start

at the heights shown. One is rising, the other

is descending. How long does it take for the
two window washers to reach the same height?
Explain.

i
50 ft. high
descending 11 in./s

21 ft. high
rising B inJs

Communicate and Justify lamie will choose
between two catering companies for an
upcoming party. Company A charges a set-up
fee of $500 plus $25 for each guest. Company

B charges a set-up fee of $200 plus $30 per guest.

a. Write expressions that you can use to
determine the amount each company charges
for g guests.

b. Jamie learns that the $500 set-up fee for
Company A includes payment for 20 guests.
The 525 per guest charge is for every guest
over the first 20. If there will be 50 guests,
which company will cost the least? Explain.

Communicate and Justify A two-year prepaid
membership at Gym A costs $250 for the first
year plus $19 per month for the second year. A
two-year prepaid membership at Gym B costs
$195 for the first year plus $24 per month for

the second year. Leah says the cost for both gym
memberships will be the same after the 11th
month of the second year. Do you agree? Explain.

Apply Math Models A red balloon is 40 feet
above the ground and rising at 2 ftfs. At the
same time, a blue balloon is at 60 feet above
the ground and descending at 3 ft/s. What will
the height of the balloons be when they are the
same height above the ground?

LESSON 1-2 Solving Equations With a Mariable on Both Sides

[+ ) ASSESSMENT PRACTICE

48.

49,

Kiara has $520 in her bank account. Each week
she deposits $80 and withdraws $35. Gael has
$310in his account. Each week he deposits
£95 and withdraws $20. Write and solve an
equation to determine the week w when Gael
and Kiara have the same amounts of money in
their accounts. g an.2.1

SAT/ACT Which equation is an identity?
@ s+l = —+E

& 3 3+ 15) -16= 2):

© 4{3 ) =-12 - 8x

@ -5(% - 16) -30=150 %x
@36[ X-2)+72=-72+27x

. Perfarmance Task Benito and Tyler are painting

opposite sides of the same fence. Tyler has
already painted ‘IEI% feet of his side of the fence
when Benito starts painting.

Benita: Tyler:
Painting rate Painting rate
15 fymin 11 fefmin

Part A How long will it take for the two sides
of the fence to have an equal number of feet
painted? How many feet will be painted on
Benito's side of the fence when the two sides
have an equal number of feet painted?

Part B Tyler claims that because he started
painting first, he will finish painting his side of
the fence before Benito finishes painting his
side. Is this true? Explain.

Part C The painter who finishes first gets to
rest while the other painter finishes. How long
will the painter who finishes first get to rest?
Explain.
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1-3

Literal Equations
and Formulas

| CAN... rewrite and
use literal equations to
solve problems.

VOCABULARY

* formula
# literal equation

a Ma 91 AR, 1. 2-Rearrarge

equatians or formulas to iselte a
quinility af inbemsl.

MAK12.MTR. 1.7, MTR.2.1,

Mora drew a rectangle. Then she drew the length of each side from end to
end to make a line segment to represent the perimeter P. Nora relates the
perimeter and sides with the equation P = § + w + £ + w. Her friend Darren
uses the equation £ = ;{P - 2w).

0G0oa8 000 soaa ao

Deas00=sEe

MTR.5.1
A. Do the two equations represent the same relationship? Construct a
mathematical argument to support your answer.
B. Choose Efficient Methods Which equation is more useful? Explain.
0 How is rewriting literal equations useful
W ESSENTIAL ESTION
- S8 QUESTIO when solving problems?
CONCEPTUAL
UNDERSTANDING  (JETLUIRRP Rewrite Literal Equations
Julieta wants to calculate the time it takes to earn a certain amount of
interest on a principal amount in an investment with simple interest. What
equation can she use?
& formula is an equation that states a relationship between one quantity and
one or more other quantities. Use the simple interest formula, 1 = prt,
and solve for t. The formula I = prt
is a literal equation because letters I = interest
represent both variables and known p = principal
constants. r = interest rate
t =time
VOCABULARY 1= prt
One definition of fiteral is of "
relating to, or expressed in letters. ,i.- = ?:--- You use properties of equality to
A literal equation is an equation L solve literal equations for a variable
expressed in letters, or variables. F:‘I' =1 just as you do linear equations.

When she writes the equation this way, she can use what she knows
(. p, and r) to calculate what she needs (f).

@ Try It! 1.What equation can Julieta use to calculate the principal amount?

18 TOPIC 1 Seolving Equations and Inegualities

&) CRITIQUE & EXPLAIN



USE PATTERNS AND
STRUCTURE

How is the structure of the
Iiteral equation related to units
for rate?

COMMON ERROR

Do not divide just 24 by 2 on

the left side. Divide the entire
expression P — 24 by 2. The entire
left side of the equation is one
expression and must be divided
by 2.

o |3 AN IJAR-B Use Literal Equations to Solve Problems

In a half hour, Jaylen is meeting his friends at the lake, 6 mi from his house.
At what average speed must he ride his bike to get there on time?

Step 1 Solve the formula for r.
d=rt

d
i

Remember, distance = rate « time,
=i

Step 2 Find the average speed, or rate, at which Jaylen must ride his bike to

be on time.
d
i =7
EiE.‘S = Substitute & for o and 0.5 for .
12=r

laylen needs to ride his bike at an average speed of 12 mi/h to get to the
lake on time.

@ Try It! 2. Jaylen is going to the store 2.5 mi away. He has only 15 min to
get there before they close. At what average speed must he
ride to get to the store before they close?

m Rewrite a Formula

A worker at a framing store is making a
rectangular frame. He knows that the perimeter
of the frame is 144 in. and the length is 40 in.
How can he determine the width of the frame?

Step 1 Rewrite the perimeter formula
P =20+ 2w to solve for w.

P—20=2f+ 2w — 2i

P-2f _ 2w
2 2
P_2£= W
The perimeter formula solved for wis w = F%.
Step 2 Use the literal equation to solve for w when Pis 144 and { is 40.
-y
ki
144 — 2(40)
s z
_144-80 _
W_—z =32

The width of the frame is 32 in.

@ Try It! 3. Write the formula for the area of a triangle, 4 = %bh solving
for h. Find the height of a triangle when A = 18in.2 and b = 9 in.
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appucation (OIETLILEP Apply Formulas
—

According to Teo's bread recipe, he should bake the bread at 190°C for
30 minutes. His oven measures temperature in °F. To what temperature in °F
should he set his oven?

e

akirere Kelee

Formulate 4 Rewrite the formula to find the Fahrenheit temperature that is equal
to 190°C,

Compute 4 Step 1 Solve for F.

C=2(F-32)
.E* c= 1 5(F-32) D'r-.riding h',.l.a ﬁaqinn is.thnsame
] > 9 as multiphying by its reciprocal
-
: C=F-32
gc- 32=F-32+32
9
5 C+32=F

Step 2 Use the formula for F to find the Fahrenheit temperature equivalent
to 190°C

dc+32=F
2(190) +32 =374

Interpret 4 Teo should set the oven to 374°F

@ Try It! 4.The Kelvin scale is used to measure very cold temperatures.
The formula K = C + 273.15 relates the Celsius and Kelvin scales.
Rewrite the formula to solve for C. If the temperature one
morning was 12°C what was the ternperature in Kelvin (K)?

20 TOPIC 1 Solving Equations and Inegualities



@ CONCEPT SUMMARY Literal Equations and Formulas

[[[+:1 ) Literal equations can use letters for both constants and variables. A formula
is a kind of literal equation where one guantity is related to one or more

other quantities.

To solve for a particular variable in a literal equation, you rewrite the

equation, isolating the variable.

I Kel3: 7% The volume of a rectangular prism is given by the following formula.

To find a formula for f, the height of the prism, solve for h.

V= {fwh
V= thw
v =rhw
fw e
Vo
W=
h 1"
Tiw

©) Do You UNDERSTAND?

1. ‘? ESSENTIAL QUESTION Jgl=tWll

rewriting literal equations useful when

salving problems?

2. Choose Efficient Metheds How is solving

Divide each side by fi.

Do You KNOW HOW?

Solve each literal equation for the given variable.

B.y=x+1Z x

6.n=%{m+?};m

2x + c = dsimilar to solving 2x + 1 = 9 for x? 7. Use your equation from Exercise 6 to find m

How are they different? How can you use

2x+c=dtosolve 2x + 1 =97

3. Vocabulary Explain how literal equations

and formulas are related.

4. Error Analysis Dyani began solving the

when n = 40.

8. William got scores of gy, g; and g5 on three
quizzes.

a. Write a formula for the average x of all
three quizzes.

: x—1 :
equation g = *7 " for x by adding 1 to each b. William got an 85 and an 88 on the first

side. Explain Dyani's error. Then describe

how to solve for x.

twao quizzes. What formula can William
use to determine the score he needs on
the third quiz to get an average of 907
What score does he need?
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

9.

10.

11.

12

22

Mathematical Connections Some two-step
equations can be written in the form

ax 4+ b =c, where a, b, and c are constants
and x is the variable.

a. Solve the equation ax + b = ¢ for x.

b. Use the formula to solve 3x + 7 = 19 and
y_1=5

Analyze and Persevere The flag of the
Bahamas includes an equilateral triangle. The
perimeter of the triangle is P = 3s, where s is
the side length. Solve for 5. Use your formula to
find the dimensicns of the flag in feet and the
area in square feet when the perimeter of the
triangle is 126 inches,

| 1.9% |

|-b—l-¢ —I-'l

Errar Analysis Describe and correct the error a
student made when solving kx + 3x = 4 for x.

kx +3x=4
kx + 3x=3x=4-3x
kx = 4 - 3x
bx _ 4-3x
k k

x

4 —kh‘ X
o

r

Higher Order Thinking Given the equation

ax + b =, solve for x. Describe each statement
as always, sometimes, or never true. Explain
your answer.

a. If a, b, ¢, are whole numbers, x is a whaole
number,

b. If a, b, ¢, are integers, x is an integer.
¢. If 8, b, ¢, are rational numbers, x is a rational

number.

TOPIC 1 Solving Equations and Inegualities

Solve each equation for the indicated variable.
SEE EXAMPLES 1 AND 2

13. A =bh; h M k=a-yy
—a : =_X .
15.F=3C+32C 16.w=_*_x
11A=er@ﬂh 18. y=mx + by m
19. PV = nRT: R 20, Ax + By=C y

2.y -y =mix—x):m

22,
23.

24,

12(m + 3x) = 18(x - 3Im); m
- | .

'I.f"_gn:.r:.h,.h

V:;n:rz{h -1); h

25. pla-by=cly+aky

3y - b)),

6.0 ="
Gam
27.F=_GM g
]
28. Use the area formula A = w to write a formula
for the length ¢ of the baking sheet shown,
SEE EMAMPLE 3

29.

You can determine the approximate
temperature in degrees Fahrenheit by counting
the number of times a cricket chirps in one
minute. Then multiply that by 7, divide by 30,
and add 40. SEE EXAMPLE 4

a. Write a formula for estimating the
temperature based on the number of
cricket chirps.

b. Write a new formula for the number of
chirps you would expect in one minute at a
given Fahrenheit temperature.

¢. Use the farmula to find the number of
chirps in one minute when the temperature
is 89°F.



(©) PRACTICE & PROBLEM SOLVING

30.

3

32,

Apply Math Models Water boils at different
temperatures at different elevations. The
boiling temperature of water is 212°F at sea
level (0 ft) but drops about 1.72°F for every
1,000 feet of elevation. Write a formula for the
boiling point at a given elevation. Then solve
the formula for the elevation when the boiling
point for water is 190°F

Represent and Connect In the National Hockey
League, the goalie may not play the puck
outside the isosceles trapezoid behind the net.
The formula for the area of a trapezoid is

A=1lby + byh.
e dlla
S

Height ()

a. Solve the formula for either base, by or b,.

b. Use the formula to find the length of the
base next to the goal given that the height
of the trapezoid is 11 ft and the base
farthest from the goal is 28 ft.

€. How can you find the distance d of each side
of the base that extends from the goal given
that the goal is & ft long? What is the distance?

Represent and Connect The formula for cell D2
is shown in the spreadsheet. Use the data shown
in row 3 to write a formula for cell A3.

=A2"B2*C2

width

length

height

(%) ASSESSMENT PRACTICE

33.

34.

35.

Brandon wants to find the width of his
rectangular neighborhood park. How can

he rearrange the formula for perimeter of a
rectangle, p = 2{{ 4+ w), to solve for w? g ar1.2
Bi=p-2w

B w= p—zzt

© w= 28+ p

@ w=p-2¢

2

SAT/ACT The formula for the area of a sectar
of acircle is A = % Which formula shows s

expressed in terms of the other variables?

sector
_ mriA . _ 360
@Es= 360 Bs= =7
© 5 = 36024 Tis= Hﬁuf'
ar
(i
360mr

Performance Task A manufacturer can save
money by making a can that minimizes the
amount of metal used to contain a given
volume. For a can with radius r and height A,
this goal is reached when 2nr? = zr?h.

Part A Solve the eguation for h. How is the
height related to the radius for a can that
meets the manufacturers goal?

Part B The area of a label for a can is A = 2xrh.
Use your result from Part A to write a formula
giving the area of a label for a can that meets
the manufacturer’'s goals,
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1-4

Solving
Inequalities in
One Variable

| CAN... solve and graph
inequalities.

VOCABULARY
* set

a MAS1 2 AR, 2 6-Given a

mathematical or real world context,
wirile and solve ane-wanable lnear
inequalties, including compourd
inequalitirs. RBeoesent salutions
algehraically ar graphically.

MAK1I2.MTR. 2.9, MTR.4.1,
MTR.T.1

STUDY TIP

Recall that when you graph the
solution of an inequality on a
number line, you wse an open
circle if the inequality symbol is
< of =, and a closad circle if the
inaquality symbod is < of =

) MODEL & DISCUSS

Mina competes in the high jump event at her school. 5he hopes to tie or
break some records at the next meet.

| — State Record: 1.75 m
—— District Record: 1.57 m
—— Personal Best; 1.48 m

A. Write and solve an equation to find x, the number of meters Nina must
add to her personal best to tie the district record.

B. Represent and Connect Rewrite your equation as an inequality to
represent the situation where Nina breaks the district record, Howy is the
value of x in the inequality related to the value of x in the equation?

C. How many meters does Nina need to add to her personal best to break
the state record?

_ How are the solutions of an inequality different
‘? ESSENTIAL QUESTION tibiiieiesuas i
OEDIIEEP soive inequalities

Solve —4(3x — 1) + 6x = 16 and graph the solution.
—-d4(3x - 1) +6x= 16

-12x+ 4 4+ bx > 16

Apply the properties of inequalities
—12x+4-44+6x>16-4 o kg "

to solve for x.
—12x + Bx = 12
—bx = 12 Remember that the direction of the
6% _ 12 inequality symbaol is reversed when both
 =—§ sides of the inequality are multiplied or
_— divided by negative values.
Graph the solution. - - [ -

-2 0
Recall that a set is a collection of objects such as numbers. The solution of the
inequality is the set of all real numbers that are less than or equal to -2.

@ Try It! 1.5olve each inequality and graph the solution.
a. -3(2x + 2) <10 b. 2(4 - 2x) > 1

24 TOPIC 1 Solving Equations and Inegualities



LEARM TOGETHER
How do you listen actively as
others share ideas?

CONCEPTUAL
JUNDERSTANDING

USE PATTERMS AND
STRUCTURE

Consider the definition of the
solution to an inequality. What
would the graph of an inequality
with no solution look like?

ﬁ} [N IJA R Solve an Inequality With Variables on Both Sides

Solve 3.5x 4+ 19 = 1.5x - 7. Then graph the solution.
Solve the inequality.
A T o Collect like terms on the
35x-1.5+19-1921.5x-1.5x-7-19 same side of the inequality.
2x > -26
xz=13

Graph the solution.

=13 ]

@ Try It! 2.5olve 2x—5 = 5x — 22. Then graph the solution.

E PR ANy Understand Inequalities With Infinitely Many or No

Solutions

A. Solve =3(2x — 5) = —6x + 9.
-32%x -5} = —6x+9
—6x + 15> —6x + 9
-6+ 6x+ 15> -6x +6x+9
15=9

The original inequality is equivalent to 15 = 9, a true statement, What
does this mean?

Using the same steps above, you can show that the inequality is true for
any value of x. So all real numbers are solutions of the inequality.

E. Solvedx — 5 < 2(2x — 3).
dx -5 < 22x - 3)
duy -5 <dx -6
Ay —du=5<dx—-dx -6
-5« -6

Since the inequality results in a false statement (-5 < —6), any value
of x you substitute in the original inequality will also result in a false
statement.

This ineguality has no solution.

@ Try It! 3. 5clve each inequality.
a —24x —2) < —-Bx + 4 b. 6x—5<-3(2x 4+ 1)
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APPLICATION om Use Inequalities to Solve Problems
e

Derek wants to order some roses online. For what number of roses is it less
expensive to order from Florist A? From Florist B?

Florist A: Florist B:
54.75 per blue rose §5.15 per red rose
plus $40 plus $25
delivery charge. delivery charge.

Formulate # Write an inequality to compare the total cost of x roses from each florist.

Compute -

Interpret 4

The cost of x roses at Florist A is less than the cost of x roses at Florist B.

4.75x + 40 < 5.15x + 25

Solve for x.

Set up the inequality to find the
4,75% + 40 < 5.15% + 25 number of roses it would take for

Florist A to be less expensive,
4.75x% - 4.75x% + 40 < 5.15x — 4.75x + 25
40 - 25 <0.4x + 25 - 25

15 < LTS

0.4 0.4
375 <x

The solution is all real numbers greater than 37.5. However, the number of
roses must be a whole number.

If Derek plans to buy 38 or more roses, then Florist A is |ess expensive.
If Derek plans to buy 37 or fewer roses, then Florist B is less expensive.

@ Try It! 4.1 Florist B increases the cost per rose to $5.20, for what

number of roses is it less expensive to order from Florist A7
From Florist B?
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@) CONCEPT SUMMARY Solving Inequalities in One Variable

[ R To sclve inequalities, use the Properties of Inequalities to isolate the variable.

The solution of an inequality is the set of all real numbers that makes
the inequality true, Some inequalities are true for all real numbers
{such as x + 3 < x + 7), but others have no solutions (such asx + 7 < x + 3).

ALGEBRA —5{2x —3) < 34

—10x + 15 < 34

-10x+15-15<34 - 15

—10x < 19
—_1]?; - _1]5*0 Reverse the ineguality when multiplying
or dividing by a negative number.
x=-19
© Do You UNDERSTAND? Do You KNOW HOW?
1. How are the Solve each inequality and graph the solution.
solutions of an inequality different from 5.1v<6 6. —dx = 20
the solutions of an equation? -
7.8< -4A(x- 1) 8.3x-2>4-3x
2. Communicate and Justify How is dividing _ )
each side of x > 0 by a negative value 9. Lﬂl-_lldh' plans to jog at |"-’-‘35:t 1.5 miles.
different from dividing each side by a Write and solve an ineguality to find x, the
positive value? number of hours Lourdes will have to jog.

3. Vocabulary Give an example of two
inequalities that are equivalent inegualities.
Explain your reasoning.

4. Error Analysis Rachel multiplied each side
of x = 2 by 3. She wrote the result as 3x < 6,
Explain the error Rachel made.
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Communicate and Justify Let a, b, and ¢ be
real numbers. Show that each of the following
statements is true.

a. lfa>»bandc <0, thenca < ch.

b,lfa:vbandcqﬂ,theng-:?.

11. Represent and Connect For each of the graphs
below, write an inequality that the graph
represents. Explain your reasoning.

i
T

1 2

5

|
L
|
W+
|
[ 8
|
(== X
w4
e

| —

5

e §

5-4-3-2-1 0 1 2 3

12. Error Analyis Describe and correct the error
a student made when solving the ineguality

shiown.
3x-1>5
3x-1+1>5+1 Add1 toeachside,
3x>6 Simplify.
x . & Divide each side
3 3 w 3.
x<2 Simplify.

X 4

13. Mathematical Connections lake's solution to
the equation —4(2x — 3) = 36 is shown,

—4(2x — 3) =36
—-Bx+12=136
—Bx+12-12=36-12
—8x =24
—Bx_ 24
-8 -8
X=-3

How is the solution to —4(2x — 3) = 36 similar to

and different from the solution shown?

14. Higher Order Thinking Suppose each side of
the inequality a — b < 0 is multiplied by c.

a. If c < 0 and cla - b) > 0, write an inequality to

represent the relationship between a and b.

b. If ¢ < 0, is cla — b) always greater than 07
Explain your reasoning.

28 TOPIC 1 Solving Equations and Inegualities

Solve each ineguality and graph the solution.
SEE EXAMPLES 1 AND 4

15.x+9> 15 15,—;“-10
17. 5% + 15 < =10 18. -0.3x < 6
19, 6x = =0.3 20, =3x > 15
1 1
21. *>3 2. x-84<23
23.2.1x> 6.3 24. -2.1x + 2.1 <63

25. -gx-20+2x:=-e 26. §x+ 14 —3x> -7

27.05x -4 -2x=2 2B.dx+1+2x=5

Match each inequality to the graph that represents
its solution. Explain your reasoning. SEE EXAMPLE 1

29. -2(3x-1)> 20 A, t B
1] 3
30. 2(1 - 3x) < 20 E. = it }
-3 [i]
31. -2{1 - 3x) > 16 c f s
0 3
32. 2(3x-1) <16 D - 5 + +
-3 0

Solve each inequality. sEE EXAMPLE 2

33. x+5<3x+4
34, 2(7Tx-2)> 9% +6

Solve each ineguality and tell whether it has
infinitely many or no solutions. SEE EXAMPLE 3

3.3 1.4 1 I
35.4:”4-213 1 36.4x+3 ol 2

37. -5(2x + 1) = 24 38. 43 -2x) = -4
39, 7.2x + 6 < 2.4x 40, —2x — 5> 3x — 25
41, 2x + 12 > 2{x + B) 42, 05 +8 < 2x =4

A solution is graphed for each inequality below.
Describe the changes that need to be made, if any,
to each graph. SEE EXAMPLE 3

43, 3x— 24 = -2(2x - 30)

-
=

EII 12
44, -2(x—5) > -2x+ 10

L
* a .-

=5



@ PRACTICE & PROBLEM SOLVING

45, Apply Math Models Luke and Aisha are
traveling on the same road from Lakeland

to Winter Haven, in the same direction. Luke

is driving at a rate of 50 mifh, and Aisha is

driving at a rate of 55 mifh. Write and solve an

inequality to find when Aisha will be ahead

of Luke aon the highway, Let x represent time

in hours,

46. Analyze and Persevere An office manager
is selecting a water delivery service. Acme

H,O charges a 515 fee and $7.50 per 5-gallon

jug. Best Water charges a %24 fee and
56.00 per 5-gallon jug. How many 5S-gallon
jugs will the office have to buy each month

for the cost of Best Water to be less than that

of Acme H,O?

47. Apply Math Models Charlie can spend up to
58 on lunch. He wants to buy a tuna sandwich,
a bottle of apple juice, and x pounds of potato
salad. Write and solve an ineguality to find the
possible numbers of pounds of potato salad he

can buy.

Tuna Sandwich Potato Salad Apple Juice
$4.25 $4.000b §225

(¥) ASSESSMENT PRACTICE

48. Select all inequalities that have the same

solution, & < 3. Y AR2E
O A.—;x ?v-—g
OB 2x=6
OCSx+x<3x+9
OD.% <3
OE4x-7 <5

. SAT/ACT Which of the following is the solution

of 0.125x + 1 - 0.25x < —-37
®x < -0.5

®Bx<05

Ex=05

D x < 32

B x> 32

. Performance Task Students have organized

a three-day walkathon to raise money for
charity. The average walking speeds of four
participants are given in the table below.

Walking Speed
Name {mi/h)
Elijah 32
Aubrey 3
Mercedes 24
Steve 35

Part A Write and solve an inequality to
determine how many hours it would take Steve
to walk at least 21 mian Day 1.

Part B At the beginning of Day 2, Mercedes

is 2 mi ahead of Elijah. Write and solve an
inequality to determine the hours x when Elijah
will be behind Mercedes.

Part C At the beginning of Day 3, Elijah starts
walking at the marker for Mile 42, and Aubrey
starts walking at the marker for Mile 42.5.
Write and solve an ineguality to determine the
haours when Elijah is ahead of Aubrey.
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MATHEMATICAL
MODELING

IN 3 ACTS

(CC,

0 MA91 AR 1. 1-Given a reak
workd cortext, write and sobue
one-variable muki-step Inear
equatians

Also AR.2 6
MAKTZ.MTR. 7.1

© Collecting Cans

Many schools and community centers organize canned food drives and
donate the food collected to area food pantries or homeless shelters.

A teacher may hold a contest to see which student collects the most cans.
The teacher will track the number of cans each student brings in. Sometimes
students have their own ways of keeping track. You'll see how some students
kept track in the Mathematical Modeling in 3 Acts lesson.

Identify the Problem

1. What is the first question that comes to mind after watching the video?

(]

. Write down the main guestion you will answer about what you saw in
the video.

. Make an initial conjecture that answers this main question.
. Explain how you arrived at your conjecture.

. Write a number that you know is too small.

L= BT N R TV

. WWrite a number that you know is too large.

w3 Develop a Model

7. Use the math that you have learned in this Topic to refine your
conjecture.

LTkl Interpret the Results

8. ks your refined conjecture between the highs and lows you set up earlier?
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1-5

Compound
Inequalities

| CAN... write and solve
compound inequalities.

VOCABULARY

* compound inequality
+ glement
* subset

a MA.S11AR.L6-Gvena

matheratical ar real-woekd conteat,
varile and sohse one-variahle linear
iregual ties, induding compourd
inequalities. Represent solutions
algehraicaly or graphically.
MAKTZ.MTR.5.1, MTR.E.1,
MTRT.1

CONCEPTUAL
JUNDERSTANDING

CHECK FOR
REASOMNAELENESS

There is no number that can
be less than —3 AND greater
than 2. 50 it makes sense to
use OR to write the compound
inequality.

€) ESSENTIAL QUESTION

*b ) EXPLORE & REASON

Hana has some blue paint. She wants
to lighten the shade, so she mixes in
1 cup of white paint. The color is

still too dark, so Hana keeps mixing in
1 cup of white paint at a time. After
adding 4 cups, she decides the color
is too light.

plus 1 C
4 white paint |

3

plus de
white paint

-

A. Explain in words how much paint
Hana should have added initially to
get the shade she wants.

B. Apply Math Models Represent your
answer to part A with one or more inequalities,

C. Hana decides that she likes the shades of blue that appear in between
adding 1 cup and 4 cups of white paint. How can you represent the
number of cups of white paint that yield the shades Hana prefers?

What are compound inequalities and
how are their solutions represented?

YR EN IZA: W Understand Compound Inequalities

How can you use inequalities to describe the sets of numbers graphed below?

A, —t—t
-3 0 2

The graph shows the solutions of two inequalities. The two inequalities form a compound
inequality. A compound inequality is made up of two or more inequalities.

Write an inequality to represent the solutions shown in each part of
the graph.

x<=3 =3 0

) . i ¥
0 2
The compound inequality that describes the graph isx < -3 orx > 2.
B. ~—» 4+ B
—4 01

The solutions shown in the graph are greater than or equal to -4. They
are also less than 1. Write two inequalities to represent this.

-

xz -4 =4 01
-4 01
The compound inequality that describes the graph is —4 < x and x < 1.
You can also write thisas-4 < x < 1.

x=1

@ Try It! 1.Write a compound inequality for the graph.

-2 0 4
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o A EN AR Solve a Compound Inequality Involving Or

Solve the compound inequality 5x — 7 =< 13 or —4x + 3 = 11. Graph the
solution.

Solve each inequality.

Ex—-T7<13 or =Ax + 3> 11
Sx =T 4+7<13 47 dx+3-3>11-3
Sx < 20 —4x =8
5x . 20 —Ax 8
Sl | 4 <3
X< 4 X< =2
+ o or F—t
REPRESENT AND CONMNECT 0 4 -2 0
Are there any values of x which "y ;.
- 1 ,
are elements of the solution set h = The final graph is all points that
% < 4 but not elements of the 4 » appear in either solution above.
solution setx < =27 - " &
0 4

An element of a set is an object that is in the set. A subset of a set consists of
elernents from the given set. The solution x < -2 is a subset of the solution

x < 4, sox < 4, isthe complete solution. The solution is the set of all real
numbers less than 4.

@ Try It! 2.Solve the compound inequality -3x+2 > -7 or 2(x — 2) = 6.
Graph the solution,

o | ANIGA Ry Solve a Compound Inequality Involving And

What is the solution of =12 < Tx + 9 < 167

Solve each inequality.

-12<7x+9 and Tx+9 <16
=12-9=Tx+9-9 MTH+9-9<16-9
=21 <7x Ix <]
21 . Ix Ix .7
v ST Ty
-3<x x=<1
- w + and F -
-3 0 R
h &
b F
. ’ The final graph is all points that
b Ed
3 3 appear in both solutions above.
3 01

The solutionisx> =3 and x <1, or =3 < x < 1.

CONTINUED DM THE NEXT PAGE
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EXAMPLE 3 CONTINUED

@ Try It! 3. S5olve the compound inequality 2x < 4x — 5 < 15.
Graph the solution.

APPLICATION o Solve Problems Involving Compound Inequalities
—

Enrigue plans a diet for his dog, River. River consumes between 510 and
540 Calaries per day.

If River eats 1 ; servings of dog food each day, how many treats can

she have?
320 calories 15 calories
pEr serving per treat

Formulate 4 Model the situation with a compound inequality.

Let x represent the number of treats River can have each day.
Write an expression to represent River's total daily Calories.
1. servings at 320 Cal. per serving plus x treats at 15 Cal. per treat

¥
480 + 15x

Write a compound inequality for the number of dog treats each day.
at least 510 Calories at most 540 Calories
510 = 480 + 15x < 540
Compute 4 Solve the compound inequality.
510
510 — 480 = 480 + 15x — 480 < 540 - 480

LA

480 + 15x < 540

0 = 15x = 60
30 Jsx 50
1'55 15 i:1":.
2 = X = 4

The solution is 2 < x < 4.

Interpret 4 River can have at least 2 and at most 4 treats each day.

@ Try It! 4. Suppose River has new treats that are 10 Calories each.
How many of the new treats can she have and remain in her
Calorie range?
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@) CONCEPT SUMMARY Compound Inequalities

The solution of a compound The solution of a compound
inequality involving or includes inequality invalving and includes
the solutions of one inequality as only solutions that are common to
well as the solutions of the other both inequalities.
inequality.

ALGEBRA Xx<a or x>b x=>a and x<b

a<x<bh
G —1 4] + -
GRAPHS = - -
© Do You UNDERSTAND? Do You KNOW HOW?
1. w What are Write a compound inequality for each graph.
compound inequalities and how are their G, - ' ——
solutions represented? -4 -0
2. Use Patterns and Structure When a < b, o —— -

how is the graph of x > a and x < b similar

to the graph of x = a? How is it different? Solve each compound inequality and graph

3. Vocabulary A compound is defined as a the solution,

mixture. Make a conjecture as to why the 7.4x-1>3and -2(3x - 4} > -16
term compound inequality includes the

word compound. 8.2(4x +3) 2 -100r -5x - 15> 5

4. Error Analysis Kona graphed the compound 9. Nade_em plans o "'dIE her bike between
inequality x > 2 or x > 3 by graphing x = 3. 12 mi and 15 mi. Write and solve an
Explain Kona's errar. inequality to find how many hours Nadeem

will be riding.
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(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Represent and Connect The compound
inequality % = a and x > b is graphed below.
How is the point labeled ¢ related to a
and h?

L Ty
T a e
[

x=aandx > b

11. Error Analysis Describe and correct the error
a student made graphing the compound
inequality x > 2 and x > 4.

xz2andx >4

]

X 4

12. Generalize Suppose that a < b. Select from
the symbols =, <, =, and <, as well asthe
words and and or, to complete the compound
inequality below so that its salution is all real
numbers,

xHammxmb

13. Higher Order Thinking Let a and b be real
numbers,

a. If a > b, howis the graphof x > aand x> b
different from the graph of x > a orx = b?

b.Iifa <b, howisthe graphofx>aandx> b
different from the graph of x = a orx = 67

€ fa=>5b howisthe graphofx>aandx = b
different from the graph of x = a orx = b7

14. Mathematical Connections Consider the

solutions of the compound inequalities.
d<x<8 2<x<

Describe each solution as a set. s one set a
subset of the ather? Explain your answer.

Write a compound inequality for each graph.
SEE EXAMPLE 1

15. By .
-2 01
16. = & *-——
=5 -10
17. ————& *
=035 0025
18. * —t
-1.2  -04 0

Solve each compound inequality and graph the
solution. SEE EXAMPLES 2 AND 3

19.2x+5>-3and dx + 7 < 15

20. 2x - 5=3or-4x+ 7 < -25

21. 2x-5>3 and -4dx + 7 < =25
22, x+1>-2or6{dx-3) = -6
3.2 <-4 <5

24, —:;-x+2+-3:x?»—1 or —3{x + 25) = 15

The value for the area A of each figure is given.
Write and solve a compound inequality for the
value of x in each figure. SEE EXAMPLE 4

25.35A225 26.9=4 =12

B
X 3

Write a compound inequality to represent each
sentence below. SEE EXAMPLE 4

27. A guantity x is at least 10 and at most 20.

28, A quantity x is either less than 10 or greater
than 20.

29. A quantity x is greater than 10 and less than 20.
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@ PRACTICE & PROBLEM SOLVING

30. Apply Math Models Fatima plans to spend at

.

32.

36

least $15 and at most 320 on sketch pads and
pencils. If she buys 2 sketch pads, how many

pencils can she buy while staying in her price
range?

Sketch Pad
$3.25 each

b

Pencil
$0.75 each

Analyze and Persevere A peanut company
ships its product in a carton that weighs 20 oz
when empty. Twenty bags of peanuts are
shipped in each carton. The acceptable weight
for one bag of peanuts is between 30.5 oz and
33.5 oz, inclusive. If a carton weighs too much
or too little, it is opened for inspection. Write
and solve a compound inequality to determine
¥, the weights of cartons that are opened for
inspection.

Apply Math Models Volunteers at an animal
shelter are building a rectangular dog run so
that one shorter side of the rectangle is formed
by the shelter building as shown. They plan to
spend between $100 and 200 on fencing for
the sides at a cost of $2.50 per ft. Write and
salve a compound inequality to model the
possible length of the dog run,

TOPIC 1 Solving Equations and Inegualities

(7) ASSESSMENT PRACTICE

33.

34.

35.

Which of the following compound inequalities
have the solution x < 37 Select all that apply.
) sR2E

OA3x+5<6or-2x+9>3
OB3x+S5<band-2x+9>3
OcC3x-S5<10and -2x+9> 3
OD.3x+5<Bor-2x+9<3
OE6x<Sx+3<dx+5

SAT/ACT What is the solution of

0.2x -4 -2x<=-04 and 3x + 2.7 < 37

By -2

B x <01

Bxe

Bx>-2andx < 0.1

Ex>-2andx <1

Performance Task An animal shelter categorizes
donors based on their total yearly donation, as
shown in the table,

Donor Tatal Yearly
Category Donation

Bronze =< $100
Silver 2= 100 and < $500
Gold == $500 and < §1,000
Platinum = $1,000

Part A Keenan donates the same amount each
month, Write and salve a compound inequality
for the monthly donation that will put him in
the Gold category.

Part B Libby donated $50 during the first
month of the year. If she makes three
additional donations of equal amounts during
the year, how much will she need to donate
each time to be in the Silver category?

Part C Paula originally planned to donate

£50 each month. After reviewing her budget,
she decides that she must reduce her planned
donation. By what amount can she reduce her
original planned monthly donation of £50 so
that she will be in the Silver category?



absolute value equations and
inequalities. Event Time

(v

1 - 6 *h:l MODEL & DISCUSS

Amelia is participating in a

Absolute Value 60-mile spin-a-thon. Her spin 'I .
Equations and bike keeps track of the simulated

Inequalities number of miles she travels.
She plans to take a 15-minute / ‘w‘\
break within 5 miles of riding

30 miles.

Spin-a-thon Schedule

\

Amelia spins at a
constant 22 mph.

CAN... write and solve

Start spinning 10000 2.0

MA. 812 ARA 1-Given a SIDP for break i
matherredical ar realwoekl contea, |
warite and solve one-enable Resume spinning

absalute value equatiors.

Also AR.4.2

i — A. Write a compound inequality that models the number of miles Amelia
MTRS. spins before taking a break.

B. How is the number of miles Amelia spins before she takes a break
related to the amount of time before she takes a break?

C. Choose Efficient Methods About how many hours will Amelia spin
before she takes a break? Discuss how you could use your mathematical
mode| to complete the spin-a-thon schedule,

Why does the solution for an absolute value
‘? i p g PRy (el B equation or ineguality typically result in a pair

of equations or inequalities?

o |3 EN IR Understand Absolute Value Equations

A. What is the value of x in 7 = |x| 4+ 27

Solve far x by isolating the absolute value expression on one side of
the equation.

T=|x|+2
Use the Subtraction
STUDY TIP 7-2=|x|+2-2 Pr i
0 of Equality.
The absolute value of a number 5 =|x| el
is its distance from 0 on a = ) . &
rumber fine -5 o 0 5

Both —5 and 5 are 5 units away from 0.

The solutions are x = =S and x = 5.

Check the solutions.

TZ|-5|+2 7|5 +2
15,2 1542
=7/ =7/

CONTINUED ON THE NEXT PAGE
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EXAMPLE 1 CONTINUED

USE PATTERNS AND B. What is the value of x in |2x - 3| =17

STRUCTURE

When salving an absolute value Write and solve equations for the two possibilities:

equation in the form [ax + b| =, 2x - 3 is positive. 2x - 3 is negative.
use twao different aquations to

find the solutions, ax + & = ¢ and x-3=1 2x-3=-1
ax+b=-—< x—3+3=1+3 2x-3+3=-1+3

The expression inside the

Lt absolute value symbol can Ll
2x_4 be positive or negative. So x_2
2 2 the expression 2x — 3 can 2 2
xe=12 be equal to 1 or —1. x=1
The solutions arex =2 and x = 1.
C. What is the value of x in 3|x + 6| + 8 =57
Step 1 Isolate the absolute value expression.
3x+6|+8-8=5-8
3x+6|==3
3x+6| _ _3
—3 3
Step 2 Solve for x,
lx+6]=-1 The absolute value of a number is a

) ) ) distance and cannot be negative
This equation has no solution. i

@ Try It! 1.5clve each equation.

a.6=|x|-2 b.2|x+5|=4 € |3x—6|=12
LR AN A ER Apply an Absolute Value Equation
STUDY TIP The cruising speed of
You can use an absolute value Kennedy's boat _55 25 mi/h.
equation to model a quantity She plans to cruise at

*plus or minus” another quantity. this speed for a distance
either 10 miles before or
after the B0-mile point, as
shown in the diagram.

A. What equation ot to scale
models the number
of hours x that Kennedy will travel?

The distance Kennedy

actually travels
|.25J|! _ Eﬂ'l =10 10 miles fram the &0-mile pDiI‘II
e

Final distance from the

B0-mile point CONTINUED OM THE NEXT PAGE
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HAVE A GROWTH MINDSET
How can you use mistakes as
opportunities to leam and grow?

CONCEPTUAL
UNDERSTANDING

COMMON ERROR

Remember to look at the > and
< symbals when solving absolute
value inequalities. Inequalities
with absolute value have to be
set up differently to solve if it is
an “and" situation vs. an “or"
situation.

EXAMPLE 2 CONTINUED
B. What are the minimum number and maximum number of hours

Kennedy will travel?

Write and solve equations for the two possibilities.

If Kennedy travels If Kennedy travels
10 miles beyond the B0-mile 10 miles before the B0-mile
point, the absolute value point, the absolute value
expression is positive. expression is negative.
25x — 80 =10 25x — 80 =-10
25x = B0 + 80 =10 + BO 25x = BO 4 80 = =10 + 80
25x =190 25x =70
23x _ 30 25x _ 70
25 25 25 25
x=316 x=28

The solutions are x = 3.6 and x = 2.8.

Kennedy will travel at least 2.8 hours and at most 3.6 hours,

@ Try It! 2. What will be the minimum and maximum time that Kennedy

will travel if she resets her cruising speed to 20 mifh?

o | NI JAEy Understand Absolute Value Inequalities

What are the solutions of an absolute value inequality?

Solve and graph two absolute value inequalities.

A. |x| <3
The distance between x and 0 must 5 umts 3 wnie
be less than 3, so all values within — o —
3 units to the right and 3 units to -3 0 3

the left of 0 are solutions.

|x] = 3 is equivalent to the compound inequality x < 3 and x> -3,
which can also be written as -3 < x < 3.

. x| =3
The distance between x and 0 must be 2 units 3 units
greater than 3. Positive values of x must = 3 f i -
-3 1] 3

be more than 3 units to the right of 0, and
negative values of ¥ must be more than
3 units to the left of D.

| x| = 3 is equivalent to the compound inequality x < -3 orx = 3.

@ Try It! 3. Solve and graph the solutions of each inequality.

a. |x| > 15 b. x| <7
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appLicaTion  (OETIIEEY write an Absolute Value Inequality
—— —

Formulate 4

Compute 4

Interpret 4

Members of the debate team are traveling to a tournament, where they will
stay in a hotel for 4 nights, The total cost for each member must be within
$20 of $175. Which of the hotels shown can they consider?

Hotel Room Costs*

Hotel C

Hotel B . e

545

e
i
s i
~ UL
il
=L UUL

*Per person per night

Write an absolute value inequality to represent the situation.

Let x be the cost per night of a hotel room.

The difference between total cost and $17% is less than or equal to 520,
|4x — 175 < 20

Solve the inequality to find the maximum and minimum hotel cost for each
team member.

Minimum Cost
dx = 175 = =20

Maximum Cost
4x - 175 < 20

A — 175+ 175 < 20+ 175 dx — 175+ 175 = =20 + 175

dx = 195 4x = 155
de - 185 dx . 155
F e 3 a4z a
x = 48.75 x> 3875

The cost of the hotel room can be between $38.75 and $48.75, inclusive.
The debate team can consider Hotel A or Hotel B.

@ Try It! 4.If the debate team increased their limit to $200 plus or minus

£20, would they be able to afford Hotel D at $55 per night?
Explain.
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@ CONCEPT SUMMARY Absolute Value Equations and Inequalities

m Absolute Value Equations

To solve an absolute value equation,

isolate the absolute value expression.

Then write two equations and solve.

ALGEBRA 2|x-17|=18
|x=17]=9

x=17=-9 x=17=%9

x=8 x=26

Absolute Value Inequalities

If the distance between x and 0 is less than
or less than or equal to a value, the solution
is two inequalities joined by “and".

If the distance between x and 0 is greater
than or greater than or equal to a value, the
solution is two inequalities joined by "or”.

2] <1

xzxz=landx =<1

|%] = 2

x<=2orx>2

DIAGRAMS JEE =

Solutions are 8 and 26.

© Do You UNDERSTAND?

' Why does the
solution for an absolute value equation
or inequality typically result in a pair of
equations or inequalities?

2. Generalize How is solving an absolute value
equation similar to solving an equation that
does not involve absolute value? How is it
different?

3. Vocabulary Describe how you would
explain to another student why the absalute
value of a number cannot be negative.

4, Error Analysis Yumikeo solved |x| > 5 by
solving & > =5 and x < 5. Explain the error
Yumiko made.

+ |x] =1

&
» T
1

-

3
H
&
r

|
P
(=]
d

Do You KNOW HOW?

Solve each absolute value equation.
5.5=|x+3 6.|2x-8| =16

7. On a road trip, Andrew plans to use his
cruise control for 125 mi, plus or minus
20 mi. Write and solve an equation to find
the minimum and maximum number of
hours for Andrew's road trip.

Solve each absolute value inequality. Graph the
solution.

8.|3x-6| =9 9, |4x - 12| < 20
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

10.

1.

12

13.

14.

42

Analyze and Persevere Sasha is solving the
absolute value equation |2x| + 4 = 8. What is
the first step she should take?

Represent and Connect The absolute value
inequality 5 < | x| - n is graphed below. What is
the value of n?

. i

=7 0 )

Error Analysis Describe and correct the error a
student made when solving 2|x| < 16.

Solve 2|x| < 16

2|x| <16

x| < 18 Divide both sides by 2.
2 2

|x| =8 Simplify.

X< Borx >-8 Rewrite using "or” x

v

Mathematical Connections Jack wants to
model a situation where the perimeter of the
rectangle below is 6 ft plus or minus 1.5 ft.

4 ft

X

Because he is modeling a length “plus or
minus® another length, he decides to use an
absolute value equation for his model. Do
you agrea with his decision? Explain your
reasoning.

Higher Order Thinking Let a, b, ¢, and x be real
numbers,

a. How is solving |ax| + b = ¢ different from
solving |ax + b] = ¢?

b. How is solving |ax| + b < c different from
solving |ax 4+ b| = ¢?

TOPIC 1 Solving Equations and Inegualities

Solve each absolute value equation. SEE EXAMPLE 1
15. 2 =|x] -1 16. x| -4=9

17. 14 = |x| + 2 18. x| + 4= -9

15.' 2x+E|:21] 1[.'!.|x 4|:g

21.2|x+ 8| =20 22.2|x-8|=20

23.5x+3|+8=6 24.3)x-2|-8=7

Write and solve an absolute value equation for
the minimum and maximum times for an object
moving at the given speed to travel the given
distance. (Figures are not to scale.) SEE EXAMPLE 2

25. 5 mith

=2.5 mi +2.5 mi
— e

10 mi |

26. 10 fifs

Selve each absolute value ineguality. Graph the
solution. SEE EXAMPLES 3 AND 4

27.2<|x|-8 28. -2 > |x|-8

29. |x| + 5> 10 30. x| + 2.4 < 3.6

31.|2x + 5|29 32.|2x-5| <9

33. -2x + 4| < -6 34. -2|2x + 4| + 10 » -6
Match each absolute value inequality to the
graph that represents its selution. Explain your
reasoning. SEE EXAMPLES 3 AND 4

35.3|x|-2=<10 A, -—F f &
-4 0 4
36. 2|x|=1<7 B. E { *
. | i} 4
37. 3|2x|+1 =25 C. & : #
-4 0 4
38 24x| -7 225 D —& } <
-4 i} 4



© PRACTICE & PROBLEM SOLVING

39. Analyze and Persevere A company

40.

41.

manufactures cell phone cases. The length
of a certain case must be within 0.25 mm of
125 mm, as shown (figure is not to scale). All
cases with lengths outside of this range are
removed from the inventory. How could you
use an absolute value inequality to represent
the lengths of all the cases that should be
removed? Explain,

= 0.25 mm+ 0.25 mm
E—

-

— 125 mm ————————

Communicate and Justify Ashton is hosting

a banguet. He plans to spend 5400, plus or
minus $50, at a cost of 525 per guest. Solve
|25% — 400 | = 50 to find the maximum and
minimum number of guests. If there can be up
to 7 guests at each table, what is the minimum
number of tables Ashton should reserve so that
every guest has a seat?

Apply Math Models Hugo is pumping regular
gas into his truck, Write and solve an absolute
value equation to find how many gallons of gas
will be pumped when the total is $25 plus or
minus $0.50.

" GAS STATION
S/Gallon

Regular £2.50
Plus $2.75

Premium

| Diesel

(%) ASSESSMENT PRACTICE

42. Kenzie runs at an average speed of 6.25 mi'h.

The length of her typical run is within one mile of
& miles long.

Write an absolute value equation to represent
the situation. Find the shortest or longest
amount of time for Kenzie's run. Round to the
nearest minute, g AR41

. SAT/ACT What is the solution of |dx — B8] = 27

Bx=1x=2
Bx=-1x=2
Cx=1x=-2
Bx=-1,%x=-2
@x:—lx:z

. Performance Task A road sign shows a vehicle®s
speed as the vehicle passes,

Part A The sign blinks for vehicles traveling
within 5 mi'h of the speed limit. Write and
solve an absolute value inequality to find the
minimum and maximum speeds of an oncoming
vehicle that will cause the sign to blink.

Part B Another sign blinks when it detects a
vehicle traveling within 2 mith of a 35 mifh
speed limit. Write and solve an absolute value
inequality to represent the speeds of the
vehicles that cause the sign to blink.

Part C The sign is programmed to blink using
absolute value inequalities of the form

|x —&| = b and |x - a|] = b. Which of these
formulas is used to program the sign for cars
traveling either 5 mi‘h above or below the
20 mith speed limit? What are the values of a
and b? Explain.
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Topic Review

‘? TOPIC ESSENTIAL QUESTION

1. What general strategies can you use to solve simple equations and
inequalities?

Vocabulary Review

Choose the correct term to complete each sentence.

. , ) « compound inequality
2. An equation rule for a relationship between two or more quantities

is aln) * glement
3. A combination of two or more inegualities using the word and or * formula

the word or is ain) ! * identity
4. Any of the distinct objects of a set is called a(n) * literal equation
5. If each element of B is also an element of 4, B is a(n) * set

of A, * subset

6. A well-defined collection of elements is a{n)

7. An equation in which letters are used for constants and variables
is aln)
8. An equation that is true for all possible values of the variable is a{n)

Concepts & Skills Review

Solving Linear Equations

Quick Review Practice & Problem Solving
You can use properties of eguality to solve linear 9. Choose Efficient Methods What property
equations. Use the Distributive Property and would you use first to solve %x —-b=107
combine like terms, when needed. Explain.
Solve each equation.
Example 10. 3(2x — 1) = 21
Solve 2(6x — 15) + 5x = 26.
) 3 11. 100 = B{4t — 5)
2(6x — 15) 4 5x = 26 112:% 7
4x = 10+ 5x = 26 Distributive Property 8 12
9% — 10 = 26 Combine like tems. 13. 1.045s + 0.068 = 15.743
Gx — 10+ 10 = 26 + 10 Add 10 to each side. 14. Apply Math Models The price for an adult
. mavie ticket is 11 more than a movie ticket
9x = 36 Simplify. 3
9y 36 for a child. Ines takes her daughter to the

Divide each side by 9

9 9 movie, buys a box of popcorn for §5.50, and

X=4 Simplify spends 526.50, Write and solve an equation
to find the prices for each of their movie
tickets.
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S5olving Equations with a Variable on Both Sides

Quick Review Practice & Problem Solving

To solve equations with a variable on both sides, 15. Error Analysis Describe and correct any errors
rewrite the equation so that all the variable a student may have made when solving the
terms are on one side of the equation and the equation 060y —0.2) =3 - 0.2{y - 1)
constants are on the other. Then solve for the 0.6(y—0.2) =3 —0.2(y — 1)

value of the variable.
06y —0.12=3.2 0.2y

100{0.6y — 0.12) = 10{3.2 - 0.2y)
60y —12=32 -2y
60y — 12+ 12 + 2y =32+ 12 -2y + 2y

Example
Solve 5x — 48 = —3x + 8.
S5¥ —d8=-3x+ 8

aly = 42
Se — 48 + 3x = -3x + B + 3w Add 3x to each side. y= é}
Bx-45=8 Simplify
8x - 48 + 48 =8 + 48 Add 48 to each side. Solve each equation.
8x =56 Sirmplify. 16. 21 —dx=dx + 21
st = 585 Divide each side by 8 17. 6b - 27 = 3(5b - 2)
x=7 Simplify 18. 0.45(t + 8) = 0.6(t — 3)

19. Communicate and Justify Aaron can join a
gym that charges $19.99 per month, plus an
annual $12.80 fee, or he can pay $21.59 per
month. He thinks the second option is
better because he plans to use the gym for
10 manths. Is Aaron correct? Explain.
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LESSON 1-3 Literal Equations and Formulas

Quick Review

You can use properties of equality to solve
literal equations for a specific variable. You
can then use the rewritten egquations to solve
problems.

Example
Find the height of a cylinder with a volume of
1,650 em? and a radius of 6 em.

Rewrite the formula for the volume of a cylinder
in terms of h.

A=xrih
A _ arth
. arl
A h
ard

Find the height of the cylinder. Use 3.14 for pi.
h=-A

m
__ 1650 _ 1650 _ 1,650 _
= G - Giax3e ~ 113.04 = 1460

The height of the cylinder is about 14.60 cm.

Practice & Problem Solving

20. Error Analysis Describe and correct the
error a student made when solving
a=3(b+5)forb.

a=3b+5)
fo-30+54
da=b+5
b:;a+5

Solve each equation for the given variable.

J_Z.a_z+3c;c

M. xy=ky b

23. 6(2c + 3d) =5(4c - 3d); d

24. Apply Math Models The formula for average
acceleration is a = ﬂ;—v where Vyis the
final velocity, V) is the initial velocity, and tis
the time in seconds. Rewrite the equation as
a formula for the final velocity, V. What is
the final velocity when a person accelerates
at 2 ft/s? for 5 seconds after an initial velocity
of 4 ftis?

LESSON 1-4 Solving Inequalities in One Variable

Quick Review

The same strategies used for solving multistep
equations can be used to solve multistep
inequalities. When multiplying or dividing

by a negative value on both sides, reverse the
inequality symbal.

Example
Solve -2(6x + 5) < 74. Graph the solution.

—-2(6x +5) = 74

-1dx-10=<74 Distributive Property
=“12x=10+10 <74+ 10 Add 10 to each side.
2x . B4 )
T Divide each side by —12.
xz-=7 Simplify.

The solution is x = =7.

L } 2 . i & b d & & & i r—
T T T b T T

-10-9 -8 -7 ==-5=-4=-3-2-1 0 1 2
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Practice & Problem Solving

25. Represent and Connect Write an inequality
that represents the graph,

i P i i Py i i
— T T T - T T -

-5-4-31-2-1 0 1 2 4 5

[

Solve each inequality and graph the solution.
26. x+8>1

27. dx+3=<-6

28, 24x -9 < 18x+6

29. 3x—-8=4x-15)

30. Analyze and Persevere Neil and Yukirun a
data entry service. Neil starts at 9:00 a.m. and
can type 45 words per minute. Yuki arrives at
10:30 A and can type 60 words per minute.
Write and solve an inequality to find at what
time Yuki will have typed more words than Neil.
Let x represent the time in minutes.



m Compound Inequalities

Quick Review Practice & Problem Solving

When a compound inequality uses the word 31. Communicate and lustify Describe and
and, the solution must make both inegualities correct the error a student made graphing
true. If a compound inequality uses the word the compound inequality x > 2 or x < -1,
or, the solution must make at least one of the 5 i S———E

inequalities true, —zl _; |;'| 1r 1' ; ;; 5'

Solve each compound inequality and graph

Example the solution.

Solve -24 < dx - 4 = 4, Graph the solution.
32. 2x-3>5o0r3x-1<8

I3 x-6=<18and3-2x=11
1 2
24 < dx—4 Ax — A <4 34_2x—5}—30r3x+4{3
35 3(2x-5) > 15 and 4(2x - 1) > 10

Separate the inequality and solve each
separately.

- 4+4<dx-444 dx —44+4 <444
3 36. Apply Math Models Lucy plans to
S A8 spend between 550 and £65, inclusive, on
-S<x X< 2 packages of beads and packages of charms. If
PR S L e N she buys 5 packages of beads at 54.95 each,
=3 ﬂ‘ 3 =3 ¢ 2 how many packages of charms at $6.55 can
N / Lucy buy while staying within her budget?
—6-5-4-3-2-1012 3 4

The solution isx > —Sand x < 2, or -5 < x < 2.

LESSON 1-6 Absolute Value Equations and Inequalities

Quick Review Practice & Problem Solving

When solving an absolute value equation or 37. Choose Efficient Methods Thato is solving
inequality you must consider both the positive the absolute value equation |3x| - 5 = 13.
and negative values of the expression inside the What is the first step he should take?

absolute value symbol. i
¥ Solve each absolute value equation or

ineqguality.
Example 38. 3=|x|+1 39. 4|x —5|=24
What is the value of x in |[4x + 7| = 437

40. 3= |x|-6 M. |x =312

Write and solve inequalities for the two cases.
42. Analyze and Persevere A person's normal

dx + T is positive. dx + 7 is negative. body temperature is 98 6°F. According to
dx 4+ 7 =43 Ak + 7 =-43 physicians, a person's body temperature
should not be more than 0.5°F from the
4 +7-7=43-7 & +7-T=-43-7 normal temperature. How could you use an
ax = 16 Ax = —50 absolute value inequality to represent the
temperatures that fall outside of normal
x=3 x=-125 range? Explain.

The solutions are x = 9 and x = =12.5.
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0 Topic Overview

enVision™ STEM Project:
Design a Pitched Roof

2-1 Slope-Intercept Form
AR.2.2,AR.2.4, MTR.1.1, MTR.6.1, MTR.7.1

2-2 Paoint-Slope Form
AR1.Z AR.Z.2AR.Z.4, AR5, MTR.21, MTR.3.1, MTR5.1

2-3 Standard Form
AR.1, AR.1.2AR.2.2, AR.2.4, AR.2.5, MTR.3.1, MTR.4.1,

MTR.7.1
Mathematical Modeling in 3 Acts:

How Tall is Tall?
AR.1.2Z,AR.2.2, MTR.7.1

2-4 Parallel and Perpendicular Lines
AR2.3 MTR.1.1, MTR.2.1, MTR.5.1

i : kY
o s 111 s
6 -

nl‘-l
n'-l

E Go online | SavvasRealize.com
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48 TOPIC 2 Linear Equations

‘? TOPIC ESSENTIAL QUESTION

Linear Equations

Why is it useful to have different forms of linear equations?

Topic Vocabulary

* parallel lines

+ perpendicular

lines

point-slope farm
reciprocal

slope-intercept
form

standard form of

a linear equation

* p-intercept

Digital Experience

@0 006

INTERACTIVE STUDENT EDITION
Access online or offline.

FAMILY ENGAGEMENT
Invalve family in your learning.

ACTIVITIES Complete Explore & Reason,
Model & Discuss, and Critigue & Explain
activities. Interact with Examples and Try Its.

ANIMATION View and interact with
real-world applications.

PRACTICE Practice what
you've [2arned.



MATHEMATICAL MODELING IN 3 AcTs (C((®
I
4

© How Tall is Tall?

The world's tallest person in recorded history was Robert Wadlow. He was
& feet 11.1 inches tall! Only 5% of the world population is & feet 3 inches
ar taller. What percent of the population would you guess is 7 feet

or taller?

We usually use standard units, such as feet and inches or centimeters, to
measure length or height. Did you ever wonder why? In the Mathematical
Modeling in 3 Acts lesson you'll consider some interesting alternatives.

VIDEOS Watch clips to support
Mathematical Modeling in 3 Acts Lessons
and enVision™ STEM Projects.

ADAPTIVE PRACTICE Practice that is
just right and just for you.

GLOSSARY Read and listen to
English and Spanish definitions.
CONCEPT SUMMARY Review
key lesson content through
multiple representations.

ASSESSMENT Show what
you've learned.

TUTORIALS Get help from
Virtuwal Nerd, right when you need it.

MATH TOOLS Explore math
with digital tools and manipulatives.

DESMOS Use Anytime and as embedded
Interactives in Lesson content.

QR CODES 5can with your mobile device
for Virtwal Nerd Video Tutorials and Math
Modeling Lessons.

06 O
#EQOOGO0
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TOPIC2  PROJECT {énViSion

Did You Know?

It takes 8 minutes 19 seconds for the

sun’s rays to travel 93 million miles to
Earth. The amount of solar energy that
hits Earth in 1 hour is enough to meet
the energy demands of the world's
population for 1 year.

e

L

Im 2004, about 15,000 homes What Is Roof Pitch?
im the United States had solar AN
panels. By the end of 2014, about T‘

600,000 homes had solar panels. mHy

Number of Sodar Homes
{Increase over a 10-year period)

2004
e ebetbe D

2014

EhbhbL bbb bbbbhba b ] 2
iy e e e B ;_:-p,.-p:, -;-ng, S 0 . e e B e Roof |}|1.|;"| I5 EIUEEI}' related

PiTey,
i 510
g

Solar panels are a collection of solar

x:t::x::t:t::x::t::: to slope. This roof's pitch is cells. Solar cells convert sunlight te
x;t:;t;t;;:x:t::t:tx egulvalent te 3 : 12, which means electricity. The solar cells in a solar
:22:2:2:::::3::::23: the roof rises {or falls) 2 inches panel are arranged so that solar
SELEETERE TR Y. far every harizontal foot. energy travels along a specific path
e T e e e e e e e e
e e O B e e e B e e .
W e e e i e e e e B e e B e e e e The steepness, or pitch, of a roof
B o L T : o e
D T T T affects many things, induding
D o R - . .
e e e e e B the installation of solar panels
e T e e e e e e
h
oAbt st A and how much snow the roof
chbebbebbbbbbbbbabbn can handle,

SR LLLLLLLLLLLDLLRLLS
% = 1,500 homes

© Your Task: Design a Pitched Roof

You and your classmates will analyze roofs to determine their pitch.
Then you will design a roof with a pitch that is appropriate for installing
solar panels.

50 TOPIC2 enVision STEM Project



2 - 1 # ) MODEL & DISCUSS

Alani wants to buy a $360
bicycle. She is considering

Slope-Intercept

Form two payment options. The
image shows Option A,
which eonsists of making an
initial down payment then

| CAN... write and graph smaller, equal-sized weekly
linear equations using payments. Option B consists
slope-intercept fonm. of making 6 equal payments
over 6 weeks. Week  Week  Week  Week  Week
VOCABULARY 1 2 3 4 3
* clope-intercept form A. What factors should Alani Weekly Bike Payments
* wintercept take into consideration
before deciding between Option A and Option B?
e MIA.912.08 2.2-Wirite 2 linear B. Analyze and Persevere Suppose Alani could modify Option A and still
T:maoﬂ:hf:';gl:rlf:ﬁm pay off the bike in 5 weeks. Describe the relationship between the down
quantities fram a graph, a writlen payment and the weekly payments.

description of a tble of values
within a mathematical or rea
wearid context. Also AR.2.4

MAKTZMTRA.1, MTRE.1, What information does the slope-intercept
MTR.7.1 ‘? et son s dekelasidn form of a linear equation reveal about a line?
o N IJA:B 8 Graph a Linear Equation

What is the graph of y = $x + 27

The equation is in slope-intercept form. You can use the slope and
y-intercept to graph the line.

_4
- 53(1-2

Step 1 ldentify the y-intercept in the equation,
The y-intercept is 2, so plot the

point (0, 2).
USE PATTERNS AND
STRUCTURE Step 2 Use the slope to plot a second point.
Think about the relationship arMenl fhpres
between the value of the m= ;’ == T J
coefficient of x and the slope e e
of the line. Start at (0, 2), move 4 units up and

5 units to the right to locate a
second point. Plot the point (5, 6).

Step 3 Draw a line through the paints.

@ Try It! 1.5ketch the graph of y = —ix - §,
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sTUDY TIP ¥3 =¥ B
If you can approximate the
yp-ntercept by looking at the graph,
you can use it as one of the two
points for finding the slope. The line intersects the y-axis at (0, 1), so the

o | ANLIGA - Write an Equation from a Graph

What is the equation of the line in slope-intercept form?
Step 1 Find the slope between two points on the line. ¥
The line passes through (0, 1) and (4, - 2).

z:l::-|:na~=x‘__xI =5

Step 2 Find the y-intercept.

y-intercept is 1.
Step 3 Write the equation in the form y = mx + b.
Substitute * for m and 1 for b.

The equation of the line in slope-intercept form is y = _%x + 1.

@ Try It! 2. Write the equation of the line in |F /
X

slope-intercept form.

CONCEPTUAL
_UNDERSTANDING o I 3K Understand Slope-Intercept Form

How can you find an equation of a line that passes through two points if
neither of them is the y-intercept?

Consider the line that passes through the points (=1, =2) and (3, 4).
Step 1 Find the slope of the line.

COMMON ERROR 4-(-2 3

You may think that a point with
two negative coordinates means
that the shope will be negative.

g P = g

Step 2 Use the slope and one point to find the y-intercept.

Keep in mind that the slope 4= 2{?} + b Substitute 2 for m and (3, ¢ jiny =
= =; s = (3, 4) for x, ¥ iny =mx + b,
depends on both points, so there 2 : g
is no way to determing the sign of 4=9:b ol
the slope from one point, - e
S Solve for b,

52

Step 3 Use the slope and the y-intercept to write the equation

=3 1 : 3 1
y=3x+ { 1} Substitute 5 for m and 3 for b.

The equaticn in slope-intercept form of the line that passes through (-1, -2)

and (3, 4)isy = gx = ;

@ Try It! 3.Write the equation in slope-intercept form of the line that
passes through the points (5, 4) and (-1, 6).

TOPIC 2 Linear Equations



APPLICATION YRSV AR Interpret Slope and y-Intercept
_

Allie received a gift card for her local coffee shop. Every time she goes to the
shop, she gets a medium coffee, The graph shows the gift card balance at
two points. How can Allie determine the number of medium coffees she can
buy with the gift card if she does not know the original value of the card?

HAVE A GROWTH MINDSET
In what ways do you give your
best effort and persist?

CHECK FOR REASOMABLENESS
Does the line with slope —2.65 and
p-intercept 25 model the situation
for every value of x7

Step 1

Step 2

Step 3

My Coffee

Interpret the meaning of the two points.
{2, 19.7): After buying 2 coffees, Allie had £19.70 left on the gift card.

{4, 14.4): After buying 4 coffees, Allie had 14,40 left on the gift card.
Find the slope. Then interpret the meaning of the slope.

Use the points (2, 19.7) and (4, 14.4).

_19.7-144
. Y |
==2.65

The slope is —2.65, which means the rate of change is —$2.65 per
coffee. The balance on the gift card decreases by $2.65 each time
Allie buys a medium coffee.

Use one point and the slope to find the y-intercept.
Then interpret its meaning.

y=mx+b
19.7 =-2.65(2) + b
25="5
The p-intercept is 25. It represents the original value of the gift card.

To determine the number of medium coffees she can buy with the
gift card, Allie can divide $25 by $2.65. She can purchase 9 medium
coffees with the gift card.

@ Try It! 4. Use information from Example 4 to write the equation in slope-

intercept form. Find the x-intercept of the graph of the equation.
What does the x-intercept mean in terms of the situation?

LESSON 2-1 Slope-Intercept Form 53



y-intercept of a line are known.

shope

GRAPH 6l

+}-!J

1A
< 0O

T

L

The line has a slope of %
The y-intercept is 1.

© Do You UNDERSTAND?

B essenmiar. question U0

information does the slope-intercept form
of a linear equation reveal about a line?

2. Represent and Connect How are the graphs
of y=2x+1and y = —2x + 1 similar? How
are they different?

3. Error Analysis To graph y = %x + 4, Emaan
plots one point at (0, 4) and a second point
2 units right and 3 units up at (2, 7). He then
draws a line through (0, 4) and (2, 7). What
error did Emaan make?

4, Analyze and Persevere When writing the
equation of a line in slope-intercept form,
heow can you determine the value of min
y=mx + b if you know the coordinates of
two points on the line?

54 TOPIC2 Linear Equations

e CONCEPT SUMMARY Slope-Intercept Form of a Linear Equation

['h]:10i9 The slope-intercept form of a linear equation is used when the slope and the

LIRC S The slope-intercept form of a line is y = mx + b.

y-intercept
y=-2%-1
\ ‘F x
- 3 3 -
=+
=&

The line has a slope of - 2.
The y-intercept is =1,

Do You KNOW HOW?

Sketch the graph of each equation.
S5.y=2-5
Identify the slope and y-intercept of the line for
each equation.
Z.y=-5x-3

E.y_—i.vu-l

E.y:lx+5

Write the equation of each line in
slope-intercept form.

9, Jl.}f 10. l‘jr"
X
N X o/z ]
-2 0[\2 4 3
1 /
-4
¥ L

11. A line that passes through (3, 1) and (0, -3)

12. A line that passes through (=1, <5) and (4, -2)



© PRACTICE & PROBLEM SOLVING

UNDERSTAND

13. Use Patterns and Structure Aisha and Carolina
each sketch a graph of the linear equation
y = —3% + 2 Aisha uses the equation y = lx + 2
to sketch the graph, and Carolina uses the
equation ¥ = —351 + 2.
a. Explain how this leads them to use different

steps to construct their graphs.

k. Will the two graphs look the same? Explain,

14. Analyze and Persevere Line g passes through
the points (-2.6, 1) and (-1.4, 2.5}, as shown.
Find the equation of the line that passes
through (0, —b&) and (c, 0).

15. Error Analysis Describe and correct the error
a student made when graphing the linear

equation y = —x — 6.

1. Plot the y-intercept at (0, 6).
2. Plot a second point 3 units down and 4 units

right from (0, 6) at (4, 3). x

3. Connect the points with a line.

16. Mathematical Connections The points A(D, 5),
B(4, 2) and C(0, 2) form the vertices of a right
triangle. What is the equation of the line that
contains the hypotenuse?

-2 of [2 4] 6éx

17. Analyze and Persevere Rewrite y= -Jix + 3,
solving for x. What feature of the line can
easily be found using the rearranged equation?

Sketch the graph of each equation. SEE EXAMPLE 1

18, y=3x+5 19.y=—1x+3
20.y=-2x+3 2. y=3x-56
22.y:-§x+4 23.}::;’1-;

Write the equation of each line in slope-intercept
form. SEE EXAMPLE 2

Write the equation of the line that passes through
the given points. SEE EXAMPLE 3

28. (0, 1) and (2, 2) 29, (-2, —1) and (0, —5)
30. (4, 0) and (0, 2)
2.(3.0) a0 (33)

31. (-2, -6} and (1, 2)
33. (2. 1.5) and (0, 4.5)

34. lordan will hike the trail shown at a rate of
4 mith. Write a linear equation to represent the
distance Jordan still has to walk after x hours.
What does the y-intercept of the equation
represent? SEE EXAMPLE 4
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) PRACTICE & PROBLEM SOLVING

35. Analyze and Persevere Naomi wants to

buy a new computer for 5840, She is considering

two payment plans that require weekly
payments. Which plan will pay for the
computer faster? Explain.

BUDGET: $840
Plan A: $180 down
$600wk payments

Plan B: 80 down
$ 70wk payments

36. Apply Math Models Becky is competing in

an B-mi road race. She runs at a constant speed
of & mifh. Write an equation in slope-intercept
form to represent the distance Becky has left

1o run.

37. Apply Math Models Luis and Raul are
riding their bicycles to the beach from their

respective homes. Luis proposes that they leave
their respective homes at the same time and
plan to arrive at the beach at the same time.
The diagram shows Luis's position at two points

during his ride to the beach.

remaining

& miles

Write an equation in slope-intercept form

to represent Luis's ride from his house to the
beach. If Raul lives 5 miles closer to the beach
than Luis, at what speed must Raul ride for the

plan to work?
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After 1.2 hr,

remaining

[v') AS5ESSMENT PRACTICE

38. The table shows the hourly

39

40,

Years | Pay Rate
pay rate for a restaurant
employee for a given number 0 $9.70
of years of experience. 1 $10.25
Which statement describes a 2 $10.80
model for the data? Select all 3 1135
that apply. ik
8 ARz

[J A. The slope is $9.70 and is the number of
years of experience.

O B. The y-intercept is $0.55 and is the hourly
rate of pay.

O C. The slope is $0.55 and is the amount of
the pay raise each year.

[ D. The y-intercept = $9.70 and is the starting
hourly rate of pay.

SAT/ACT What is the equation of the line that
has a slope of -3 and a y-intercept of 27

@'_].F:llf-3 @'y:-3£+2
By=2+3 By=-3x-2
Performance Task After filling the ketchup

dispenser at the snack bar where she works,
Kelley measures the level of ketchup during the
day at different hourly intervals.

—
ketchup

5 h: 'ﬂ%in
8 h: 10in. tssard

1 h:a%inﬂ-—f"

Part A Assuming the ketchup is used at a
constant rate, write a linear equation that can
be used to determine the level of ketchup in
the dispenser after x hours,

Part B How can you use the equation from
Part A to find the level of ketchup when the
dispenser is full?

Part C If Kelley fills the ketchup dispenser just
before the restaurant opens, and the restaurant
is open for 18 hours, will the dispenser need to
be refilled before clasing time? Explain.



2-2

Paul and Seth know that one point on a line is (4, 2) and the slope of the

Pﬂln‘t-smpe line is =5. Each student derived an equation relating x and y.
Form
Paul Seth
| CAN... write and graph y=mx+b ¥1-¥i
linear equations in point- 2=-5(4) + b m=
slope form. L
2=-20+b g y-2
VOCABULARY 22=b k-4
* point-slope form y=-5x+121 Sx-4)j=y-2
a MUALS 12402, 3-Wiite  linear _
= two-variable eguation fo represent
g:a:.l;::::::f;:;";:fmq A. Do the two equations represent the same line? Construct a mathematical
deseription or a table of values argument 1o sUupport your answer.
within & mathematcal or ealk
warld context. Also AR.Y.2, B. Choose Efficient Methods Generate a table of values for each equation.
AR24,AR1S . o :
How can you reconcile the tables with the equations?
MAK1ZMTR.2.1, MTR.2.1,
MTR.5.1
What information does th int-sl f f
€) ESSENTIAL QUESTION ol xcabeb i e vt ok calondes
. a linear equation reveal about a line?
CONCEPTUAL

UNDERSTANDING o AN IJA:B Understand Point-Slope Form of a Linear Equation

A. How can you write the equation of a line using any points on a line?

Use the slope formula to find the slope using a specific point (x,, y,) and
any point (x, ).

i ¥a— ¥
e Substitute x for x; and v for
REPRESENT AND CONNECT PO i LS ‘ 7 and y ior .
What mathematical notation is X— Xy
important in this example? i = x) = =10 — x.)
a " K —Il|
mix — xy) =y — ¥y Multiply both sides of the

equation by (x — x,).
¥=p= mix - 11]' I

You can write the equation of a line using any point, (x4, ¥4, and the
slope, m, in point-slope form, y — y; = mix — x,).

B. Why is it helpful to have point-slope form in addition to slope-intercept
form?

Using point-slope form allows you to write the equation of a line without
knowing the y-intercept. You can use any two points on the line to write
the equation.

@ Try It! 1. Describe the steps needed to find the y-intercept of the graph
using point-slope form.
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o | AAIGA - Write an Equation in Point-Slope Form

A. Aline with a slope of ; passes through the point (3, =2). What form can you
use to write the equation of the line? What is the equation in that form?

The slope and a point on the line are known, 50 use paint-slope form.

¥=yq=mx = xy) _
CHOOSE EFFICIENT METHODS . Substitute 3 for K1s -2 fm_ﬁ. and - far m.,
Explain why it might not be helpful y=-2) =5l -3} -
to apply the Distributive Property to

= e -
right side of the equation. y+2=3lk-3

The equation in point-slope form is y+ 2 = %{x - 3)
B. What is the equation of the line that passes through (=4, 1) and (2, 3).

Find the slope of the line using the two given points.

Ya—n
M=%-n
3 _{1 Substitute (2, 3) for (x;, y;) and (=4, 1} for Gy, ).
2 - (-4)
_1
STUDY TIP 3
You can use either point as Use the slope and one paint to write the equation,
{xy, rq). You just need to be
careful to substitute the x- and ¥ =y = mix —x,) . . i
y-coordinates from the same point. i Substitute 2 for xy, 3 for yy, and E] for m.
y-3= _;'[Jlf -2}

The equation in point-slope formisy - 3 = ;{x - 2}

@ Try It! 2.Write an equation of the line that passes through (2, 1)
and (-3, 3).

EYR >N iR kB Sketch the Graph of a Linear Equation in Point-Slope Form

What is the graph of y — 3 = -il:x + 1)¢

Step 1 Identify a point on the line from the ¥
equation and plot it 4

COMMON ERROR y=3= g{x + 1) (=1,3) '
You may think that the 7 s 2, 1]
x-coordinate of the point is 1. y-3=-g-(-10) ) BT X
Remember that point-slope form -4 -2 0O 2
uses x — xy which in this case is The pointis (-1, 3). L5
X — -1,

Step 2 Use the slope to plot a second point.

-3 vertical change

= —
3  horizontal change

Move 2 units down and 3 units right from the first point. Flot the
point (2, 1).

Step 3 Sketch a line through the points.
@ Try It! 3.sketch the graph of y 4+ 2 = ;{x - 3.
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APPLICATION om Apply Linear Equations
R

Formulate

Compute

Interpret

An event facility has a banguet hall that can hold up to 250 people. The price
for a party indudes the cost of the room rental plus the cost of a meal for each
guest. Marissa is planning an event for 75 people. She has budgeted $1,200 for
the party. Will it be enough?

Fantastic Fiestas
3,500

3,000
& 2,500 | $2515

2,000
1,500
1,000

500 §725

1315

$1,925

81,35

Total Cost

ﬂﬂ 50 100 150 200 50

Mumber of Guests

Determine which form of a linear equation is more useful.

The number of guests and the total costs represent different data points
on a line. The point-slope form is more useful.

The slope represents the cost of each meal. Use the two points (50, 725) and
{100, 1,325) to find the slope.

¥z1=¥

m=-"'2-f1

=135-72 Substitute (50, 725) for (x,, y;) and {100, 1,325) for {x, ).

=12

The slope is 12, meaning that the rate of change is £12 per meal, so each
meal costs $12.

Use point-slope form to find the cost of the event for 75 guests.
¥=¥y=mix—xq)
¥ - 725=12(x - 50) Substitute 50 for xq, 725 for yq, and 12 for m.
¥=725=12{75 - 50) Substitute 75 for x.
¥ =300+ 725 Simplify and salwe for y.
¥=1,025
When x = 75, y = 1,025. The cost of the event for 75 guests is $1,025.
Sirce Marissa budgeted $1,200 for her event she will have enough money.

@ Try It! 4. Rewrite the point-slope form equation from Example 4 in

slope-intercept form. What does the y-intercept represent in
terms of the situation?
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@) CONCEPT SUMMARY Point-Slope Form of a Linear Equation

L[V The point-slope form of a linear equation is useful when you know the slope

and at least one point an the line.

ALGEBRA
ITESY v-4=2(x-2)
GRAPH NN
8

@ Do You UNDERSTAND?

1. ‘? ESSENTIAL QUESTION JRYLEN
information does the point-slope form of a
linear equation reveal about a line?

2. Use Patterns and Structure If you know a
point on a line and the slope of the line,
how can you find another point on the line?

3. Error Analysis Denzel identified (3, 2) as a
point on the line y - 2 = £ (x + 3). What is
the error that Denzel made?

4, Generalize You know the slope and one
point on a line that is not the y-intercept.
Why might you write the equation in
point-slope form instead of slope-intercept
form?
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¥ =y =mx —xq).

y-6=—3(x+5)

3
4 \

—§ -4 -2 Of | ix

Do You KNOW HOW?

Write the equation of the line in point-slope form
that passes through the given point with the
given slope.

5. (1,5: m=-3 6.(-4,3),m=12

Write an equation of the line in point-slope form
that passes through the given points.

7.(4, 2) and (1, 6) B. (-2, 8) and (7, -4)

9. Write the equation y — 6 = —5(x + 1) in
slope-intercept form,

10. Write the equation of the line in point-slope

form.
. }.'I b.
X
2 {2 d1
! 1)
—+d




(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

11. Use the graph of the line shown.

2“\1@

"% -4 -2 Ol | 1 4 |X

a. Write a point-slope form of the equation for
the line shown.

b. Estimate the value of the y-intercept
of the line,

€. Communicate and Justify Use proportional
reasoning to support your conjecture about
the value of the y-intercept.

d. Rewrite the point-slope form of the equation
in slope-intercept form to check your
conjecture.

12. Error Analysis Describe and correct the
error a student made when graphing
y+5=-3(x-8).

1. Plot a point at (-5, 8]
2. Plot a point 3 units down and
4 units right from [-5, 8) at
(-1, 5).
3. Connect the points with a line x

V.

13. Higher Order Thinking In slope-intercept form
y = mx + b, the y-intercept is located at (0, b).

a. What equation do you get when you
substitute (0, b) for (x,, ) in point-slope form
¥ =y =mix - x;)?

b. How are the slope-intercept and the
point-slope farms related?

14 Represent and Connect Rewrite point-slope
farm y — vy = mix — x,) into slope-intercept
form. What expression corresponds to the
y-intercept b?

Write the equation in point-slope form of the line
that passes through the given peint with the given
slope. SEE EXAMPLES 1, 2, AND 3

15.(2,1): m =2 16. (2, —2): m = —4

18. (-1, 4); m = 2

! 3
17.(2, -8} m = — :

4

Write the equation of the line in point-slope form.
SEE EXAMPLES 2 AND 3

19. t¥ 20, Ay
4 (24 . 1

\014'
?

(1, +3)
=4 14
ol T2 \E \

L

Write an equation of the line in point-slope form
that passes through the given points.
SEE EXAMPLE 2

21. (2, 4) and (3, 6) 22. (-1, =7) and (2, -4)

23.(3,-5)and (1, -8) 24.(-4,12) and (-7, -3)

Sketch the graph of each equation. SEE ExaAMPLE 3
5. y+2==-3x+2) 26. p—2=4x-1)

2?.y+1=%ix—1} zs.y—3=§u+n

Rewrite the point-slope form equation into slope-
intercept form. SEE EXAMPLE 4

I’B.y—3=;|:x—3} 30,y +4=-3(x—5)

Write an equation of the line in point-slope form
that passes through the given points in each table.
Then write each equation in slope-intercept form.
SEE EXAMPLE 4

15 100 T
0 15 -2 | -18
%5 130 0| -15
0145 2 | -12
[ 160 4 _9

Rewrite the slope-intercept equation into
point-slope form.

3B.y=2x+7 34.].-'=—1.x+9

3
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© PRACTICE & PROBLEM SOLVING

35. Apply Math Models Liam rented a pedal board
for 5.5 hours and paid a total of $93.75. What
is an equation in point-slope form that models
the cost of renting a pedal board for x hours?

How can Liam use the equation to find the
one-time service charge?

- = PEDAL BOARD
) RENTAL
$12.50/hour
L1 plus one-time
service fee

—

36. Choose Efficient Methods Emery borrowed

money from her brother to buy a new pheone,

and is payving off a fixed amount each week.
After 2 weeks, she will owe %456, and after
5 weeks, she will owe 3228.

a. What was the ariginal amount Emery
borrowed?

b. How much does she pay each week?

€. How useful are equations in point-slope and

slope-intercept forms for answering each
guestion?

37. Choose Efficient Methods The total price of a
printing job at Incredible Invites includes the
cost per invitation plus a one-time set-up fee.

e
drraaradioem

Pariy?

25 50 75 100
inwitations invitations inwitation s imtations
S100 140 S180 5220

Write equations in paint-slope and slope-
intercept forms to model the situation. What
part of the equations represents the cost per
invitation? Which form is easier to use to find
information about the set-up fee? Explain.

62 TOPIC 2 Linear Equations

(7) ASSESSMENT PRACTICE

38. Choose the real-world context

39.

40,

that matches the data in the . y

table. gy AR.2.2 0 75.75

& Admission to a theme park 1 51.00
is $75.75. The cost of each 2 | 10635
major attraction within the 3 P

park is $15.25.

{® The cost of 3 meals is $121.50. The cost of
each additional meal is §75.75.

© The weight of a 1 year-old manatee is 51.00 kg.
The manatee gains 106,25 in its second year,

@ The length of 3 sailboats is 121.50 ft. The
length of the first sailboat is 75.75 ft.

SAT/ACT A line with a slope of -2 passes
through the point (3, -2). Which of the
following is the equation of the line?

By+2=-2(x-13) By-2=-2x-3)
Cy-2==2(x+3) O y+2=2(x-3)
By-2=2x+3)

Performance Task A railway system on a hillside
moves passengers at a constant rate to an
elevation of 50 m. The elevations of a train are
given for 2 different locations.

Part A Write an equation in point-slope form
to represent the elevation of the train in terms
of time. How can you use the equation to find
the rate of increase in elevation of the train in
meters per second?

Part B At what elevation does the train start
initially? Write a linear equation in a form that
gives the information as part of the equation.
Explain your reasoning.



K

Standard
Form

| CAN... write and graph

linear equations in standard
form.

VOCABULARY

+ standard form of a linear
equation

e MA.512.AR.2.2-Write a irear
v two-variabie pquation to repemsent

the relationship betaeen twa
quaniities frmm a graph, 3 written
description or a table of values within
a masthematical or makwsarkd context.
Alsa AR Y, ARN.2, ARZ.4, ARLS
MAKTZ.MTR.3. 1, MTRA.1,
MTRT.1

CONCEPTUAL
JUNDERSTANDING

VOCABULARY

Remember, integers are rational
numbers with no fractional or
decimal part,

USE PATTERNS AND
STRUCTURE

What is the relationship
between the sign of the slope
and the quantities in the
problems?

&) EXPLORE & REASON

Jae makes a playlist of 24 songs for a party.
Since he prefers reggaeton and hip-hop music,

he builds the playlist from those two types
of songs.

Artists

¢ Reggaetan 1 g Hip-Hop 14
A. Determine two different combinations of

& Reggaston 2 o Reggaeton 15

reggaeton and hip-hop songs that Jae could |l @ Hip-Hop 3 & Reggaeton 16
use for his playlist, @ Hip-Hop 4 e H!p-Hn{: 17
a1 Reggaetlon 3 {2 Hip-Hop 18

B. Plot those combinations on graph paper. 7 HipHop 6 & Reggaeton 19
Extend a line through the points. @ Reggeeton 7 @ Hip-Hop 20

. r Hip-Hop B 41 Reggaston 21
C. Represent and Connect Can you use the line 0 HipHop 9 { Hip-Hop 23

to find other meaningful points? Explain. o Reggaeton 10« Reggaeton 24

g Hip-Hop 11 M Reggaeton 25

o Reggaeton 12 o Reggaeton 26

‘7 ESSENTIAL QUESTION Wl.‘lil‘t mfurma.tmn does the stand?rd form of
- a linear equation reveal about a line?
o IR B0 Understand Standard Form of a Linear Equation

A. Hanna will spend $150 on music festival tickets. Reserved seat tickets

cost 525 and general admission tickets cost $10. How can you represent
the situation with a linear equation?

Let x = cost of reserved seat tickets Let ¥ = general admission tickets

money spent on

money spent on general
reserved seat tickets

e total budget
admission tickets g

25 x b 10 = y = 150

The equation, 25x + 10y = 150 is in standard form. The standard form of
a linear equation is Ax + By = C, where 4, B, and C are integers, and A
and B are not both equal to 0.

B. What information does the standard form give you that the

slope-intercept form does not?
25x + 10y =150
10y = =25x + 150

Convert the standard form
to slope-intercept form and
compare the equations.

25x + 10y = 150

¥=-=25k+15

Slope-Intercept Form @
y==-25x+15
Hanna can buy 15 general

admission tickets if she buys
no reserved seat tickets.

Hanna can spend $150,
This is the constraint.

When the equation is in
standard form, you can
determine the constraint
by inspection.

When the equation is

in slope-intercept form,
you can determine the
y-intercept by inspection.

CONTINUED ON THE NEXT PAGE
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EXAMPLE 1 CONTINUED

@ Try It! 1.1s it easier to find the x-intercept of the graph of the equations
in Part B using slope-intercept or standard form? Explain.

Sketch the Graph of a Linear Equation in Standard Form

What is the graph of 3x — 2y = 97

To sketch a graph of a linear eguation in standard form, find the x- and
y-intercepts.

Step 1 Find the intercepts.
LEARN TOGETHER

How can you share your ideas and To find the x-intercept, substitute  To find the y-intercept, substitute
communicate your thinking with 0 for y and solve for x. 0 for x and solve for y.
i Ix-2p=9 - 2y=9
Ix-2(0)=9 30)-2y=9
3x=9 -2y=9
x=3 y=-45
The x-intercept is 3. The y-intercept is —4.5.

Step 2 Sketch a graph of the line.

Plot the x-intercept at (3, 0.
Plat the y-intercept at (0, —4.5).

Sketch the line that passes
through the intercepts.

@ Try It! 2.5ketch the graph of 4x + Sy = 10.

o [ A0 AR Relate Standard Form to Horizontal and Vertical Lines

A. What does the graph of Ax + By = C look like when 4 = 07

Graph the line represented by Ox + 2y = 6. "
2y=0 f
y=3 Y y=3
The equation y = 3 does not include x, so x has no 3

GENERALIZE
For ary real number a, the line

represented by i = a has a slope
of 0. What is the y-intercept of In the coordinate plane, an equation in one 13

the line? variable means that the other variable has no
effect on the equation or the graph.

When A =0, the graph of Ax + By = C is a horizontal line,

effect on the y-values. The value of yis 3 for every
xvalue, so the graph of v = 3 is a horizontal line. 4 1 0 7 3

CONTINUED DM THE NEXT PAGE
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EXAMPLE 3 CONTINUED
B. What does the graph of Ax + By = C look like when 8 = 07

Graph the linear equation 3x + Oy = —6. 6l
3x=-6
I3 *
x=-2 The value of x is -2, s =
CHOOSE EFFICIENT METHODS regardiess of the value of y. 2
Can you use slope-intercept or X
point-slope forms to generate ) £ -4 fo] 3
equations for vertical and When_ 8= .l]. the graph of the Ax + By =Cis k.
horizontal lines? a vertical line. i

@ Try It! 3. Sketch the graph of each equation.
a. 3y=-18 b.4x =12

APPLICATION o b OV IR Use the Standard Form of a Linear Equation
—

Tamira is making trail mix. She has $40
to spend on a mixture of almonds and
cashews and wants about the same
amount of almonds as cashews. How can
she determine how many pounds of each
kind of nut to buy?

Formulate # \Write and graph an equation to represent
the situation,

price of almonds - x pounds + price of cashews « y pounds = $40
Bex + 10+ y =40
Compute o Find the x- and y-intercepts of 8x + 10y = 40.
Bx + 10(0) = 40 8(0) + 10y = 40
x=5 ¥y=4
Graph the segment between the intercepts. by

The p-intercept represents
Interpret 4 Tamira can use the graph of the equation 8 4 Ib of cashews and no

to help her determine the amount of g almonds.

almonds and cashews to buy. Each paoint % 6 The x-intercept
an the line represents a combination £ 44 represents 5 b
of almonds and cashews that costs a A (2. 24)  of almonds and
total of 540, 2 252} 1o cashews.

Tamira can buy 2 |b of almonds and 2.4 |b 0 # :
of cashews or 2.5 |b of almonds and 2 |b of o 2 4 & B8
cashews for 540. Almonds (k)

@ Try It! 4. How does the equation change if Tamira has $60 to spend on a
mixture of almonds and cashews? How many pounds of nuts can
she buy if she buys only cashews? Only almends? A mixture of both?
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@ CONCEPT SUMMARY Standard Form of a Linear Equation

L The standard form of a linear equation is useful

+ to find the x- and y-intercept

* to write the equation of a ve

s easily.

rtical or horizantal line.

The x-intercept is the value of x when y = 0, and the y-intercept is the value

of ywhenx =0,

RS0 Ax + By = C, where 4, B, and C are integers, and A and 8 are not both equal to 0.

NUMBERS i i

4
The x-i o3 s
e x-intercept is — 3. A

LY
/ The y-intercept is 1.

X

I .4

@ Do You UNDERSTAND?

1. "? ESSENTIAL QUESTION RULTH
information does the standard form of a
linear equation reveal about a line?

2. Communicate and Justify How is the
standard form of a linear equation
similar to and different from the slope-
intercept farm?

3. Error Analysis Malcolm says that
y=-15x% +4in standard form is
1.5x + ¥ = 4, What is the error that
Malcolm made?

4, Choose Efficient Methods Describe a
situation in which the standard form of
a linear equation s maore useful than the
slope-intercept form.

66 TOPIC2 Linear Equations

Do You KNOW HOW?

Use the x- and y-intercepts to sketch a graph of
each equation.
S5.x4+4y=8 6.3x -4y =24

7.5x=20 8. -3y=9

9, Deondra has 512 to spend on a mixture
of green and red grapes. What eguation
can she use to graph a line showing the
different amounts of green and red grapes
she can buy for $127

kF\PE SALE!
&

e




(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Use Patterns and Structure If C = 24, what
values of 4 and 8 complete Ax + By = C for
each graph? Write the standard form for
each equation.

11. Communicate and Justify Darren graphs the

linear equations y = —%x + 3 and 2x + 5y = 15.

The graphs look identical so he believes that
the equations represent the same line.
What mathematical argument can he
construct to show that the tweo forms are
equivalent?

12. Error Analysis Describe and correct the error
a student made finding the intercepts of the
graph of the line 4x — 6y = 12.

1. 4'0’ -6y =12
2 Ay = 12, s0 y = 1, the y-intercept 15 2.

3. 4x-6(0) =12 X
4 4x =12, so0x = 3; the x-intercept is 3.

13. Mathematical Connections Point A is one

v

Identify the x- and y-intercepts of the graph of
each eguation. SEE EXAMPLES 1 AND 2

15. 2x + 5y =10 16. 3x — dy = -24
17. 10x + Sy = 120 18. 2x —y =8
Sketch the graph of each equation. SEE EXAMPLE 2
19. 2x —dy =8 20. 3x + 5y =15

21. 3x - by =-12 22 8r + 12y =-24

Which line matches each equation? s£e ExAMPLE 2
23, 4x + dy = -8

24.3x - 2y =-6
8. x+2y=2
26.3x—y=3

How is the graph of each equation related to
standard form Ax + By = C? SEE EXAMPLE 3

27. ¥ 28. ¥

R

Sketch the graph of each equation. SEE EXAMPLE 3

i

il

X =1 |0 2

F 3
y

29. 4x =10

vertex of triangle ABC. Point B is the x-intercept 30. -6y=3
of 6x — 4y = =12 and point C is the p-intercept.
What are points B and C? Sketch the triangle in

the coordinate plane.

31. 3y= —15 32. —Qx: -27

Convert each slope-intercept or point-slope

44}" equation into standard form.
33.y=4x- 18 3. y-3=1x+6)
35.}-':—%.:'—1[) 35.y—1=§{x+63

e

~4 -2 OlA 2 | 4 Write an equation in standard form of the line that
ME’ passes through the given points.
37. (0, 2) and (8, D) 38. (6, 0) and (0, 4)

' 39. (3, 0) and (0, -7)

14. Higher Order Thinking Rewrite the standard
farm equation Ax + By = Cin slope-intercept
farm. What expression corresponds to the slope
of the line represented by Ax + By = (7

40. (2, -3) and (2, 9)

Convert each standard form equation into
slope-intercept farm.

41, 2x + 3y =12 42 6x — 2y =—20
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© PRACTICE & PROBLEM SOLVING

43.

45,

68

Apply Math Models Keisha is catering a
luncheon. She has £30 to spend on a mixture of
Cheddar cheese and Swiss cheese. How many
pounds of cheese can Keisha get if she buys
only Cheddar cheese? Only Swiss cheesa? A
mixture of both cheeses? What linear equation
in standard form can she use to model the
situation?

. Apply Math Models Gregory can buy 4 pounds

of wheat flour for 58 and 5 pounds of rve flour
for 520. He has 512 to spend on a flour mixture.
What linear equation in standard form can
Gregory use to model the situation?

Analyze and Persevere Paxton, a summer camp
counselor, has a budget of $300 to spend on
caps and T-shirts for a summer camp.

£12.00

What equation can Paxton use to determineg
the number of caps and T-shirts he can order
for 53007 If Paxton sketched a graph of the
linear equation, would every point on

the graph represent a possible solution?
Explain.

TOPIC 2 Linear Equations

(7) ASSESSMENT PRACTICE

46. Darren has $50 to spend on a fruit salad for a

party. Oranges are $2.50/lb and pineapple is
£4.00/|b. Select the equation in standard form
that represents how many pounds of each kind
of fruit he can buy. g2z

@y -5 =100(x - 8)
H100y=8x +5
© 5x + 8 = 100
@100k + Sy =8

. SAT/ACT What is 3x + 2y = 5 written in

standard form?

__ 58 15
@y= -3 + 3

@y+%=—%{x—15)
@3y 2
©gx+3y=5

® 3x + 18y =40

B 9x + 16y = 120

. Performance Task Fatima has a total of 58 to

spend to make fruit smoothies. She will use two
types of fruit. The table shows the cost of each
type of fruit per cup.

Cost per cup (3)

Mango 050
Pineapple 0.75
Strawterry 1.00

Part A What are the possible combinations

of ingredients that Fatima can buy? Write a
linear equation in standard form to model how
many cups of fruit she can buy for each possible
mixture.

Part B What are the possible amounts of fruit,
in cups, that she can buy for each mixture in
Part A7

Part C Fatima wants to use at least 12 cups of
fruit to make the batch of smoothies. Which
mixtures will allow her to make enough and
still stay within her budget? Explain your
reasoning.



MATHEMATICAL

MODELING

IN 3 ACTS

CC

A 912 AR.2.2-Write 3 lirear
two-variable equation to represent
the relationship between tao
quantities feom a graph, a written
desorigtion or a table of vakies
wAthin a mathematical or real workd
oondext, Also AR.1.2

MAKT2ZMTR.? 1

© How Tall Is Tall?

The world's tallest person in recorded history was Robert Wadlow. He was
8 feet 11.1 inches tall! Only 5% of the world population is 6 feet 3 inches or
taller. What percent of the population would you guess is 7 feet or taller?

We usually use standard wnits, such as feet and inches or centimeters, to
measure length or height. Did you ever wonder why? In the Mathematical
Modeling in 3 Acts lesson you'll consider some interesting alternatives.

Identify the Problem

1. What is the first guestion that comes to mind after watching the video?

Pl

. Write down the main question you will answer about what you saw in
the videao.

. Make an initial conjecture that answers this main question,
. Explain how you arrived at your conjecture.
. Write a number that you know is too small.

. Write a number that you know is too large.

= & W o W

. What information will be useful to know to answer the main guestion?
How can you get it? How will you use that information?

wg-iy Develop a Model

8. Use the math that you have learned in this Topic to refine your conjecture.

ACT 3 Interpret the Results

9. Is your refined conjecture between the highs and lows you set up earlier?

10. Did your refined conjecture match the actual answer exactly? If not,
what might explain the difference?

TOPIC 2 Mathematical Modeling in 3 Acts 69



Prmerid By

2 — 4 ¥ ) EXPLORE & REASON yy desmos

Graph these three equations using a graphing calculator.

Parallel and
Perpendicular Lines A. Use Patterns and Structure | —
Choose any two of the lines you ;P%xli'i'z ot
graphed. How are they related \Y2E3X 2
to each other? I:::?BKHI
) : YW=
ICAH.,.w_rlteequatlons B. Does your answer to Part A hold -.wE.:
of parallel lines and £ i - lai W=
perpendicular lines. or any two lines? Explain.
C. Write another set of three or
‘U"DCABUI..AHT more eguations that have the
* parallel lines same relationships as the first three equations.
» perpendicular lines
* reciprocal

a MAST 2 AR.2.3-Write a ncar

tw-variable equation for a line How can the equations of lines help you
el dentiy whether the lnes are parallel
given paint, perpendicular, or neither?
MAKIZMTR 1.1, MTRZ.1,

o OLEZIITEY wiite an Equation of a Line Parallel to a Given Line

What is the equation of the line in slope-intercept form that passes through
the point (8, 9) and is parallel to the graph of y = :x 27

COMMUMNICATE AND JUSTIFY Parallel ines are lines in the same plane that never intersect. Nonvertical

The horizontal lines given by lines that are parallel have the same slope but different p-intercepts.
y=3and y =75 are parallel

and have the same slope, 0. The Step 1 ldentify the slope of the given line,

vertical lines x = 4 and x = 6 are 2

also parallel. Can you state that y=,x-12

their shopes are the same? Explain. 3
The slope is 2 The slope of a parallel line will be the same.

Step 2 Start with point-slope form. Use the
given peint and the slope of the parallel line.

y=y1=mx - xy)

3 .
—9=3_g)
3 4 Change point-slope form to

_3 slope-intercept form.
¥ - g= d..x_ [
3
y=gx+ 3

The equation of the line is y = %x +3.

@ Try It! 1.Write the equation of the line that passes through the given
point and is parallel to the given line.

a.{—3,5}l;y_—§x b.{1,4);y=0x-3
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CONCEPTUAL
_UNDERSTANDING

VOCABULARY

Another way to state the definition
is & follows: the product of
recipracals is 1,

¥

e
=1

o |3 AN IR 2 Understand the Slopes of Perpendicular Lines

A. How can you create two perpendicular lines?

Perpendicular lines are lines that intersect to form right angles.

Draw two identical right triangles as
shown.

Because the angle sum for each
triangle is 180" and the right angle is

907, the sum of angles a and b in each
triangle must be 90°. Angles b, n, and
a form a straight angle of 180° at the
origin, so n must equal 90°.

4

The hypotenuses (C) of the right

triangles intersect at a right angle, so

the lines that include them are perpendicular
to each other.

. How do the slopes of perpendicular
lines compare?
Compute the slopes of lines # and p.

4-0
—3-1 3

Line £ m = L

t b+ n =180
90 + n = 180°
n = 9r

£ . _3-0_3
L'”EP-m—q_ﬂ—,.I

g and : are reciprocals.

The reciprecal of a number is 1

The numbers

divided by that number, The reciprocal of x is ,‘,—when x#0.

; 3 oq.3 4
Rempmcaln‘f4|51f4_1.3
=1
3

5o, the slopes of perpendicular lines are negative reciprocals.

Negative reciprocals have a product of -1,

a4 3_ 12 _

3"a=" 1"t

For example, —

@ Try It! 2. wWhy does it make sense that the slopes of perpendicular lines

have opposite signs?
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CHOOSE EFACIENT METHODS
Think about the usefulness of
the different forms of a linear
equation to decide which form
to use.

COMMON ERROR

You may confuse the slopes of
perpendicular lines. The slopes of
perpendicular lines are negative
reciprocals, not reciprocals.
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o [ AALIGA R Write an Equation of a Line Perpendicular to a

Given Line

What is the equation of the line that passes through the point (1, 7) and is
perpendicular to the graph of y = - 11 + 117

Step 1 Use the slope of the given line to determine the slope of the line
that is perpendicular.

y:—;x+ 1

r'l"l':—4

The slope of a line perpendicular to the given line is the negative
reciprocal of —}1. Use 2, or 4, as the slope of the new line.

Step 2 Start with point-slope form. Use the given point and the slope of the
perpendicular line.

y =y =mx - x,) Substitute 1 for x,, 7 for y,
y—7=4a0-1) and 4 for m.

The graph of y —= 7 = 4{x — 1) passes through the point (1, 7} and is
perpendicular to the graph of y = —lx +11.

@ Try It! 3.Write the equation of the line that passes through the point

(4, 5) and is perpendicular to the graph of y = 2x - 3.

Are the graphs of the equations 3y = —d4x 4+ 6and y = —ix — 5 paraflel,
perpendicular, or neither?

Step 1 ldentify the slope of each line.

_ =_3y_
Iy=—dx+6b y=—g 5
Rewrite the equation ¥ _ax+6
of the line in slope- ERE]
intercept form. ¥= ;x+2 ¥= f‘x—E

The slopes of the lines are —: and —i.

Step 2 Compare the slopes of the lines.

The slopes of the lines, -4 and —i. are neither the same nor
negative reciprocals.

The graphs of the equations 3y =-dx+6and y = —33 x — 5 are neither
parallel nor perpendicular,

@ Try It! 4. Are the graphs of the equations parallel, perpendicular, or neither?

a.y=2x+ﬁandy=;—x+3

b. y=-5xand 25x+ 5y =1



APPLICATION o ST LA ED Solve a Real-Warld Problem
e ———

Formulate

Compute 4

Interpret

A landscaper plans to install two new paths in a park. The new Fountain
Path will be perpendicular to the East Path and lead to the fountain. The
new Picnic Path will be parallel to the Fountain Path and pass through the
picnic area. What are the equations in point-slope form that represent the
new paths?

Find the slope of the line that represents the East Path. Then determine
equations for the two new pathways.
The East Path passes through (0, 2) and (5, 3.

_3-2_1
T 5=0 §
The slope of the line representing the East Path is ;

m

Find an equation for the Fountain Path.

The slope is the negative reciprocal
of the slope of the East Path.

y-2=-5(x-15) The fountain is located at the point (15, 2).

Find the equation of the Picnic Path.
The slope is the same as the
slope of the Fountain Path.
y—-6=-5x-5) The picnic area is located at the point (5, 6).
Equation of the line of the Fountain Path: y — 2 = -5{x — 15)
Equation of the line of the Picnic Path: y — & = -5{(x - 5)

@ Try It! 5. The equation y = 2x 4 7 represents the North Path on a map.

a. Find the equation for a path that passes through the paint
(6, 3) and is parallel to the North Path,

b. Find the equation for a path that passes through the same
point but is perpendicular to North Path.
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e CONCEPT SUMMARY Parallel Lines and Perpendicular Lines

Parallel Lines

WORDS The graphs of two equations are

parallel if the slopes are the same.

NUMBERS y_;x+3 _p_lx 2
GRAPHS 4f//"

© Do You UNDERSTAND?

1. QT How

can the equations of lines help you
identify whether the lines are parallel,
perpendicular, or neither?

2. Error Analysis Dwayne stated that the slope
of the line perpendicular to ¥y = -2xis 2.
Describe Dwayne's error.

3. Vocabulary Describe the difference
between the slopes of twa parallel lines and
the slopes of two perpendicular lines,

4. Use Patterns and Structure |s there one line
that passes through the point (3, 5) that is
parallel to the lines represented by y = 2x — 4
and y = x — 47 Explain.

74 TOPIC 2 Linear Equations

Perpendicular Lines

The graphs of two equations are
perpendicular if the slopes are negative

reciprocals.
1 -
-2--—1_ 1
J.-f_;x+3 y==2x+2
4J-'
X+ 3
2
x
4 -2 O 4
y=—dq+2
—4

Do You KNOW HOW?
Th_e equation y = —%x + 1 represents a given
aline.
5. Write the equation for the line that passes
through (-4, 9) and is parallel to the given line.

6. Write the equation for the line that passes
through (6, 6) and is perpendicular to the
given line.

Are the graphs of the equations parallel,
perpendicular, or neither?

T.x-3y=6andx—-3y=9

B.y=dx+1andy=—-dx-2

9. What equation & “lle
represents the road nFV ‘T
that passes through A" T
the point shown and -
is perpendicular to the “ - (1, D}_L
road represented by N V108
the red line? - - "' 17"

3 o




(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Use Patterns and Structure A line passes
through points A(n, 4) and B(6, 8) and is
parallel to y = 2x — 5. What is the value of n?

11. Error Analysis Describe and correct the error
the student made when writing the equation
of the line that passes through (-8, 5) and is
perpendicular to y = dx + 2,

y-5=lx-[-8)

}r-5=%x+2

y-54+5=1x+2+5

',,r=lx+? x /

12. Analyze and Persevere The graphs of
dx + 12y =8 and y = mx + 5 are perpendicular,
What is the value of m?

13. Mathematical Connections Rectangles have four
right angles and opposite sides that are parallel.

a. Is the figure shown a rectangle? Explain.

b. If not, how could the points change so it
would be a rectangle?

¥

14. Higher Order Thinking Explain how you can
determine whether the graphs of Sx — 3y =2
and 5x — 3y = B are parallel without doing any
calculations.

Write the equation of the line that passes through
the given point and is parallel to the given line.
SEE EXAMPLE 1

15. (5, -4k ¥y= %x— 4
17. (-3, 2); y=-4

16. (2, T); 3x—y=5
18. (6, 4); 2x + 3y =18

19. Use the slopes of lines A and B to show that
they are perpendicular to each other.
SEE EXAMPLE 2

RS

4 =3 |0

¥

Write the equation of the line that passes through
the given point and is perpendicular to the given
line. SEE EXAMPLES 3 AND 5

20. (-6, -3); y = - gx
22. (-2, 5 x=3

21.(0,3); 3x— 4y =-8
23. (4, 3); 4x — 5y = 30

Are the graphs of each pair of equations parallel,
perpendicular, or neither? see ExampLE 2

4. y=2x+1 25. =1
2x—y=3 yp=-3

26. x =4 27 =2 + Sy =-4
y=4 y=—gx+5

28. Copy and complete the table.

) Slope of a Slope ‘.jf .
Equation arallel Bne perpendicular
i ) lime

a y=3x+6

h | x=-42

. 3x+dy=3

d | y=3

e | y=x
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© PRACTICE & PROBLEM SOLVING

29.

30.

31.

76

Represent and Connect An artist is drawing
up plans for a mural. She wants to include a
rectangle in her design.

C Y A

e

a. What is an eguation of Line D that will make
the figure a rectangle?

b. Explain how the artist can use algebra to
confirm that the figure is a rectangle.

Apply Math Models A construction crew will
build a new railroad track, parallel to one
modeled by the line, which passes through the
paint (8, 5). What equation maodels the path of
the new track?

61|

Analyze and Persevere Elijah and Aubrey have
summer jobs. Elijah deposits the same amount of
money in his account every week. The equation
¥ = 125x 4 72 represents his bank balance any
given week of the summer. Aubrey also deposits
the same amount into her account every week.
At the end of the third week she has $398. At the
end of the sixth week she has $773,

a. Write an equation to represent Aubrey's
bank balance any given week of the summer.

b. Would the graph of the egquation for
Aubrey's balance be parallel to the graph of
Elijah's balance? Explain,

€. What do the parallel graphs mean in terms
of the situation?

TOPIC 2 Linear Equations

W) ASSESSMENT PRACTICE

3. In a trail map, the equation y= ;x + 1 represents

the Tamiami Trail. Choose the equation for a
perpendicular trail. @) ar23

@y:%x+5 @ yp=-2x+4
@y:—;x+5 D y=2x

33. SAT/ACT A line passing through (6, a) and

{9, =4} is parallel to 2x — 3y = 6. What is the
value of a?

@ -6 ® -3
©-2 @ 3
Be

Performance Task A video game is designed to
model the path of a laser. A laser is placed at

{2, =1}y and is aimed at Mirror 1, Other mirrors
are placed as shown, Each mirror is placed so the
light will reflect at a 90" angle.

Part A After reflecting off of all three mirrors,
wihere will the light cross the y-axis?

Part B Write an equation to model the path of
the light between the following:

a. Lazer and Mirrar 1
b. Mirrer 1 and Mirror 2
€. Mirror 2 and Mirror 3
d. Mirror 3 and y-axis

Part C Change the placement of the

mirrors so that the laser light hits a target

in Quadrant IV, Give the coordinates of the
mirrors and the eguations of lines that the path
of the light would follow.



Topic Review

? TOPIC ESSENTIAL QUESTION

1. Why is it useful to have different forms of linear equations?

Vocabulary Review

Choose the correct term to complete each sentence.

, , , » parallel
2. The slopes of two perpendicular lines are negative

' s perpendicular

3. The _ of alinear equation is Ax + By = C, where 4, B, and = .p

€ are integers. * point-slope form
4, Monvertical linesthatare __ have the same slope and * reciprocals

different y-intercepts. * slope-intercept form
5. The of a linear equation is y = mx + b. * standard form
6. You can write the equation of a line using any point (x,, y,) and = y-intercept

the slope, m, in LY ¥ =mlx - xq)

Concepts & Skills Review

LESSON 2-1 Slope-Intercept Form

Quick Review Practice & Problem Solving

The slope-intercept form of a linear equation is Sketch the graph of each equation.
¥ = mx + b, where m is the slope of the line and

) ) . . T. y=3x-1 B y=-15+35
the y-intercept is b. The slope-intercept form is ¥ 4
useful when the slope and the y-intercept of the Write the equation of the line in slope-intercept
line are known. form that passes through the given points.

9. (2, 0) and {4, &) 10. (-1, 8) and (5, -2)

11. Apply Math Models Ricardo wants to buy a
new tablet computer that costs $1,150. He
will make a down payment of $250 and will

Example

Write the equation of the line in slope-intercept
form that passes through (0, 4) and (2, 3).

- :-g Use the slape formula. make .mﬁl."lthly pa}.rmnnts of 550. Write .z.m
] equation im slope-intercept form that Ricardao
=73z can use to determine how much he will owe
) . , after x months.
bh=4 The line intersects y-axis at (0, 4.

y=mx+b  Write the equation in slope-intercept form,

¥= %x+d Substitute — L for m and 4 for b
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Point-Slope Form

Quick Review

The point-slope farm of a linear equation is

¥ -y = mix - x,), where m is the slope and

(x5, ¥1) is a specific point and (x, y) is any point
on the line. The point-slope form is useful when

you know the slope and a point that is not {0, &)

Example

Write the equation of the line in point-slope
farm that passes through the points (2, 2) and

(5, 1).
= ﬁ — i: Find the slope of the line.
- %E% Substitute (S, 1) for (x5, ) and
(2, 2} for {xq, yi).
]
3
¥-yi=mlx-x) Write the equation in
point-slope form
y-2= %{x 2) Substitute ; for m and (2, 2)
for (xq, 11}

ESED soncird o

Quick Review

The standard form of a linear equation is

Ax + By = C, where A, B, and € are integers.
The standard form is useful for graphing
vertical and horizontal lines, for finding the

x- and p-intercepts, and for representing certain
situations in terms of constraints.

Example
What are the x- and y-intercepts of the line
3x - 4y = 247
Substitute 0 for v and solve for x.
3x - 4(0) = 24
x=8
Then substitute 0 for x and salve for y.
3(0) - 4y = 24
y=-6
The x-intercept is 8 and the y-intercept is -&.

78 TOPIC 2 Linear Equations

Practice & Problem Solving

Write the equation in point-slope form of the
line that passes through the given point with
the given slope.

12. 4, -2 m=05

13. (=2, 5); m=-3

Write an equation in point-slope form of the line
that passes through the given points.

14. (3, 1} and (-5, -2)  15. (1.5, 4) and (-2.5, &)

16. Use Patterns and Structure Jeffrey purchased
a card for $180 that gives him 20 visits to a
new gym and includes a one-time fee for
unlimited use of the sauna. After 5 visits, Jeff
has $123.75 left on the card, and after 11
visits, he has 574,25 left on the card. Write an
equation that Jeffrey can use to determine the
cost of each visit and the fee for the sauna use.

Practice & Problem Solving
17. If €= 15, what values ¥

of 4 and 8 complete -

Ax + By = C for the

graph shown? Write the .
standard form of the AR RN

equation.

Write each equation in standard form.

18. y=4x-5 19. y-3 =5(4-x)

Determine the x- and p-intercepts of each line,
20. 5x -3y =130 21. x+3y=24

2. Apply Math Models Jung-5con has 525 to
spend on prizes for a game at the school fair.
Lip balm costs $1.25 each, and mini-notebooks
cost 51.50 each. Write a linear equation that
can be used to determine how many of each
prize she can buy.



Parallel and Perpendicular Lines

Quick Review

Tweo nonvertical lines are parallel if they have
the same slope, but different p-intercepts.
Vertical lines are parallel if they have

different x-intercepts. Two nonvertical lines
are perpendicular if their slopes are negative
reciprocals. A vertical line and a horizontal line
are perpendicular.

Example

Are the graphs of the egquations 4y = 2x - 5 and
¥ =-2x + 7 parallel, perpendicular, or neither?

Determine the slope of each line.

d_-,.-:lx 5 ¥= 2x+7
4y 25
17 3
1, 5
¥Y=7""%

The slopes of the lines are ! and -2, o the

graphs of the equations are perpendicular lines.

Practice & Problem Solving
23. The graphs of 3x + 9y = 15and y = mx - 4
are parallel lines. What is the value of m?

Write an equation for the line that passes through

the given point and is parallel to the given line.
24. (2,1); y=-3x+8 25 (-3,-1;x-2y=5

Write an equation for the line that passes
through the given point and is perpendicular to

the given line.
26. (1, 7); x4y =8 27. (-2,6):y=05x -3

Are the graphs of the given pairs of eguations
parallel, perpendicular, or neither?

2a.y—jlx 8 29. 3y +2%x=9
204 y=3 y_—ix—rl
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0 Topic Overview

enVision™ STEM Project:
Planning a Recycling Drive

3-1 Domain and Range of Functions
AR.2.5, MTR.2.1, MTR.3.1, MTR.5.1

3-2 Linear Functions

AR.Z.4, AR2.5 F1.2 F1.5 FLIZ FLIA,
MTR.2.1, MTR.4.1, MTR.7.1

3-3 Transforming Linear Functions
FA5, F.21, MTR.2.1, MTR.4.1, MTR.5. 1
Mathematical Modeling in 3 Acts:
The Express Lane
AR.2.2, AR2.5, MTR.7.1

3-4 Absolute Value Functions
AR4.3 FAZ FA6 FE2A, MTR.4A, MTRS.1, MTR.E.1

3-5 Transforming Absolute Value

Functions
AR.4.3,F21, MTR.1.1, MTR.5.1, MTR.7.1

o T BT Y bes 6

6 -
nl—'—l
n'-l
e

i = v

E Go online | SavvasRealize.com
— —

B0 TOPIC 3 Linear and Absolute Value Functions

‘? TOPIC ESSENTIAL QUESTION

Linear and Absolute
Value Functions

How can linear and absolute value functions be used to model
situations and solve problems?

Topic Vocabulary

Digital Experience

absolute value function
axis of symmetry
continuous

discrete

function notation
linear function
set-builder notation
transformation
translation

vertex

INTERACTIVE STUDENT EDITION
Access online or offline.

FAMILY ENGAGEMENT
Invalve family in your learning.

ACTIVITIES Complete Explore & Reason,
Model & Discuss, and Critigue & Explain

ANIMATION View and interact with
real-world applications.

PRACTICE Practice what
you've [2arned.

@0 006

activities. Interact with Examples and Try Its.



MATHEMATICAL MODELING IN 3 ACTS

0 The Express Lane

CC)

Some supermarkets have self-checkout lanes. Customers scan their items
themselves and then pay with either cash or credit when they have
finished scanning all of the items. Some customers think these lanes are
faster than the checkout lanes with cashiers, but others don't like having

to bag all of their purchases themselves.

What's your strateqy for picking a checkout lane at the grocery stare?
Think about this during the Mathematical Modeling in 3 Acts lesson,

006 0

VIDEOS Watch clips to support
Mathematical Modeling in 3 Acts Lessons
and enVision™ STEM Projects.

ADAPTIVE PRACTICE Practice that is
just right and just for you.

GLOSSARY Read and listen to
English and Spanish definitions.
CONCEPT SUMMARY Review
key lesson content through
multiple representations.

1000

& €

ASSESSMENT Show what
you've learned.

TUTORIALS Get help from
Virtwal Merd, right when you need it.

MATH TOOLS Explore math
with digital tools and manipulatives.

DESMOS Use Anytime and as embedded
Interactives in Lesson content.

QR CODES 5can with your mobile device
for Virtwal Nerd Video Tutorials and Math
Modeling Lessons.
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Did You Know?

Glass, aluminum, and ather metals Americans throw away 25,000,000 plastic bottles every hour.
can be melted over and over again If those bottles were recycled, they would offset the
without a loss in guality. Paper can environmental impact of 625 round-trip flights between

be recycled up to six times, with its Mew York and London.

quality decreasing each time.

ME
Tain

35274 b 772 1b 751k
of copper of silver of gold of
palladium
How Recyding Offsets CO? Production

RECYCLE SAVE

© Your Task: Planning a
Recycling Drive
About 75% of the trash Americans generate is recyclable, but anly

about 30% gets recycled. You and your classmates will plan a recycing
drive at your school 1o increase the amount of trash that gets recycled.




3-1

Domain and Range
of Functions

| CAN... describe constraints
on the domain and range of
a function.

VOCABULARY

* continuous
+ discrete
+ set-builder notation

0 MA_912.AR.2 5-5abve and graph
mathematical ard real warld
pradlems that are modebed with
linear furctiore. Inlenpred bey
features and determine corsteints
in termrs of the context,

MAK12ZMTR.2.1, MTR 3.1,
MTR.5.1

VOCABULARY
Recall that the domain of a

¥ ) EXPLORE & REASON

The desks in a study hall are arranged in rows like the horizontal ones
in the picture.

S RERERE R

A. What is a reasonable number of rows for the study hall? What is a

reasonable number of desks?

B. Use Patterns and Structure What number of rows would be impossible?
What number of desks would be impossible? Explain.

C. What do your answers to Parts A and B reveal about what the graph of
rows to desks looks like?

Why is identifying the domain and range
‘? RSGRNTIAL QUESIIO important in defining a function?
2 )33 7N 28 XW Use Notations to Describe Domain and Range

How can you use notation to describe the demain and the range
of a function?

function is the complete set of A. Use inequalities. (2.5 {y

possible input values. The range of 4 The range is the set of all

a function is the complete set of The domain of this function is the outputs, of p-values,

possible output values. the set of all the inputs, or the 2 between —3 and 5.
x-values, between —2 and 4, \ x

-2 |0 4
The domain is =2 < x < 4, 2

The rangeis -3 < y < 5. ]

B. Use set-builder notation.
Domains and ranges can also be described using set-builder notation.

Set-Builder MNotation is a form of set notation that specifies a variable
and conditions.

“Variable" can {variable | conditions} = There are one or more
be any variable. conditions for the variable.
They can be described

The domain is {x | -2 < x < 4}. verbally or algebraically.

Therangeis{y| -3 = ¥ =< 5).
CONTINUED ON THE NEXT PAGE
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CONCEPTUAL
UNDERSTANDING

REPRESENT AND CONMNECT
Why is the condition “x is an
integer” needed, along with

“x = 0% to represent the number
of tables in the restaurant?

EXAMPLE 1 CONTINUED

@ Try It! 1. Describe the domain and range
of the function using each type

of notation.

a. Inequality
b. Set-builder notation

¥
z (3, 1)

[#] J,.f’c x

2 1 4
(+2{ =10,

o 3 SN0 N N Analyze Reasonable Domains and Ranges

A. A function can model each situation. What is a reasonable domain and

range of each function?

A hose fills a 10,000-gallon swimming
pocl at a rate of 10 gallons per minute.

A reasonable domain is from

0 minutes to the time it takes to
fill the pool. A reasonable range
is from 0 to 10,000 gallons, the
capacity of the pool

A restaurant needs to order
chairs for its tables. One table
can accommodate four chairs.

A reasonable domain is from

1 table to the number of tables
needed. A reasonable range is
mitltiples of 4 from 4 1o 4 times
the number of tables neaded.

B. Is the domain for each situation continuous or discrete?

The domain of a function is continuous when it includes all real numbers
over an interval. The graph of the function is a line or curve.

The domain of a function is discrete if it does not include all the
real numbers in an interval, for example, the rational numbers ar

the integers.

Sketch a graph of each situation.

The volume of water in the
pool can be determined at
any point in time, for any

value of x.

f;ﬂy

]

oh

ob

2

“;I‘-i

E

Ez

= X
% 2 a1 & &

Tirme (100 min

Domain: 0 < x < 10
Range: 0 =< y =< 10,000

The domain is continuaus,

B4 TOPIC 3 Linear and Absolute Value Functions

The number of tables and
chairs must be whole
numbers, There cannot be
parts of tables or chairs,

L}
¥
E,H -
IE '
5 M -
"5 [ ]
= 16 'Y
- .
E
éﬂ -
n.I 5
0 2 4 6 &

Number of Tables

Domain: {x | x is an integer and x > 0}
Range: {y | ¥ is a multiple of 4}

The domain is discrete,

CONTINUED OM THE NEXT PAGE



APPLICATION
e —

APPLY MATH MODELS

How would the constraints an
the domain and range change
if Alberto decided to make only
whiale batches?

EXAMPLE 2 CONTINUED
Try It! 2. Analyze each situation. Identify and represent a reasonable

domain and range for each situation, Explain.

a. A bowler pays b. A car can travel 25 miles
£2.75 per game. per gallon of gas.

o | AN iJAEy Identify Constraints on the Domain

Alberto is making mofongo. His recipe for one batch of mofongo is
shown below.

™M g0 wil'e Inqed.iun-ti— m B .
"4 proen plavtains A
g skin — oF
1 Tb. ﬂmn‘:'hy por \"‘”—j
3 parlic cloves -
4 veaspoons of olive ol =~
2 gups fT]Ian-E 'D\ﬂ Itﬁf-{_ff"_dj'
e ——
p—

A. Describe the number of batches of mofonge as a function of the number

of whole plantains. What are the constraints on the demain?

Look for patterns between the number of whole plantaing and the
number of batches that can be made.

Mumber of  Mumber of
Plantains, p  Batches, b

] ———p
The number of batches
is the number plantains
divided by 4,

e

e

_—

Py N N N N e

2

3

4 —

g

L
. " . 1

The function can be described algebraically as b = TP

Since whole plantains are used, the domain
is {p|p=0,pisawhole number}.

. What are the constraints on the range of the function?

The number of batches Alberto can make is‘—: the
number of plantains used.

The range is {b | b= E, p is a whole numbr:r}?.

@ Try It! 3. it costs Margaret between $20 and $25 to fill the gas tank of

her car. She fills the tank once or twice a month. Margaret maps
the number of times she fills the tank to the total she spends on
gas. What are the constraints on the domain and the range? Use
notation to represent the domain.
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e CONCEPT SUMMARY Domain and Range of a Function

m Use inequalities to describe the

domain and range of a function
if they are intervals defined over
the real numbers.

GRAPHS gty
4
2

[

-5 -4 -2 o] | 2
.

The domain of the function indudes
all real numbers over an interval, so
it is continuous on that interval.

FARES: Domain: x < 0

Range: y > 1

© Do You UNDERSTAND?

7 EssentiaL quesTion JUDME
identifying the domain and range important
when defining a function?

2. Vocabulary Maya is tracking the amount
of rainfall during a storm. Describe the
domain and range for this situation. Include
continuous or discrete in your description.

3. Choose Efficient Methods If a function
has a domain over a continuous interval can
both inequality notation and set-builder
notation be used to represent it? Which
method is simpler? Explain.

4, Error Analysis Felipe states that he can
use the inequality 1 < x < 4 to describe the
domain {1, 2, 3, 4} for a given function.
Explain Felipe’s error.

B6 TOPIC 3 Linear and Absolute Value Functions

Set-builder notation can include
inequalities, verbal descriptions, or
both to describe the domain and range
of a function.

51
4
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The graph of the function is a series
of paints, so the domain is discrete.

Domain: {x | x is even and 0 < x < 6}

Range: {y| y is an integer and 0 < y < 3}

Do You KNOW HOW?
Use the graph for Exercises 5 and 6.

J}"
‘_3 dq
:I.q.

2

X

3 |2 ON| 1 | 4
T2 2 =3

L

5, Use inequality notation to describe the
domain and range.

6. Use set-builder notation to describe the
domain and range.

7. Each day Jacob records the number of laps
and the distance he walks, in miles, on a
track. Graph the function and describe the
domain and range.

{{3, 0.75}, (B, 1.5), {5, 1.25), (2, 0.5), (7, 1.75),
(8, 4), (4, 1)}



(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

8. Use Patterns and Structure Identify the domain
and range of each function.

a. b.
a 4
2 2
% 2 a Du T 4

9, Represent and Connect The domain of a
function is all whole numbers between 2.5
and 7.5. Can you represent the domain using
set-builder notation in more than one way?
Explain.

10. Error Analysis The function has a domain
1<x<5and range of 3 < y < 12. A student
was asked to describe all possible values of n.
Correct the error.

[(5, 11),(1, 4).(2, 5,14, 9).(n, 3In)]
n can be any value between 1 and 5.

X A

11. Choose Efficient Methods Previously you
used set notation such as {7, 8, 9, 10}, to list
the elements of a domain. What is a possible
advantage of using set-builder notation in the
form {Variable | Constraints} to describe discrete
domains?

12. Use Patterns and Structure Describe the
domain and range of each function.

.
1
2z
3%3
4

b. | 4y N
2

X

[#] 114

€. How are the functions the same? How are
they different?

Describe the domain and range of each function
using ineguality or set-builder notation.
SEE EXAMPLE 1

13, R 14. Y,
=

F3 . 2
REEPA x SDWNE]
=4 (] 2 4 -4 -1 O il .

13 la

—4 +d

'

15. aft 16. ",

2 F)
l‘_ - o
4 | o]l [2]4 EEIFEFEEY
= .?//'

L
4| = rf..-"‘

Analyze each situation. Identify a reasonable
domain and range. Is the domain continuous or
discrete? SEE EXAMPLE 2

17. A car has a 15-gallen gas tank and gets a
maximum average mileage of 24 miles per gallon.

18. Kiyo invites 5 friends to a sporting event.
Tickets cost $40. He knows at least one friend
will choose to attend the event.

Identify any reasonable constraints on the domain.
Describe the domain using inequality or set-builder
notation. SEE EXAMPLE 3

19. Cameron earns an hourly wage at his job. He
makes a table of the number of hours he works
each week and the amount of money he earns.

20. Every day Isabel swims 10 to 20 laps in a
50-meter pool. She tracks the numbers of
laps she swims and how long it takes her to
complete the lap, in minutes.

21, The diagram shows parking fees for some
vehicles at a local beach. Assume that the
sample includes the minimum and maximum
charges for parking. Describe any reasonable
constraints on domain and range.

Humber of  Admission

Passengers %)

1
1:11: B.00

3I——12.00

5 :;;mm
B
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© PRACTICE & PROBLEM SOLVING

22. Apply Math Models The table shows the

number of minutes Drew spends in each class
for each of two weeks. Assume that Biology
Lab is the one class Drew may not have on
certain weeaks and that durations of his classes

will vary only as shown in the table for any
given week.

Time (min) Time (min)

English &0 B0
| Math 90 60
. History 45 45
| Biology a5 a5

Biology Lab 0 60

a. Describe the domain and range relating
the number of classes to the total weekly
class time.

b. Is the relation a function? Explain.

23. Analyze and Persevere Felix is slicing a tortilla

Esparicla (Spanish omelet) by cutting diameters
through the center. He plans on cutting B
diameters. The number of slices is a function of
the number of diameters. Describe the domain
and range of function,

&0 gh &
& GY

24. Apply Math Models After a train has traveled

for ; howr, it increases its speed and travels at a
constant rate for ‘I; hours.

[LTTERURIY |
Traveling at a speed of
30 mph up to 45 mph

a. What is the domain? What is the range?

b. How can you represent the relationship
between time traveled and speed?

€. Why did you choose this representation?

g8 TOPIC 3 Linear and Absolute Value Functions

[+) ASSESSMENT PRACTICE

25. A local store sells yogurt drinks for $1.50. The

function that relates the number of drinks
purchased to the total cost is shown below. Pilar
can spend up to $10 on drinks. Select all of the
staternents about the domain or range of the
function that are true. @ ar.25

0 2 4 6

Humber of Drinks

O The domainis 1 <x < 6.

O The domain is {x | x is an integer and 1 < x < B).
O The domain is {x | x is an integer and x < 10}.
O Therangeis 1 <y < 10.

O The range is {y | ¥ is a multiple of 1.5 and
1.55y<9)

26. SAT/ACT The domain of a function is

27.

{x| xis an even numberand 3 =x < 17}

The range is {y| 1 < y < 8B). The points (6, 3),
{10, 5), and {12, &) are part of the function.
Which peint could not be part of the function?
@ (8, 4)

® (16, 8)

© (14,7

o (4, 2)

Performance Task City Tours rents bicycles for

£10 per hour or partial hour with a maximum
daily fee of $100.

Part A Make a table that show the cost for
renting a bicycle for 1, 3, 11, and 20 hours.

Part B Describe any canstraints on the domain
or the range. Explain.

Part C Represent the domain and range using
inequality or set-builder notation.



3 -2 ) ) EXPLORE & REASON

) The flowchart shows the steps of a math puzzle.
Linear > A )
Functions A. Try the puzzle with & different integers.
B. Record each number you try and the
result,

C. Make a prediction about what the final
| CAN... identify, evaluate, number will be for any starting number.
graph, and write linear Explain.
tunctions.

D. Use Patterns and Structure Would your <
VOCABULARY prediction be true for all numbers? Explain.
* function notation

e MA.912.AR.2.4-Given a tablg,

eruatian or written description of a

linear furction, gragh that function,
ity oy A ‘? 390 g AN 1033w (o), B How can you identify a linear function?

FL.3.2, FL34

MA_K1Z.MTR.2.1, MTR 4.1, g : B 2

MTR.7.1 o EXAMPLE 1 Evaluate Functions in Function Notation
CONCEPTUAL A. How can you represent a function rule?
JUNDERSTANDING Write the equation y = 5x + 1 using function notation.

Remember that a function is a rule that takes an input, or an element in
the domain, and maps it to an output, or an element in the range.

Function netation is a method for writing variables as a function of other
variables. The variable y becormes a function of x, meaning the variable

¥ is used to find the value of . Function notation helps distinguish
between different functions. You can use the relationship between
variables to solve problems and make predictions,

X

|

element in the domain

x4+ 1

REPRESENT AND CONMNECT
Function names are not restricted | element in the range
to . What advantages are there to fle) is read “Fofx.”
giving letter names to functions

when modeling real-world )
situations? The function f is defined in function notation by fix) =5x + 1.

flx)

COMNTINUED ON THE NEXT PAGE
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EXAMPLE 1 CONTINUED
B. What is the value of g(x) = 5x + 1 when x = 37

Evaluate gix) =5x + 1 forx = 3.
HAVE A GROWTH MINDSET

1
In what ways can you be Substitute the input, 3, for every
inquisitive and open to leaming instance of x in the function. ;! 1 |'

new things?

If gix) = 5x + 1, then g(3) = 16,

Function notation can use letters other than £,
Other commonly used letters are g and f.

@ Try It! 1. Evaluate each function for x = 4.
a. glx)=-2x-3 b. hix) = 7x+ 15

'om Write a Linear Function Rule

number of bracelets [ i3 |4
L ost  RENERETRE

How can you determine the cost to make any number of bracelets?

The cost to make 4 bracelets
is shown in the table.

Step 1 Examine the relationship between the values in the table.

+1 +1 +1
P Wann W '

number of bracelets [ S R
17 32 47 & | | The rate of change is

“*-]-’_' . ]1"‘ or $15 per bracelet.

The relationship is linear.

Step 2 Write a function using slope-intercept
COMMON ERROR form for the rule.
You may think that the

domain and range are all real o) = m.x e

numbers because the function flx) = 15x+ b Substitute any ordered

flx) = 15x + 2 has a domain Step 3 Find the value of b. pair from the tabla.

and range of all real numbers. 17 = 15(1) 4+ b

However, you need to consider 2_h

the situation when determining -

the domain and range of a You can use the function f{x) = 15x + 2 to determine the cost to make any
particular scenario. number of bracelets.

The function fix) = 15x + 2 is a linear function because the rule, 15x + 2, is
the same as the rule of the linear equation y = 15x + 2.

@ Try It! 2. Write a linear function for the data in each table.

S - ERERERE d - ERERERE
| v IREIREEIFT Ly REERERRL
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APPLICATION
| S ————

CHOOQSE EFFICIENT
METHODS

If you decide that time x =0
corresponds to the initial time
of recording, then you can use
slope-intercept form to model
the situation.

OENIEYED craph a Linear Function

Tamika records the outside
temperature at 6:00 a.m. The outside
temperature increases by 2°F every
hour for the next & hours.

A. Write and graph a function to
maodel the situation.

Step 1 Write a function that
models the situation,
Let fix) be the outdoor
temperature x hours after
6:00 a.m.
The rate of change is the
change in temperature

divided by the change in time, ar %
The constant rate of The initial temperature at
change is 2°F per hour, time x = 0, or 5.00 &
fld=2x-3

Step 2 Determine constraints on the domain.

The function models the outdoor temperature for 8 hours. A
reasonable domainis0 < x < &

Step 3 Graph the function.

Use the slope and y-intercept to
graph the function over the domain. 8

The graph of fix) =2x -3 is a

line. & linear function is a function .
whose graph is a line. .
0 / 2.4 56 8
BE. What will the temperature be at 1:30 r.na.? I,

Evaluate fix) = 2x — 3 for x = 7.5.
f{7.5) = 2(7.5) - 3
= 12

Based on the linear model, the temperature will be 12°F at 1:30 e

It! 3.The next day Tamika records the temperature of 0°F at 8:00 a.a.
Y
and 1°F at 10:00 a.m. Assume the temperature has been rising
linearly since sunrise at 6:00 a.m.

a. Use point-slope form to write a linear function to model the
situation. (Hint: Solve for y, then replace y with f(x)).

b. What will the temperature be at 11:00 a.m.?
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o AR R Relate Simple Interest to Linear Growth

Lourdes invests $200 in a friend's startup company. She agrees to keep her
money with them for the next 4 years, and they will pay Lourdes
7% interest annually on her principal, the original amount she invested.

A. How much is Lourdes' investment worth after 4 years?

Make a table to determine how much interest Lourdes earns and the
total amount of her investment.

Year | Principal (%) | Interest (%) Total (%)
VOCABULARY 1 200 (0.07)200 =14 200+ 14 =214
Recall that interest earned or 2 200 (0.07)200 =14 200414 +14=1228
charged based on the principal 3 00 | (D.07)200=14 200414+ 144 14 =242
only is called simple interest.
q 200 (0070200 =14 200 +14 + 14+ 14+ 14 =256

After 4 years Lourdes will have earned $56 in interest and her total
investment will be worth $256.

B. How is simple interest related to linear growth?

Simple interest is paid on the original principal, so the investment
increases, or grows, by 7% of $200 each year.

Alr)
& 300 1
t -y T
§ 2009 — * The graph shows that the
£ growth of the investment
< 100 is a linear relationship
T
nﬂ 1 2 3 4
Time (years)

C. How can you write a linear function to model Lourdes’ investment?

Let A(t) be the total amount after t years. A(t) grows linearly, so start by
writing it in the form A(f) = mt + b.

Al =mt+ b The rate of change of A is Pr, and
= (Pt + P the initial amount when t = 0is P.
REFRESENT AND COnNELT = Bk Use the Distributive Property
How does the 1 in the function =P1+rt) to rewrite the expression.
Alt) = P(1 + rt) connect to the
simple interest situation? Write the linear function for Lourdes’ investment.

Al =P1 4 rt) Substitute 200 for
= 20001 + 0.071) P and 0.07 for r.

The linear function A{t) = 200(1 + 0.071) models Lourdes’ investment.

@ Try It! 4.What is the domain of the function that models Lourdes’
investment?
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APPLICATION o 1 VUGN Solve Simple Interest Problems
| S ————

Benson and Tonya invest their money
into two different opportunities shown

at the right.
A. After 4 years, who will have Lo . UGEﬁH
more money in their account? m“_m Yot

¥OU EARN %$350.00
represent each person's account, 5% “' -

drom| Seph | mea

Step 1 Write the linear function to

Use the simple interest formula
Alt) = A1 + rt) to write the
linear functions.

Benson Tonya
fit) = P(1 +ri) g(t) = P(1 +rt)
fit) = 400(1 + 0.051) glt} = 350(1 + 0.061)

Step 2 Evaluate each function for t = 4 to determine how
much money will be in Benson's and Tonya's
accounts after 4 years,

fi4) = 400(1 + 0.05(4)) gld) = 350(1 + 0.06(4))
4} = 480 gld) = 434

After 4 years Benson will have $480 in his account and Tonya
will have $434 in her account, so Benson will have more money in
his account.

B. Compare the linear functions for Benson's and Tonya's
accounts. What do the key features of the functions indicate?
Who collects more interest over the 4 years?

Write the interest functions in slope-intercept form.

AMNALYZE AND PERSEVERE
How do the domains and ranges fit} = 40001 + 0.051) g(t) = 350(1 + 0.06%)
f the two functi 7
il st — 400 + 400{0.05%) = 350 + 350(0.061)
= 20t + 400 =21t + 350

The y-intercept for Benson's The slope for Tonya's function,
function, 400, shows his 21, means that she collects
principal was greater, more interest each year,

After 4 years, Tonya will collect more interest than Benson.

@ Try It! 5.Paulo invests $450 in an account that earns 4% annual simple
interest for 6 years.

a. Write a linear function that models the situation,

b. Evaluate the function to determine how much money he will
have after & years.

¢. How much did Paulo earn in interest?
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e CONCEPT SUMMARY Linear Function Representations

m Linear functions are represented by words, rules, tables, or graphs. Function notation tells
us the name of a function and the input variable.

AR fx) = =2x + 1

“fof x"

The table shows the domain
and range of the function.

11”12

el 50 3 1) -1 =3

(A0 The graph of the function flx} = -2x + 1 is the graph of the linear equation y = -2x + 1.

¥
fix)= —2x[+ 1

. \

o

Do You ENOW HOW?
Evaluate each function for x = 2 and x = 6.

5. flx)=dx—3 6. flx)=—(x-2)

© Do You UNDERSTAND?

1. IR How can you
identify a linear function?

2. Communicate and Justify Give a real-world
example of a function that is linear and cne
that is not linear. Explain.

7. sketch the graph of fix) = ;x +5.

B. What function models the height of the

3. Vocabulary In the function rule for simple

interest A(t) = P{1 + rt), is P a variable?
Explain.

. Error Analysis The cost of using a game

facility is 51 for every 12 minutes. Talisa
writes the function for the cost per hour as
f{x} = 12x. Explain Talisa's error.

94 TOPIC 3 Linear and Absolute Value Functions

periscope lens at time {7 If the periscope
reaches its maximum height after ascending
for 22 seconds, what is the maximum height
in feet?

ascemds at 6 inches
per second

24 inches
ahove
the surface




(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

9. Use Patterns and Structure
The two points on the graph 2
are given by the function £

a. Use the two points to find 0
the equation that represents the function f.

b. What is f(6)?

10. Higher Order Thinking Consider the functions
glx) = 2% + 1 and hix} = 2x + 2 for the domain
0D<x<h.

a. Without evaluating or graphing the
functions, how do the ranges compare?

b. Graph the two functions and describe each
range over the given interval,

11. Analyze and Persevere Compare the key
features of the linear functions fand g, given
in the tables below.

- ERERERERE
5?91113

01|23 |4
e

7 110113 16
a. What do the slopes of the graphs of
functions f and g indicate?

b. Write rules for f{x) and g(x) in
slope-intercept form.

¢. If the demains of each function are all
real numbers, compare their ranges.

12. Error Analysis Describe n 1
and correct the error
a student made when
finding the function rule
for the data in the table,

2 13 |4

 y RURREREZREL

When x increases by 1,
yincreases by 9 each time.

Whenx =1,y = 10.
Soy = 9x + 10. X/

Find the value of f{5) for each function.

EXAMPLE 1
13. flx) =6 + 3x 14, flx) = -2(x + 1}
15. fla) = 3(a+ 2) — 1 1E.f£h_]=—;"ﬂ

Fer the data in each table, graph the linear
function, determine the rate of change, and the
y-intercept. Then write a linear function for the
data. SEE EXAMPLES 2 AND 3

V- 01 23 4
v IREESIEERETIRE
18. o [1]|2]3]a
4 (15 =1 =35 -6

Sketch the graph of each linear function.
SEE EXAMPLE 3

19. flx) = -%x -1 20. flx) = 0.75(10 — x) + 1

21. Katrina buys a 64-ft roll of fencing to
make a rectangular play area for her dogs.
Use 2{1 + w) = 64 to write a function for the
length, given the width, Graph the function.
What is a reasonable domain for the situation?
Explain. SEE EXAMPLE 3

22, Kyle invests 3800 which earns 3% annual simple
interest for 5 years. Use Alf) = P{1 + rt) to
determine how much money he will have after
5 years. Interpret the rate of change in this
situation. SEE EXAMPLES 4 AND 5

Compare the key features of the linear functions
shown below.

¥ by
2 7 2
X X
=2 0 4 2 ol [ 214
;( P
r

23. What do the slopes and the y-intercepts
indicate about the linear functions f and g?

24, Compare the domains and ranges of functions
fand g.
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© PRACTICE & PROBLEM SOLVING

25. Apply Math Models A staff gauge measures
the height of the water level in a river
compared to the average water level. At one
gauge the river is 1 ft below its average water
level of 10 ft. It begins to rise by a constant rate
of 1.5 ft per houwr,

a. Graph the linear function to show the
change in the water level over time.

b. Will the river reach a level of 7 ft above
normal after 5 hours? Explain.

26. Apply Math Models A drive-in maovie theater
charges $20 per car, regardless of the number
of people in the vehicle.

a. Make a graph of the cost for a carload of

moviegoers as function of the number of
people in the car.

b. Describe the y-intercept, slope, domain, and

range of the function.

27. Represent and Connect The graph shows
Ramona's investment earning simple interest
over 3 years. Her friend Becky invests $160 in
a different account which earns 4% annual

simple interest. How do the key features of the
functions compare? Who will have more money

after for 4 years? Explain.

 alll]
E 300
Ez:m 159 168 117
E 5 L r
= 100
150
0 L
0 1 2 3 q
Tirme {years)
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[+) ASSESSMENT PRACTICE

28.

29,

30.

A veterinarian uses the function ff) = 3.7t + 21
to estimate a puppy's future weight in pounds
as a function of time in months.

The key feature of the graph that models how
much the puppy's weight is increasing every
month is the . @ AR2A

SAT/ACT Determine a linear function from the
data in the table. Which point is not part of
the function?

mm o
0 | 180 30, 0)
- E15.2}?m

O (21,54
1
’ i B (9, 120)
3 162
4

156

Performance Task Manuel calculates the
business costs and profits to produce n hiking
backpacks. Manuel’s profit is his revenue minus
his total costs,

Finished
Backpack

Revenue:

$24/back pack

.

Part A Write a function to represent the profit
Manuel makes selling n backpacks,

Part B Graph the profit function. Whatis a
reasonable domain for this function for one year
if his revenue is between 34,000 and 5300007 Is
the function discrete or continuous? Explain.

Part C How much is his profit if he sells
43 backpacks? Explain.



Pawsarad By

3 3 ¥) CRITIQUE & EXPLAIN = desmos
]
Avery states that the graph of g is the same Ry
Trananrmj"g Linear as the graph of f with every point shifted glx) = 2 +{3 flx) = 2x + 1
Functions vertically. Cindy states that the graph of g is 4

the same as the graph of f with every point
shifted horizontally.

X
A. Give an argument to support o 3 3

| CAN... transform linear Avery's statement.

functicns, " ’
B. Give an argument 1o support

VOCABULARY Cindy's statement.

* transformation C. Represent and Connect What do you know about linear equations that

* translation might support either of their statements?

MA.912.F.2.1-identify the effect A d
o g i e o b s 0 ESSENTIAL QUESTION How daes mndlfymg the input or t!'le output
fumctian abter replacing flx] by 0 of a linear function rule transform its graph?
)+ k. kffad, fie) and A = k)

for specilic values of £, Ao F1.5

MEAK1ZMTR.2.1, MTR.4.1 o AN AR Vertical Translations of Linear Functions

MTR.5.1

The positions of 2 baby sea turtles making their way to the water after
APPLICATION hatching from their eggs is recorded. They move at the same speed, with
—— Sam starting 2 ft ahead of Aubrey's starting point.

A. What function represents each turtle's position as they make their way
toward the shore?

¥

Distance {ft)

Sam starts 2

at 2 ft.

X
Aubrey starts 0 0 2 4 3 8
atof Time (s}

Find the speed of each turtle by finding the slope of each line.

Aubrey: m= 3-U _ 9 Sam:m=2-2 -

50 r

LEARM TOGETHER

What are ways to stay positive Both turtles are moving at 1 fu/s.
and work toward goals?

The function f{x) = x represents Aubrey's distance from his starting point,
and gix) = x + 2 represents Sam's distance from his starting point.

CONTINUED ON THE NEXT PAGE
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USE PATTERNS AND
STRUCTURE

How do the key features of

gle) = x + 2 compare to key
features of flx) = x7

EXAMPLE 1 CONTINUED

B. What happens to the graph of a function when you add a constant to

its output?

Compare Sam's and Aubrey's graph.

10 /
. .
Eﬁ
=
=
2 4
2
2
0 X
02 4 & &8 10

Time (s}

The graph of glx) = x + 2
is the graph of fx) = x
translated up 2 units.

At any point during their walk
to the sea, Sam will always
be 2 ft ahead of Aubrey.

)

Adding a constant k to the output of a linear function translates the

graph vertically by k units.

© Try1t letfin=-ax

a. How does the graph of glx) = —dx — 3 compare with the

graph of 7

b. How does the graph of g(x) = —4x + 1.5 compare with the

graph of f?

DEFINITION

A transformation of a function f maps each peoint of its graph to a new
location. One type of transformation is a translation. A translation shifts
each point of the graph of a function the same distance. & translation may

be horizontal or vertical.

The graph of g is a vertical | 8 i1,
translation of the graph of £. f

Vertical Translation
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The graph of g is a

i
-2 \
. . q
horizontal ranslation

of the graph of . In

Horizantal Translation



CONCEPTUAL
JUNDERSTANDING

COMMORN ERROR

You may think that subtracting a
positive value of k in

gix) = 2(x — k) + 6 shifts the
graph in a negative direction, to
the left. However, subtracting

a positive value of k shifts the
graph to the right.

EXAMPLE 2 Horizontal Translations of Linear Functions

How does subtracting a constant k from the input of a linear function affect
its graph?

Consider the graphs of fix} = 2x + 6 and glx) = 2(x — 5) + 6.
Step 1 Make a table of values for fix) = 2x + 6 and gi{x} = 2(x - 5) + 6.

glx)=2(x-5)1+6

4 2 -9 2(-9) +6=-12
-3 0 =g 2(-8) +6=-10
-2 2 -3 -7 +6=-8
-1 4 -6 }-6)+b=-6

0 6 - 2-5)+6=—4

1 8 4 H—4) +6=-2

2 10 = 2(-3)+6=0

3 12 =2 -2 +6=2

Step 2 Graph the functions fix) = 2x + 6 and g(x) = 2(x — 5) + 6.

The graph of g is the graph of f
translated 5 units to the right.

Subtracting a constant k from the input of the function translates the graph
horizontally by k units.

Translating the graph of f horizontally does not change the slope of the line,
but it changes both the x- and y-intercepts.

© Try1t 2tetfp) =347

a. How does the graph of gl(x) = 3(x — 4) + 7 compare with the
graph of f7

b. How does the graph of gix) = 3(x + 9.5) + 7 compare with the
graph of 2
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s } EXAMPLE 3 Stretches and Compressions of l.‘_lhﬁ’?nflg'i

Linear Functions

A. How does multiplying the output of a linear function affect its graph?
Compare the graphs of fix) = x + 1 and g(x) = 4(x + 1).

glx) = &x + 1)
-2 -1 -4
-1 0 0
0 1
1 2 B
U
GENERALIZE =4
Is it always true that for a Enear
function f, the graphs of £ and The graph of g is vertical stretch of the graph of ¥, by a scale factor of 4,
kif would have different The slope and y-intercept are scaled by the same factor.
y-intercepts?

Multiplying the output of a linear function f by k scales its graph
vertically. If |k| = 1, the transformed graph is a vertical stretch. If
0 < |k| < 1 the transformed graph is a vertical compression,

B. How does multiplying the input of a linear function affect its graph?
Compare the graphs of f{x) = x + 1 and g(x) = (3x) + 1.

fixi=x+1 | glx) =(3x) + 1

=
o |
Wi | b =
B e =
—
=

X
0 T 4 & B W

The graph of g is horizontal compression of the graph of f, by a scale
factor of 1, the reciprocal of the coefficient of x, The slope is changed by
the coefficient of x, but the y-intercept is unchanged.

Multiplying the input of a linear function f by k scales its graph
horizontally. If |k| = 1, the transformed graph is a horizontal
compression, If 0 < |k| < 1 the transformed graph is a horizontal stretch.

6 Try It! 3.Let fix) = x - 2. Compare the graph of each function with the
graph of £ Describe the transformation and tell whether the
slopes and intercepts of f and g are the same or different.

a. gix) = 0.25(x - 2) b. g{x} = 0.5x - 2
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@ CONCEPT SUMMARY Transformations of Linear Functions

WORDS

GRAPHS

Translations

Translations shift each point of the graph
the same distance horizontally or vertically.

Vertical Horizontal

by k units: by k units:

The graph of The graph of
-;’Ifx]=|:lx—2]-k glx)=-2x-k) + 2
is a vertical is a horizontal
translation of translation of

flx) = Jx - 2. ) = —2x 4 2.

Stretches and Compressions

Stretches and compressions scale the graph
either horizontally or vertically.

Vertical by Horizontal by
scale factor k: scale factor k:
The graph of The graph of
gix) = ki-x + 2) glx) = —(kx) + 2
is a stretch of is 8 compression
flx) X4 2 of fix) X+ 2
when |k| > 1. when |k| > 1.
¥ ¥
9 f
f

; N
PHINN HHANON

© Do You UNDERSTAND? Do You KNOW HOW?
IR ESSENTIAL QUESTION JULUEIEES Given f{x) = 4x + 1, describe how the graph of
modifying the input or the output of a g compares with the graph of f.
linear function rule transform its graph? 5.g(x) =4+ 3)+1 6. gle) =(4x+ 1) +3

2. Vocabulary Why is the addition or
subtraction of k to the output of a function

Given fix) = x + 2, describe how setting k = 4
affects the slope and y-intercept of the graph

considered a transiation? of g compared to the graph of f.
3. Error Analysis The addition or subtraction 7.9l = 4l + 2) 8. glx) = (4x) +2
of a number to a linear function always 9. The minimum wage for employees of a

moves the line up or down. Describe the
error with this reasoning.

4, Use Patterns and Structure Why does
multiplying the input of a linear function
change only the slope while multiplying
the output changes both the slope and the
y-intercept?

company is modeled by the function
flx) = 13x, The company decided to
offer a signing bonus of $75. How does
adding this amount affect a graph of an
employee's earnings?
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©) PRACTICE & PROBLEM SOLVING

UNDERSTAND PRACTICE

10. Analyze and Persevere Describe the Given fix) = 3x + 5, describe how the graph
transformation of the function f(x) = Jx - 2 of g compares with the graph of f,
that makes the slope 2 and the y-intercept —8. SEE EXAMPLES 1, 2, AND 3

) 15.9(x)=3x+5)+8 16.g9(x)=(3x+5) -4
11. Use Patterns and Structure Why do translations

produce parallel lines? 17.900 =3(x+10) +5 18.g(x) =3(x - 1) + 5

12. Error Analysis A student graphs fix) = 3x = 2.

On the same grid they graph the function 1. 900 = 30019 +5 20. g(x) = 5@x + 5)

g which is a transformation of fmade by 21. 900 = 3(2x) + 5 22. g(x) = 8(3x + 5)
subtracting 4 from the input of f. Describe

and correct the error they made when Compare the key features (slope and y-intercept)
graphing g. of each linear function g with those of the graph

of fix) = 2x + 3. Describe how the value of k
affects the key features. SEE EXAMPLES 1, 2, AND 3

.90 =3(x+3) 24900 = 2(0.5%) + 3
5.9 =1@x+3)  26.900=2(3)x+3
27. 90 =(2x+3)-3  28.9(x) =2(-05) +3

Key features of fix) = —2x + 1 are shown in the
table shown below. For each transformation, write
the function rule and compare the key features of
) the function g to the key features of function f.

SEE EXAMPLES 2 AND 3

flx)=3x-2

fix) 2x 4 1

x / Domain [% | x is & real number)

Range Iy |y is @ real number)
Slope -2
13. Use Patterns and Structure Let f{x) = ;x -3 y-intercept 1
Suppose you subtract 6 from the input of £ x-intercept 05
to create a new function g, then multiply the
input of function g by 4 to create a function h, ¥
What equation represents h?
14. Represent and Connect The graphofgisa 6
trarsformation of the graph of f. Describe the 4
transformation.
fix)= =2x + 1
fix) | glx) B \ X
o a2 4 -1 0 \1 4
1|6 ] 3 T
2 8 4 .
29. The graph of g is the graph of f translated
3 10 5 up 3 units.
4 12 B

30. The graph of g is a vertical stretch of the
graph of f, by a scale factor of 4.
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® PRACTICE & PROBLEM SOLVING

31. Mathematical Connections The cost of renting
a landscaping tractor is a $100 security deposit
plus the hourly rate.

a. The function f represents the cost of renting
the tractor. The function g represents the
cost if the hourly rate were doubled. Write
each function.

b. How would the slope and y-intercept of
the graph g compare to the slope and
y-intercept of the graph of 7

32. Communicate and Justify Veronica said
the graph of g below represents a vertical
translation of the function fix) = x + 1 by
4 units. Dawn argued that the graph of
g represents a horizontal translation of £
by 4 units. Who is correct? Explain.

Yy’

33. Higher Order Thinking The graph of a linear
function f has a negative slope. Describe the
effect on the graph of the function if the
transformation has a value of k < 0.

a. adding k to the outputs of f

b. adding k to the inputs of f

¢. multiplying the outputs of f by k
d. multiplying the inputs of f by k

&) ASSESSMENT PRACTICE

34.

35.

36.

The table shows the values for the function
flx) = 2x,

B-: -0 12
_4-2524

Copy and complete the table for the function
gix) = 2x + 6. @ r2.1

i -2 -1 0 1| 2
¥y

SAT/ACT Which of the following describes
the differences between the graph of f and the
graph of the cutput of f multiplied by 37

& The slope changes by a factor of 3; the
y-intercept does not change.

@ Both the slope and yintercept change by a
factor of 3.

£ The slope does not change; the y-intercept
changes by a factor of 3.

i3 Neither the slope nor y-intercept change.

Performance Task The science club members
are using transformations on coordinate grids to
track the movement of constellations in the sky.

Choose one side of the constellation depicted
below and describe a series of transformations
to move the side.

Copy and complete the table to record the
maotion.

Transformation Function
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MATHEMATICAL
MODELING

IN 3 ACTS

(CC,

o MAS1 LAR.2.550bve and graph
mathematical and mal-world
problers that are modeled with
linear furctions. Fepret key
fieatures and determing constrants in
terma of the ontex Ako AR2.2.

MAK1ZMTR.TA

© The Express Lane

Some supermarkets have self checkout lanes. Customers scan their items
themselves and then pay with either cash or credit when they have finished
scanning all of the items. Some customers think these lanes are faster than
the checkout lanes with cashiers, but others don't like having to bag all of
their purchases themselves,

What's your strategy for picking a checkout lane at the grocery store? Think
about this during the Mathematical Modeling in 3 Acts lesson.

1. What is the first question that comes to mind after watching the video?

2. Write down the main question you will answer about what you saw in
the video.

3. Make an initial conjecture that answers this main guestion.
4. Explain how you arrived at your conjecture.

5. What information will be useful to know to answer the main question?
How can you get it? How will you use that information?

e Develop a Model

6. Use the math that you have learned in this Topic to refine your
conjecture.

LTkl Interpret the Results

7. Did your refined conjecture match the actual answer exactly? If nat,
what might explain the difference?
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3 - 4 4 ) EXPLORE & REASON

Groups of students are hiking from mile markers 2, 6 and 8 to meet at the
Absolute Value waterfall located at mile marker 5.
Functions

| CAN... analyze functions
that include absolute value
eXpressions.

VOCABULARY

+ absolute value function
+ axis of symmetry

* vertex

A. How can you use the mile marker to determine the number of miles each
group of students needs to hike to the waterfall?

0 MA.912.AR.4.3-Given a table, B. Apply Math Models Make a graph that relates the position of each

::‘:;G";Tuzzt':;':g;m;;ﬁ: group on the trail to their distance from the waterfall.

T €. How would the points in your graph from part B change as the groups of

MAKT2MTR.4.1, MTR.5.1, students approach the waterfall?

MTR.E.1
What are the key features of the graph of the
? ESSENTIAL QUESIION absolute value function?
o I AN IR B Graph the Absolute Value Function

What are the features of the graph of fix) = |x|?

g -
values and graph

the absolute value -2 2 2.2} SE—
10, 0),
BN 1 = 4 =1 1 l:l_"” the turning point of
0 0 0, 0 the graph, where the
1 1 1,1} function changes from
7 3 @.2) decreasing to moreasing.
2{] Th hh rt
USE PATTERNS AND ® OFoph Nas 5 Smine.
STRUCTURE How does _ : where the axis of
the nature of absolute value The axis of symmetry symmetry intersects the
contribute to the symmetric is the line x = 0. X graph.. IF Tepresents .
appearance of the graph? =3 = D] 112 the minimum value in
the range.

The graph has an axis of symmetry, which intersects the vertex and divides
the graph into two sections, or pieces, that are images of each other under
a reflection.

@ Try It! 1. What are the domain and range of f(x) = |x|?
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CONCEPTUAL
JUNDERSTANDING

VOCABULARY
A reflection across the x-axis
maps (x, ¥} to {x, =y).

et ih gD ey Features of Absolute @ deamos

Value Functions

A. How do the domain and range of gix) = 2| x| compare with the domain

and range of fix) = | x|?

Compare the graphs of g and f.

gix) =2| x|

fx) = x|

—~4 -1 o] [ 2 &

The domain of f and the domain of g is {x | ¥ is a real number}.

Because the absolute value expression produces only nonnegative values,
the range of fis {y |y is a nonnegative real number). Multiplying || by a
positive factor, in this case, 2, yields nonnegative outputs, so the range of
g is also {¥| ¥ is a nonnegative real number}.

The doemain and range of the function g are the same as those of
function f.

B. The graph of function h is a reflection of the graph of fix) = |x| over the

x-axis. Over what intervals is hix) positive? Over what intervals is h(x)
negative? How does function h compare with positive and negative
intervals of fix) = | x|?

Compare the graphs of hand f.

hix) = =1|x

Multiplying | x| by a negative factor, -1, yields nonpositive outputs, so h
is never positive.

The function h is negative for values {x | x # 0). This is opposite of f,
which is never negative and positive for values {x | x # 0}

9 Try It! 2.For each function, describe the domain, range, and the intervals

over which they are positive or negative.

a. The graph of function h is a reflection of the graph fix) = 2|x|
over the x-axis.

b. gix) = %|x|
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APPLICATION
| S——————

COMMON ERROR
Remember that a graph
representing the mation of an
object may not be a picture of

its path.

o | V0N R Interpret the Graph of a Function

Jay rides in a boat from Menroe

County Line
County to Collier County.

The graph of the function LS . & | COLLER
d(t) = 30|t —1.5| shows the MONROE
distance of the boat in miles from The distance

the county line at t hours. Assume to the county

the graph shows Jay's entire trip. lire is aif}.

t )

a0 The function
E , is decreasing.
~ 30
g _ The function is increasing.
E 20
(=]

10 The: minimum

distance from the
o county line is O miles,

o0 o5 1 15 2 25
Time (h)

A. How far does lay travel to visit his friend?

lay began his trip 45 mi from the county line, traveled towards the
county line, which he crossed after an hour and a half. He then traveled
away from the county line and was 45 mi from the county line after 3 h.
He traveled a total of 90 mi.

B. How does the graph relate to the domain and range of the function?
Since lay's entire trip is 3 h, the domain of the function is0 <t < 3.

For the section of the domain 0 < t < 1.5, his distance to the border is
decreasing. For 1.5 < t < 3 his distance from the border is increasing.

The maximum and minimum values on the graph are 45 and 0, so the
range of the function is 0 < d{t) < 45.

@ Try It! 3. A cyclist competing in a race rides past a water station. The

graph of the function dif} = ;|t — 60| shows her distance from
the water station at ¢ minutes. Assume the graph represents the
entire race. What does the graph tell you about her race?

 it)
30

20

Distance (km)

] 15 30 45 60 75 90 105
Time (min)
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o AN Determine Rate of Change

The graph shows Jay's boat ride across the state line from Example 3. What is
the rate of change over the interval 2 < t < 2.57 What does it mean in terms
of the situation?

el

40
E
‘; 30
2
2w For this section
a of the graph, the

1a slope is constant.

)
0

o 0.5 1 1.5 2 2.5
Time (h)

Use the slope formula to determine the rate of change from

t=2tat=25.
Use the points from (2, 15} and (2.5, 30).
_¥i-n
T Xy -y
_30-15
CHECK FOR 23 -2
REASOMABLENESS =15
The rate of change is a different 0.5
constant value for each section of =30
the gra F'h_' How does this relate to The rate of change over this interval is 30.
the situation?

The rate of change represents the speed of the boat in miles per hour. Since
the rate of change is positive, Jay's distance from the border is increasing.
The boat is traveling at 30 mith away from the border.

6 Try It! 4.Kata gets on a moving walkway at the airport. Then, 8 s after
she gets on, she taps Lisa, who is standing alongside the
walkway. The graph shows Kata's distance from Lisa over time.
Calculate the rate of change in her distance from Lisa from 65
to 8 s, and then from 8 s to 12 s. What do the rates of change
mean in terms of Kata's movement?

 dilt)
gu
ﬁ 16
m
&
o 8
[
%52 & 12 16
Time {5)
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@ CONCEPT SUMMARY The Absolute Value Function

The graph of the absolute value function has a vertex, which represents the
minimum value of the function. The axis of symmetry intersects the vertex
and divides the graph into two sections that are images of each other under
a reflection. The absolute value function changes from decreasing to increasing
at the vertex.

ALGEBRA ZitIEaF]

GRAPH 1¥
B
&
4 The vertex
2 is at (0, 0).
X
-4 -2 O] 2 4

The domain is {x | x is a real number}.
The range is {y | ¥ = 0}

© Do You UNDERSTAND? Do You KNOW HOW?
1. What are the Find the domain and range of each function.
key features of the graph of the absolute 5. gix) = 5|x| 6. hix) = —2|x|

value function?
Graph each function.

2. Communicate and Justify How do the domain
7. =1. . hi{x) = -08
and range of g(x) = a|x| compare to the gl > %] bl Il
dl:umalln and range of fix) = |x|when 0 <a < 1?7 9. What is the rate of change over the interval
Explain. 15 < x < 187
3. Analyze and Persevere The graph of the by
function glx) = a|x| includes the point (1, 16). 8
What is another point on the graph of the 6
function? What is the value of a?
4
4, Error Analysis Janiece says that the vertex
of the graph of g(x} = a| x| always represents 2
the minimum value of the function g. " X
Explain her error, 6 4 B 12 16 20
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Generalize How does changing the sign of the
constant a from positive to negative affect the
domain and range of f{x) = a|x|?

11. Communicate and Justify Compare and
contrast the graph of f{(x) = |x| and the graph
of fix) = x. How are they alike? How do they
differ?

12. Error Analysis Describe and correct the error a
student made in determining the relationship
between the domain and range of fix) = 10|x|
and f{x} = |x|.

The domain of fix) = 10| x|

is the same as the domain of f{x) = |x|.
The range of f{x) = 10| x|

i5 10 times the range of f{x) = |x|.x

13. Higher Order Thinking For which values of
a would the graph of flx) = a|x| form a right
angle at the vertex? Explain.

14. Use Patterns and Structure Four values of an
absolute value function h are shown below.
The vertex is located at (0, 0).

a. Graph the function.

b. Describe the domain, range, and the
intervals over which it is increasing or

decreasing.
—6 1.5
—4 1
=2 05
0 1]

15. Use Patterns and 5Structure Consider the
function fix) = 2|x|.
a. Graph f over the domain {x | -4 <x < 4}.

b. What is the rate of change over the interval
D=x=4?

¢. How is the rate of change over this interval
related to the form of the function?

110 TOPIC 3 Linear and Absolute Value Functions

Tell whether each point is on the graph of
fix) = |x|. If it is, give the coordinates of another
point with the same y value. sEE EXAMPLE 1

16. (11,11} 17. (=2.3, =2.3)

18. (0, 1) 19. (15, —15)

Describe the key features of each absolute value
function. Identify the vertex, axis of symmetry,
and the domain and range. SEE EXAMPLES 1 AND 2

1

-2  -B 1]

-1 | -3 1 0
0 0 2 1
1] =3 3 i
2 -6 i 3

Graph each function. What is the domain and
range of each function? Describe the intervals over
which each function is positive and over which it is
negative. SEE EXAMPLE 2

22. g(x) = — || 23. hix) = 3.5|x|

24. plx) = -5|x| 25, d(x) = %|x|

26. Qscar participates in a charity walk. The graph
shows his distance in miles from the water
stop as a function of time. How many miles did
Oscar walk? Explain your answer. SEE EXAMPLE 3

Finish

Distance (mi)

20 30 40 50 &0
Time {min)

For the graph shown, find the rate of change over
the interval. SEE EXAMPLE 4

_ tdin)

= 4

b=

L- Y

* ]

ulﬂ 2 4 & g8 10 12
Time {s)

27.3=<t=<8 2B.7=t=10



(©) PRACTICE & PROBLEM SOLVING

29. Apply Math Models A game designer is

30.

2.

looking for two functions to model the solid
lines in the figure she constructed. What
functions represent the solid lines?

Analyze and Persevere The graph shows the
distance between a bicyclist and a sandwich
shop along her route. Estimate the rate

of change over the highlighted interval.
What does the rate mean in terms of the
situation?

_ 3ol

E

& 20

=

=

Ew

° t
0
0 1 F

Time (k)

Apply Math Madels The function

fx) = =|x| + 34 models the height of the roof
of a house, where x is the horizontal distance
from the center of the house. If a raindrop

falls from the end of the roof, how far from the
center of the base does it land? Explain your
solution.

IE.:I ASSESSMENT PRACTICE

32. Robert walks 4 miles along a single, straight

33.

34.

road to his friend’s house at a rate of 3 miles
per hour. After 1 mile, he passes his school.
Graph a function that models Robert's distance
from the school over time. Label the x- and
y-intercepts, and explain what they represent.

(LR
SAT/ACT Forwhat domain is the range of

y=—xand y = —|x| the same?
@ x| x <0}

® (x| x =< 0}

© x| x> 0}

@ (x| x = 0}

E (x| x is a real number)

Performance Task The position of a lizard in a
video game is modeled on a coordinate plane.
The lizard follews the path shown,

A

30

) \!
00, 200)| %

{200, 200)

1w

¥
—

M0 =100 | 100 | 200

Part A Write a function that includes an
absolute value expression for the position of
the lizard.

Part B Interpret the graph. Find the vertex and
determine the intervals in which the function
is increasing, decreasing; and any maximum or
minimum values,

Part C Where would the function need to
intersect the x-axis so that the lizard can eat
the mosquito?

Part D Write a function for which the new
vertex that you found in Part C is a solution to
the function, and allows the lizard to eat the
mosquito.

LESSOM 3-4 Absolute Value Functions 111



&) MODEL & DISCUSS

3=

£ z Cleo rides her bike at a steady 10 mi/h to Daniella's
Transforming house, 4 miles away. She passes the high school,
Absolute Value 1 mile from her house. The graph shows her

Functions distance from the high school, as a function of time.

A. The mall is 2 miles from Cleo's house, also
on the way to Danielle's house. Sketch a
new graph of the function that shows Clea's
I CAN... graph and analyze distance from the mall, as a function of time,

transformations of absolute : A i
. as she rides to Danielle's house.
value functions.

Cleo's Distance From
High School

had
.

Distance (mi)
L)

X

=

0 01 02 03 04

B. Describe the domain and range of each Time (h)
e MA.912.F.2.1-kdentity the effect function.
an the graph or table of 2 ghven
L.":I':T;:;’:,’I’E’I";:‘] F;".;' Ij'lt'-h:r C. Represent and Connect How is the graph of Cleo's distance from the
specibc ualues of k. Also ARA.3 mall related to the graph of her distance from the high school? Explain.

MA KI1ZMTR. 1.1, MTR.5.1,

MTR.7.1
i? ESSENTIAL QUESTION How do the constants affect the graphs

of absolute value functions?

. ) Furm e By
om Vertical Translations of the Absolute Q desmos

Value Function

How does adding a constant to the output affect the graph of f{x) = |x|?

Compare the graphs of hix) = |x| - 4 and g{x) = | x| + 2 with the graph of

flx) = | x|
1y
2 =
N =
NCi o 1.4 =
T2 same axis of

STUDY TIP porpg=te | oY
Recall that the vertex is the point ] )

where the axis of symmetry
intersects the graph. The vertex is {0, —4).

¥
ﬁj_ﬂﬁz
\ \4
fix) = ||
—4 2 [o[\\2 [ 4

L

Thie vertex i< (0, 2).

Adding a constant, &, outside of the absolute value bars changes the value
of fx), or the output. It does not change the input. The value of k, in
gix) = |x| + k, translates the graph of f{x) = |x| vertically by k units. The

axis of symmetry does not change.

@ Try It! 1. For each function, identify the vertex and the axis of symmetry.

a plx) =|x|+3

bl -2 -1 01 2
ey 2 -3 -2
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Fowened B
m Horizontal Translations of the M desmos

COMMON ERROR

You may think that the expression
x — 4 in the function gix) = |x — 4|
shifts the graph of fix) = | x|
horizontally 4 units to the left, in
the negative direction. But the
function will shift 4 units to the
right because (4, 0} is a solution
to the function when h = 4.

Absolute Value Function

How does adding a constant to the input affect the graph of fix) = |x|?
Compare the graph of gix} = |x - 4| with the graph of fix} = |x|.

¥ 4
glx|=x - 4] | The axis of
YTty is i = 4.
2 |
fix) = x| X
-3 ﬂ1 2 + The vertex is (4, 0.

Adding a constant, b, inside the absolute value bars changes the value of x,
the input, as well as the value of fix), the output.

The value of h, in gix) = |x — h| translates the graph of fix) = |x| horizontally
by h units. If k> 0, the translation is to the right. If h < 0, the translation is
to the left. Because the input is changed, the translation is horizontal, and
the axis of symmetry also shifts.

@ Try It! 2. For each function, identify the vertex and the axis of symmetry.

a. glx) =[x = 3| b. pix) = |x + 5|
Powered B
E?JEEEE:I[HQEING o |V IRy Understand Vertical and w desmos
b Horizontal Translations

USE PATTERNS AND
STRUCTURE

Does a vertical translation of the
graph of fix) = [x - 4] by -2 result
in the same graph as horzontal
franslation of the graph of

flx) = | x| - 2 to the right by

4 units?

What information do the constants h and k provide about the graph of
gix) = |x-h| + k?

Compare the graphsof gl =[x - 4|-2and glx) = |x + 5| + 1
with the graph of fix) = |x|.

4 ¥
The vertex i<
flxy =
x

(d,-2)

e, I\‘/’ The vertes is

_2 -
g{x]:lx—.ﬂ.l -2 Q_SI” -6 —4 -2 O
4 g =l +5{+1 -2

The value of h translates the graph horizontally and the value of k translates
it vertically. The vertex of the graph g{x) = |x — h| + kis at (h, k).

@ Try It! 3.Find the vertex of the graph of each function.

2. glx) = x-1| -3 b. glx) = |x + 2|+ 6
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APPLICATION
R

REPRESENT AND CONNECT
The graph of the function passes
through the points (16, 12)
and (16, 12). How does this help
you determine that it is vertical
compression of fx) = |x|?

, ; W dosmos
EYR ANV A RS Understand Vertical Stretches

and Compressions

How does the constant a affect the graph of g(x) = a|x|?

Companre the graphs of glx) = glxland glx) = ~d|x| with the
graph of fix) = |x|.

sl¥ The graph of g is wider
than the graph £, fix) = | r
4 -2 4
The graph of g is namower gix) = —d]x|

than the graph £, It is also
reflected acmoss the x-aos

In g{x) = a|x| the constant @ multiplies the output of the function

fx) = |x| by a.

* When 0 < |a| < 1 the graph of g(x) = a|x| is a vertical compression towards
the x-axis of the graph of flx) = |x|.

* When |a| > 1, the graph of g(x) = a|x| is a vertical stretch away from the
x-axis of the graph of f{x) = |x|.

* When a < 0, the graph of g is reflected across the x-axis.

The value of a stretches or compresses the graph vertically.

e Try It! 4. Compare the graph of each function with the graph of f(x) = |x|.
a. glx) = 3|x| b. glx) = -] |x|

Apply Transformations of

the Absolute Value Function

Jacinta wants to signal Adam by reflecting a light off of the stop sign at the
end of their street. The path of light beam can be modeled by an absolute
value function, with the point of reflection being the vertex. Their positions
are N-16, 12) and A(20, 15). The stop sign is located at the origin.

A. Graph the function that represents ¥y
the situation. How is the function
related to f{x) = | x|? Jaginta 16 Aamy
The graph of the function is a vertical 51“,:,‘ < 18 71 ‘
compression of the graph of fix) = |x|. Sigh 5| -~ X
B. Describe the domain, range, and ~16 -8 Of 8 16
symmetry of the function.

The domain of the function is =16 < x < 20 and the range is 0 < y < 15.

The graph is symmetric for the values -16 < x < 16, about the axis of
symmetry x = 0.

e Try It! 5.1f Adam's position was (16, 10) would Jacinta be able to signal
him using this method? Explain.
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nh:] | ANGIGA AR Understand Transformations of the

Absolute Value Function

A. How do the constants a, h, and k affect the graph of g(x) = a|x - h| + k?
Graph glx) = -2|x + 3| + 4.
The values of h and k determine the location of the vertex and the axis
of symmetry. The value of a determines the direction of the graph and
whether it is a vertical stretch or compression of the graph of fix) = |x|.

¥

1 Plot the vertex at (=3.4)

(=3, 4). The axis of 1 g

symmetry sk =-3. || 2 2 Evaluate the
GENERALIZE function to find
Does the graph of every function (o] x another point,
of the form glx) = a|x - h| + k -8 -6/-4 i) =-2.
have a p-intercept? (=6,=2)

3 Reflect the point e

the of graph through
across the axis the polnts.
ymmetry.

Since |a| > 1 and a is negative the graph is a vertical stretch of the graph
of fix) = |x| that is reflected across the x-axis.

B. How can you use the constants a, h, and k to ¥
wirite a function given its graph?

Step 1 Identify the vertex of the graph.
The vertex is (4, 1), soh=4and k = 1.

The function has the form
flx) =alx—4 + 1. .

Step 2 Find the value of a, Select another
point on the graph, (x, fix)), and solve
for a.

fix) =a|lx - 4| +1
4=al5-4]+1

Substitute 5 for x and
4 for fx).

a=3

The graph represents the function flx) = 3|x — 4|+ 1.

© Try 1t 6.a. Write a function for the 7
graph shown.

b. Write the function of the graph
after a translation 1 unit right 4
and 4 units up.
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@ CONCEPT SUMMARY Transformations of the Absolute Value Function

WORDS

Translations

Translations shift each point of the graph
the same distance horizontally or vertically.

Stretches and Compressions

Stretches and compressions

scale the graph either

vertically or horizontally,

Vertical Horizontal Vertical by Harizontal by
by k units: by h units: scale factor a: scale factor a:
The graph of The graph of The graph of The graph of
glx) = x| + k glx) =|x - h glx) = al x| glx) = |ax|
is vertical translation | is a horizontal is a stretch is a compression
of f(x) = |x|. translation of f{x) = | x| of flx) = |x|
of fix) = |x|. when |a| =1 and when |a| =1 and a
a compression of stretch of f{x) = | x|
fla) = | x| when when 0 < |a| < 1.
D<|al=<1.
\ / ‘i g g
f
: f f f
" x X
-2 0 2 -2 0 2 4 = . -
-2 b =2 i

Do You KNOW HOW?

Find the vertex and graph each function.
5. fl¥) = |x| + 2.5 6. ) = |x + 2.5|

7.f(x)=|x-2|+ 4

©) Do You UNDERSTAND?

1. How do the
constants affect the graphs of absolute

value functions?

B. i) =-3|x+1]|-5

2. Generalize How does k affect the domain
and range of g{x) = |x| + k? 9. |dentify the vertex and the axis of symmetry

of the function.

E =5 | =4 | =3 | =2 | =1
sl 1 | 0 1|23

10. Write a function for the graph.

3. Error Analysis Jacy says that flx) = 4|x - 1|
and fix) = |4x - 1| have the same graph. Is
lacy correct? Explain.

4. Use Patterns and Structure How does the
graph of glx) = a|x| compare with the graph
of hix} = |ax|if a = 07 f a < 07 Explain. a¥

%‘Wé
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(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND PRACTICE

11. Analyze and Persevere Give two examples Find the vertex and graph each function.
of functions that include an absolute value SEE EXAMPLES 1, 2, AND 3
expression and have a vertex of (-1, 3). 15. fix) = |x| - 2 16. fix) = |x| + 1
12. Represent and Connect Consider the functions 17. fix) = |x + 0.5 18. fix) = pr— 1]

and flx) = |x| -2 and g(x) = fl2x).

19. fix)=|x+ 7| -2 20. fix) = |x = 0.5] + 0.5
a. Copy and complete the table | | I I

Compare the graph of each function with the
graph of f{x) = | x|. Describe the transformation,
then graph the function. SEE EXAMPLES 4 AND &

fix) = |x| =2 | gl) = 2f{x)

21. glx) = 1|x| 22. glx) = 3|
23. g(x) = |-3x| 24. glx) = |3x]
2 0 . 25.900 = |x+6]-1  26. gl =-4]x-2|-1

b. Describe the graph of g as a transformation
of the graph of £, How does each paint on
the graph of f map to the corresponding

27. The graph of an absolute function passes
through the points shown below,
SEE EXAMPLES 4 AND 5

i ?
point on g? {=6.4) N
13. Error Analysis Describe and correct the errors 32
a student made in describing the graph of the - i
furction flx) = —0.5|x + 1] + 3. {0, 1) A

6 4 -2 ot 2134

a. Describe the function as a transformation of

The graph ofy = <05|x + 1| + 3 fix) = | x|.
compresses the graph ofy = | x|
vertically toward the x-axis, and b. Write a rule for the function.
moves the vertex to (1, 3). X c. Does the graph of the function pass through
/ the point (-1, %.'F?
Write a function for each graph. SEE EXAMPLES
14. Use Patterns and Structure The graph of 28. ¥ 29, by X
gix) = f{2x) is a transformation of the graph 5 D 2 | & | & -
of fix) = |x — 4| 12
X
a. The points (0, 4), —4 o/ 2 s
(2, 2), and (4, 0O} lie NE]
on the graph of —E/.\‘
function f. What are
the corresponding '*::;,

points on the graph
of function g?

b. How does each
paoint on the graph
of f map to the corresponding point on g?
Use the y-axis as a reference. 31. fix) = | x + 3|; translated down & units

¢. Describe the graph of g as a transformation
of the graph of .

What function g describes the graph of f after the
given transformations?

30. fix) = | x| + 1; translated 2 units left

32. flx) = 4|x|; translated 5 units right
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° PRACTICE & PROBLEM SOLVING

33. Apply Math Models Carolina is studying the

reflection of light. She models the path of

a light beam passing through a peint at

{0, 10) reflecting off of a mirror. The function
fix) = |x 10| models light hitting the mirror at
a 45" angle. The functions g(x) = |1.5x - 10| and
hix) =|2x - 10| model the light beam hitting
the mirror at steeper angles.

a. Describe the graphs of g and b as
transformations of the graph of f.

b. Compare the domains, ranges, and intercepts
of functions g and h with the domain, range
and intercepts of £

hix) = [2x=10]  g(x) = |1.5x - 10|

fix) = |x - 10|
X

3 11015

34, Apply Math Models Emma wants to model

the sides of a pyramid by using a function that
includes an absolute value expression. Emma
will place the pyramid on a coordinate grid

as shown. What function should she use? For
what domain?

[ 1.7¢m - |

35. Analyze and Persevere One part of a dog agility

course is an obstacle called an A-frame. Assume
that the left corner of the A-frame corresponds
to the point (0, 0). What function that includes
an absolute value expression could you use to
model the obstacle? What is the domain of the
function? Explain your reasoning.

L
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) ASSESSMENT PRACTICE

36. The function g is the transformation of

37.

fix) = x| given by gix) = -f(x + 5). Copy and
complete the table below. @ f21

SAT/ACT Which the graph has the same axis
of symmetry as the graph of the flx) = |x - 4|
translated down 2 units?

@® fix) = |x + 4| translated up 2 units

® f{x) = |x + 2| translated 2 units right

© fix) = |x = 3| translated up 1 unit

@ fix) = |x — 7| translated 3 units left

® none of these

38. Performance Task You are playing a ship

trapping game. There are 4 of your opponent’s
red ships on the screen. You can send out

3 strikes from your blue ships through the red
ships’ positions to capture them. Each strike
sends two lasers that resemble the graph of a
function with an absolute value expression.

Mal 1]
BO
.
60| =
40 - .
0
.
0 x

0 20 40 &0 80

Part A How can symmetry help you find a path
to capture two ships?

Part B Write three functions that represent
strike paths to capture the ships. Show how
each ship is captured by a function.

Part C For your function that captures two
ships, can you write a different function from
one of your other ships that represent strikes
paths to capture these two ships? Explain.



Vocabulary Review

Choose the correct term to complete each sentence.

Topic Review

‘? TOPIC ESSENTIAL QUESTION

1. How can linear and absolute value functions be used to model situations
and solve problems?

linear function

2 A domain does not include all the real numbers in
Ay o e » transformation
* p-intercept
3. The intersects the vertex and divides the graph into two

* ontinuous

congruent halves that are images of each other under a reflection

» axis of symmetry

4. A maps each point of a function 1o a new |ocation. e discrete

5. The graph of a
on a straight line

is a straight line or a set of values that lie

6 A domain includes an interval of real numbers.

Concepts & Skills Review

m Domain and Range of Functions

Quick Review

The domain of a function can be described using
inequalities when it includes all real numbers over
a given interval. Set-builder notation is useful in
describing domains the require maore conditions,

such as sets of integers. It can include inequalities
and verbal descriptions,

Example
Use set-builder notation to describe the domain
and range of the function.

e 0 1| 2|2 | 4
5 10 |15 | 20 | 25

The domain is {x | x is integer and 1 < x < 4}
The range is (| ¥ is a multiple of 5 and
5<y< 15}

Practice & Problem Solving
Identify the domain and range of each function.

7. {(2, 1), (4, 2), (6, 3), (B, 4), (10, 5)}
B. ¥

-4

Communicate and Justify What constraints, if
any, are there on the domain? Explain.

9. An airplane ascends to a cruising altitude at
the rate of 1,000 ft/min for m minutes.

10. The value of an automobile in d dollars
decreases by about 10% each year.

TOPIC 3 Topic Review




LESSON 3-2 Linear Functions

Quick Review

A linear function is a function whose graph is a
straight line. It represents a linear relationship
between two variables. A linear function written
in function notation is flx) = mx + band flx} is
read "f of x.*

Example
A taxi company charges $3.50 plus $0.85 per mile.
What linear function can be used to determine
the cost of a taxi ride of x miles? How much
would a 3.5-mile taxi ride cost?
Let of = distance of the taxi ride.
Cost of taxi ride = cost x distance + fee

fid) = 0.85d + 3.5

Use the function to determine the cost of a
3.5-mile ride.

f(3.5) = (0.85)(3.5) + 3.5
= 5475
The cost of a 3.5-mile taxi ride is $6.48.

Practice and Problem Solving

11. Use the simple interest formula
Alt) = P(1 + rt). Evaluate the function
for t =7 to determine how much money
Oliva will have if she invests $850, which
earns 4% annual simple interest for 7 years.

12. Analyze and Persevere Melissa runs a graphic
design business. She charges by the page, and
has a setup fee. The table shows her earnings
for the last few projects. What is her per-page
rate, and what is her setup fee?

Cost (%)

185|335 485 635
Page totals [ NI SRR

13. Use Patterns and Structure Tia's Computer
Repair Shop charges the labor rates shown for
computer repairs. What linear function can
she use to determine the cost of a repair that
takes 5.5 hours and includes $180 in parts?

Hours 1 1.5 2 25
[ELTTIEY 25 (1275 170 2125

LESSON 3-3 Transforming Linear Functions

Quick Review

A transformation of a function f maps each point
of its graph to a distinct location. A translation
shifts each point of the graph of a function the
same distance horizontally, vertically, or both.
Stretches and compressions scale each point of a
graph either horizontally or vertically.

Example

Let fix) = 2x - 1. If g(x) = (2x - 1) + 3, how does
the graph of g compare to the graph of f?

df

i iy

| X
—4 —2FO¥ 1 |

The graph of g is the translation of the graph of
f three units up.
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Practice & Problem Solving

Given the function f{x) = x, how does the
addition or subtraction of a constant to the
output affect the graph?

. fixl=x-2 15, fix)=x+ 5

Given fix) = 4x - 5, describe how the graph of
g compares with the graph of £.

16. g{x) =4x -3) -5 17, gix) = 2{4x - 5)

18. Generalize Given flx) = -3x + 9, how does
multiplying the output of f by 2 affect the
slope and pintercept of the graph?

19. Apply Math Models A hotel business center
charges £40 per hour to rent a computer plus
a $B5 security depaosit. The total rental charge
is represented by fix) = 40x + 65 How would
the equation change if the business center
increased the security deposit by $157



Absolute Value Functions

Quick Review

The graph of the absolute value function,
fix) = | x| has a vertex at (0, 0) and an axis of
symmetry x = 0.

Example
How do the domain and range of g(x) = 0.5]x|
compare with the domain and range of f(x) = |x|?

1Y
=l
4
Fi
gix) = 05| ¥
4 -1 O 4 4
21

The domain of f and the domain of g is
{x ] x is @ real number}. The range of both
functions is {y | y = 0}

Practice & Problem Solving

Tell whether each point is on the graph of

fix) = |x|. i it is, give the coordinates of another
point with the same y-coordinate.

20. (8, 8) 21, (-5, 5) 22. (-3.5,-3.5)

Graph each function. What is the domain and
range of each function?

23. flx) = -2.5]] 24. gl =1x|

For each function, find the vertex and tell
whether it represents a maximum or minimum
value of the function.

25. gix) = -6.3|x|

26. gilx) = 7|x|

27. Represent and Connect
Find the domain, range,
and vertex of the
graphed function.

LESSON 3-5 Transforming Absolute Value Functions

Quick Review

The graph of g(x} = |x| + k is vertical translation
of the graph of fix} =|x|, when k # 0. The graph
of glx) = |x — k| is a horizontal translation of the
graph of fwhen h# 0.

The graph of g(x) = a|x| is a vertical stretch of the
graph of fwhen |a| =1 and a compression of the
graph of fwhen 0 < |a| <1.

Example

For the function g(x) = |x + 5|. graph the
function. Describe the graph of g as a
transformation of the graph of fix) = |x|.

The value of i in 7

glx) = |x- h| gix) =|Ix + 5

translates the graph of

fix} = | x| horizontally.
glx) = |x + 5

glx) = |x - (-5}
Soh =-5The graph of g
is the graph of f translated
5 units to the left.

Practice & Problem Solving
Find the vertex and graph each function.

28. glx) = x|+ 4 29. glx) = |x - 2|

30. glx) = |x+1]|-2 N gx)=|x=3)+1
Compare each function with fix) = | x|. Describe
the graph of g as transformation of the graph of f.
32 gilx) = |-6x| 33. gix) = |6x|

3. gix) =2|x+6]-1 35 glx)=-|x-2|-1
What function g describes the graph of f after
the given transformations?

36. flx) =|x| + 3; translated 4 units right

37. f(x) = |x - 1| translated 2 units down

38. Analyze and Persevere A traffic coneis 18in.
tall and 12 in. wide. You want to sketch an
image of the traffic cone on a coordinate grid
with one edge at {0, 0). What function that
includes an absolute value expression could
represent the traffic cone? What would be the
domain of the function? Explain.

TOPIC 3 Topic Review
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0 Topic Overview

enVision™ STEM Project:
Growing Grain

41

Solving Systems of Equations

‘? TOPIC ESSENTIAL QUESTION

Systems of Linear
Equations and Inequalities

How do you use systems of linear equations and inequalities
to model situations and solve problems?

Topic Vocabulary
* linear inequality in two variables
« solution of an inequality in two variables

* solution of a system of linear inequalities

by Graphing

ARS T MTRES. 1, MTR.G. 1, MTR.71

4-2 Solving Systems of Equations

by Substitution
ARG, TR 1, MTRG.1, MTR.7.1

4-3 Solving Systems of Equations
by Elimination

AR91, AR96 MTR_2.1, MTR.4.1, MTR.5.1

4-4
AR.2.7, AR.2.8, MTR.11, MTR.5.1, MTR.7.1
Mathematical Modeling in 3 Acts:

Get Up There!
ARS.1, MTRT 1

4-5 Systems of Linear Inequalities
AR.3.4, AR5, MTR.1.1, MTR.2.1, MTRE.1

o T BT Y bes 6

= systern of linear inequalities

Linear Inequalities in Two Variables

ﬂ e e
nl—'—l
n'-l

b

i = v

E Go online | SavvasRealize.com
— —

@0 006
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\ Digital Experience

INTERACTIVE STUDENT EDITION
Access online or offline.

FAMILY ENGAGEMENT
Invalve family in your learning.

ACTIVITIES Complete Explore & Reason,
Model & Discuss, and Critigue & Explain
activities. Interact with Examples and Try Its.

ANIMATION View and interact with
real-world applications.

PRACTICE Practice what
you've [2arned.



MATHEMATICAL MODELING IN 3 ACTS

© Get Up There!

Have you ever been to the top of a skyscraper? If so, you probably didn't
take the stairs. You probably took an elevator, How long did it take you
to get to the top? Did you take an express elevator?

Express elevators travel more quickly because they do not stop at every
floor. How much more quickly can you get to the top in an express
elevator? Think about this during the Mathematical Modeling in

3 Acts lesson.

006 0

VIDEOS Watch clips to support
Mathematical Modeling in 3 Acts Lessons
and enVision™ STEM Projects.

ADAPTIVE PRACTICE Practice that is
just right and just for you.

GLOSSARY Read and listen to
English and Spanish definitions.
CONCEPT SUMMARY Review
key lesson content through
multiple representations.

HEQ0EO

ASSESSMENT Show what
you've learned.

TUTORIALS Get help from
Virtuwal Nerd, right when you need it.

MATH TOOLS Explore math
with digital tools and manipulatives.

DESMOS Use Anytime and as embedded
Interactives in Lesson content.

QR CODES 5can with your mobile device
far Virtual Nerd Video Tuterials and Math
Modeling Lessons.
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TOPIC4 PROJECT énVision ‘:JT E[

Did You Know?

American farmers produce enough

meat and grain for the United States
plus extra to export to other countries
Farms use about 53.5 billion gallons of
groundwater each day for irrigation.

Peak Water Demands

Corn July
Wheat May and June
Soybeans August

Corn is easier

to grow than “'&-

wheat and

In 2012, soybeans became
the biggest crop in the
United States, with four
hardier in \ times the acreage as in
northern 1992. More soybeans
dimates are grown in the
United States than in

any other country

bushel of Q ot ) E .

1 million 42 pounds &0 pounds 42 ane and a half-
individual kernels of white of whole- pound loaves of
of wheat flowr wheat flour white bread

Q@ Your Task: Growing Grain

You and your classmates will make decisions about growing crops
on a farm. How much of each crop will you plant, and why?
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4 = 1 4 ) EXPLORE & REASON

Juan and Leo were supposed to meet and drive ATVs on a trail together.
Juan is late so Leo started without him.

Solving Systems
of Equations by
Graphing

-
The trail is |
40 miles long. |

| CAN... use graphs to find
approximate solutions to
systems of equaticns.

e MASTE AR.9.1-Given a

mathematical of real-waid
conlexl, wrile and solve a system A
of two-varniable linear equations

Not drawn to scale

. Write an equation for Leo's distance from the starting point after riding

algehraizally or graphically for x hours. Write an equation for Juan's distance from the starting point
MAKT2MTRS.1, MTR.E.1, if he starts h hours after Lea.
MTR.7.1

B. Apply Math Models Suppose h = 1. How can you use graphs of the two
equations to determine who finishes the trail first?

C. How much of a head start must Leo have to finish the trail at the same time
as Juan?

How can you use a graph to illustrate the solution
? ESSENTIAL QUESIION to a system of linear equations?

CONCEPTUAL . .
_UNDERSTANDING o R EVGIJN:RE Solve a System of Equations by Graphing

y=-2x-4
y=05x+6

What is the sclution of the system of eguations?

se a graph to solve this system of equations.
Step 1 Graph both eguations.

Step 2 Find the point of
intersection, Since the
paint of intersection
lies on both lines, it is
a salution to

y
Lad

The two lines
intersect at (—d, 4).
(—4, 4} iz a solution
of both equations,

STUDY TIP both equations. YE = R | ¥
Substitute the x_-r.mrdinate forx Step 3 Check that the solution works —6 _|—4 j\ﬂ'
and the y-coordinate for p. for both equations.

y==2x-4 ¥y=05x+6

AL -2(-4) -4 4Z05(-4)+6

4LXg-4 41_-24+6

4=47 4d=4/

Since there are no other points of intersection the system of equations has
exactly one solution, (-4, 4).
@ Try It! 1.Use a graph to solve each system of equations.
a.y-_;x—l b.y=2x+10

= =1
y=3x=-7 y = 4x+1
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COMMOMN ERROR

You may think that the lines
cannot be the same since the
equations are different. However,
if you write both equations in
the same form and divide cut the
common factor, the equations will
be identical

126 TOPIC4 Systems of Lin

Graph Systems of Equations With Infinitely
$) EXAMPLE 2 Many Solutions or Ne Selution
What is the solution of each system of equations? Use a graph to explain
your answer.

A. 15x 4+ 5y =25

y=5-3x
The lines have the
same p-intercept.
4 15 + 5y = 25 a y=5-—3x
3 : The lines have the 3 :
same slope, -3,
2| . o 2| =
1 1
* A e b
(8] 1 \ (9] 1 \

Thie graphs are
the same line.

All ordered pairs on the line are solutions of both equations, so all points
on the line are solutions to the system of equations. There are infinitely
many solutions to the system,

B.y—2x=8
—dx + 2y =8

.'l"/
&
-+ 2y=8

The system of
equations has
no sofution. L

—¢/;ﬂo 204

The lines are parallel, so there is no point of intersection. Therefore,
there is no solution to this system of equations.

@ Try It! 2.Use a graph to solve each system of equations.
a,y=%x+? b.3x+2y=19

4x - By = 12 fy=3-x

ear Equations and Inequalities



APPFLICATION o | AN IJAEEy Write a System of Equations
"‘—-

Formulate +f

Compute

Interpret 4

Monisha and Holly have

14 more days to finish

reading the same nowvel

for class. Monisha plans

to read 9 pages each

day, while Holly plans :
to read 20 pages each
day. Assuming Holly and Page 96 of 220 d
Monisha both maintain

their reading plan, when '
Page & af 220

will Hally catch up with

Monisha? Who will finish

reading the novel first? v
Write a system of equations to represent Holly's and Maonisha's
reading paces.

Holly's Library

once magnilicent
has wited —a 12
of what it gnce w

v 1S meTmi

sedTets faoed nig

Monisha: Total pages = 96 pages already read + 9 pages/day = x days
y =96+ 9x

Holly: Total pages = 6 pages already read + 20 pagesiday » x days
y==6+ 20x

Graph the system of equations. Find the point where the graphs intersect.

(8.182, 169.636)

After a little more than 8 days of reading, Monisha will have read
96 + 9(8.182) = 170 pages.

Holly will have read 6 + 20{8.182) = 170 pages. So, Holly will catch up
with Monisha in a little over 8 days.

Since the book is 220 pages long, and Holly is reading at a faster rate, she
will finish reading the novel before Monisha.

@ Try It! 3. Suppose Monisha reads 10 pages each day instead.

a. How will that change the length of time it takes for Holly to
catch up with Monisha?

b. Will Hally still finish the nowvel first? Explain,
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o AR NS Solve a System of Equations Approximately

y=x-3

What is the soluti f th tem of tions?
is the solution of the system of equations yu B+ 6

Step 1 Use a graphing utility to graph both
equations. Find the point of intersection.

{1.286, —0.429)

| y==m+6

xscale: 1 yscale: 1

Step 2 Check the values of x and y in each equation to see if they satisfy
both equations.,

y=2-3 ¥=-5x+6
n X The solutions obtained , :
04291 2(1.286) -3 | 1 oroohing are close 0.429 L _5(1.286) + 6
CHECK FOR 0.429 12572 -3 to, but not equal to, the . _0.429 2 643 + 6
REASOMAELEMESS actual solutions.
What would happen if you 0.429 # -0.428 0429 £ -043

substituted the exact solution into

tha systesn of equations] The solution obtained by graphing, (1.286, -0.429) is correct to three decimal

places, but it is not an exact solution. What is the exact solution? Consider

which x-value gives you the same y-value in each equation.

Set the expressions for y equal to each other and solve for x.
2x-3=-5x+06

2X+5x=6+3
Tx=9 The y-values in both equations
g are equal when x = ;
X=3z
7
= 1.785714
Now substitute for x in either equation to find y.
y=2x-3 y=-5x+6
=2(3)-3 =5(2)+6
_ 18 _ 45
=3 -3 ===+b
i g -
) )
= -0. 428571 = -0.428571

The exact solution is (3, 3.

You will see more methods for finding exact solutions in later lessons,

@ Try It! 4. What solution do you obtain for the system of equations
by graphing? What is the exact solution?

y=5x-4
y=-bx+ 14
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@ CONCEPT SUMMARY Graphing to Solve Systems of Equations

([ A system of linear . .. infinitely many .. . or no salution.
eguations may have solutions . . .

ane solution . . .

ALGEEBRA _|-'=—.-"'—E:‘ _',,r=—x_|'-_‘| _'."=—X+‘:.|

y—gx+3 2y=-2x+ 18 y==x+12

| GRAPHS 28 ty y

X Fi X
One solution Infinitely many Mo solution
solutions
© Do You UNDERSTAND? Do You KNOW HOW?
1 How can Solve each system of equations by graphing.
you use a graph ta illustrate the solution to 5.y=2x+5 6. y=—2x+2
a system of linear equations? 1 3
y=—ox 24+ 3y=0H

2. Represent and Connect How does the
graph of a system of equations with one
solution differ from the graph of a system of
equations with infinitely many solutions or
no solution?

7. Juanita is painting her house. She can either
buy Brand A paint and a paint roller tray
or Brand B paint and a grid for the paint
roller. For how many gallons of paint would
the price for both options be the same? If

3. Communicate and Justify How does the Juanita needs 15 gallons of paint, which is
point of intersection of the two graphs the better option for the money?
represent the solution to a system of linear
equations?

system of equations has no solution
because the slopes are the same.
Describe Reese's error,

4, Error Analysis Reese states that the @ m
A B
b LS

1-gallon 1 paint 1-gallon 1 grid for
y==3x-1 Can: roller tray: an: paint roller:
3+ y=—1 527gallon $3 $25/gallon %5
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) PRACTICE & PROBLEM SOLVING

UNDERSTAND

8. Use Patterns and Structure Describe the

Solve each system of equations by graphing.

solution set for the system of equations that SEE EXAMPLE 1
includes the equation of the line shown and
each equation below. 1B.y=-x-12 14.y=x
y=3x-7 ¥ =2x
1. x4+y==5 16. 3x + 2y ==3
) ;x 2 2n =3y ==15

Determine whether each system of equations
shown in the graph has no solution or infinitely
many solutions. 5SEE EXAMPLE 2

ay=3x-3 17. R
b.2x+y=86

2
L x-2y==-2 "-.\ r

. . — O
9. Analyze and Persevere Write an eguation 4 \ 2 4
in slope-intercept form that would have

—i
equations with 5x — 2y = 8. 1\

infinitely many solutions in a system of
18. ¥
.
X

10. Generalize Copy and complete the table by
writing the word same or different to show
how the slope and y-intercept of each equation
relate to the number of solutions in a system of
two linear equations.

Nun ber of solutions

=3 -1 N[O i
y-intercepts -2
Cne solution - 4 L4

Infinitely many solutions
Mo solution

Write and solve a system of equations for the

; . i ituation. SEEEXAMPLE 3
11. Error Analysis Describe and correct the error ey s

a student made in finding the solution of the 19. Roshaun has saved $150 and continues to add

12
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system of eguations.
¥y+3x=19
¥=3x+9

There are aninfinite number of
solutions since the coefficients

of the variables and the x

constants are thf Same
Higher Order Thinking The solution of a system

£10 each week. Keegan starts with 0 and saves
$25 each week.

a. In how many weeks will they have the same
amount of money?

b. What amount of money will they each
have saved?

Solve each system of equations by graphing.
Round your answers to the thousandths,
if necessary. SEE EXAMPLE 4

. v a B " = 1 1_ = —
of equations is (3, 2). One of the equations in - ‘F_ 3:16 2 F_df:_-gs
the system is 2x + 3y = 12. Write an equation in y= ks
slope-intercept form that could be the second 22 y=9x +2 23.y= ;JH_ q
equation in the system. = _ Ty
¥ y=-3x-4 y= —%x +4



®) PRACTICE & PROBLEM SOLVING

4.

25.

26.

Use the graph to determine the solution for the
system of equations.

¥

/ :
jrﬂz 4

a. Check for Reasonableness How does the
graph show that the solution of the system of
equations has an x-value between 2 and 3?

b. What is the approximate solution of the
system of equations?

Apply Math Models Gabriela considers buying
fleece jackets from Anastasia’s Monograms

or Monograms Unlimited. Anastasia's charges
a ane time desian fee and a price per jacket.
Monograms Unlimited only charges a price
per jacket.

Design foe: 615

Price per bocket: 532 Jesign fee: 50
EEE
o

a. Write and solve a system of equations to
represent the cost for a jacket from each
company.

Price per Jacker: $35

b. What does the solution mean?

c. Gabriela needs to buy 10 jackets. Which
company should she choose? How does the
graph help her decide? Explain.

Generalize How do you know when the
solution to a system of equations is a precise
answer and when it is an approximate answer?

LESSON 4-1 Sclving Systems of Equations by Graphing

&) ASSESSMENT PRACTICE

27.

28.

29.

Consider the system of equations. § ara.1
= -':-x + 2
3x+4y=8

How many lines does the graph of this

system have? What is the solution of the
system?

SAT/ACT Select which is the solution of the
system of equations.

¥=-3x-3

y=-0.5x+2

& (0, 2) @ (-1, 0)

e (1,2 ® (-2 3

Performance Task The lines that form the three
sides of the triangle can be grouped into three
different systems of two linear equations.

4 ¥ (2. 4)

—d O 214
ri
2}

(4, —5)

Part A Describe the system of equations that
has each solution.

a. (2,4
b. (-2, -2)
c. (4, =5}

Part B Replace the solution (4, —5) to make an
acute triangle. What are the coordinates of the
new triangle?

Part C Describe the system of eguations that
will produce each of the new coordinates.
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4 -2 ¥ ) MODEL & DISCUSS

Rochelle is conducting an experiment

Snlwng Systems on cells of Elodea, a kind of
of Equations by water plant. To induce plasmaolysis - -
Substitution at the correct rate, she needs to use — 800 — 80D
an 8% saline solution, but she has
only the solutions shown. w0oe 800 1000 — 600
: mL =400 mlL — 400
A. If Rochelle mixes the two =200 - 200
I CAN... solve a system solutions to get 1,000 mL of an
U BRUNEIES UV S 8% saline solution, which will she Solution A Solution B
substitution method. use more of? Explain. 10% saline 5% saline
a B. How can Rochelle determine the amount of each solution she needs to
MA91 2AR 9. 1-Glven & 5 _
mathemsatical o melwvoekd make the 8% saline solution?
 wirite and 5ol
?I&?Nx:;{::n;ﬂ::;ﬂ;m C. Choose Efficient Methods Are there any methods for solving this
algebraically or graghically. prablem other than the one you used in part B? Explain.
MAKIZMTR.3.1, MTRE.1,
MTR.7.1
" ESSENTIAL QUESTION How do you use substitution to solve a system
. of linear equations?
CONCEPTUAL o NGRS Solve Systems of Equations Using Substitution
JUNDERSTANDING
What is the solution of the system of equations?
y=6x+7
ix —8By=4

Step 1 The first equation is already solved for y, so substitute 6x + 7 for y in
COMMON ERROR the second equation.
The value of the variable can be

: 3x—-8By=4
an expression, so be sure to use )
parentheses when substituting Ix—8l6x+7)=4 Substitute fix + 7 for y.
an expression for the value of a
variable. S5tep 2 Solve for x.

3x-Blex+7)=4
Ax—48x -5 =4

_45x — 56 =4
—45x = 60

- _3

e

Step 3 Substitute —; for x in one of the equations and solve for p.

y=bx+7
¥= 5{ ?,.] + 7
¥= -B+7
y=-=1
This systern of equations has exactly one solution, {—%, -1 ]

CONTINUED OM THE NEXT PAGE
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EXAMPLE 1 CONTINUED

Step 4 Check by substituting the values into each of the original equations.
LEARN TOGETHER

=6 7 3x - By=4
How can you provide constructive ¥ ) ol s
feedback while being aware of (-1026(-3)+7 3(-3)-8C-1=a
the feelings and reactions of 118 AiBia
others? = =
“1==-17 4=47
@ Try It! 1. Use substitution to solve each system of equations.
ax=y4+6 b.y=2x-1
¥+y=10 2x 4+ 3y=-7
o Compare Graphing and Substitution Methods
A vacation resort offers surfing
lessons and parasailing. If a person
takes a surfing lesson and goes
parasailing, she will pay a total of
#175. On Friday, the resort collects
a total of $3,101 for activities shown
in the photo. How much dees each
activity cost?
X+ y=175 20x + 16y = 3,10
Let x be the price of a surfing
lesson per person. Let y be the 20 peaple take &
price of parasailing per person. surfing lessons. -
Method 1
Solve the system of equations by graphing.
(75.25, 99.75) Check your answer.
X+ y¥y=175
CHECK FOR 7525+ 9975 =175
REASONABLENESS 175 = 175 /

How could you show that
(75, 100 is a good estimate
for the solution of the system?

20x + 16y = 3,101
20(75.25) + 16(99.75) = 3,101
xscale: 10y scale: 20 1,505 + 1,596 £ 3,101
3101 =3,101

Surfing lessons cost $75.25 and parasailing lessons cost $99,75,
CONTIMUED OM THE NEXT PAGE
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STUDY TIP

Remember that after solving one
eguation for a variable, you need
to substitute the solution into the
other equation in the system of
equations.

EXAMPLE 2 CONTINUED
Method 2
Solve the system of equations by substitution.
Step 1 Solve one of the equations for either x or y.
x+y=175
X+y=y=1I5=y
x=175-y

Step 2 Substitute for x and solve for y.

20x + 16y = 3,101

200175 — ) + 16y = 3,101 Substitute 175 — y for x.
4y =-399
y=99.75
Step 3 Substitute 99,75 for y in one of the equations and solve for x.
X4+ y=173
X+99.75=175
X = 75.25
Step 4 Check by substituting the values for x and y into each of the original
equations.
x+y=175 20x + 16y = 3,101
75.25 + 99.75 L 175 20(75.25) + 16(99.75) £ 3,101
175 =175 # 1,505 + 1,596 £ 3,101

3101 =311

It costs $75.25 to take a surfing lesson and $99.75 to go parasailing.

@ Try It! 2.0n Saturday, the vacation resort offers a discount on both
activities, To take a surfing lesson and go parasailing costs $130,
That day, 25 people take surfing lessons, and 30 people go
parasailing. A total of $3,650 is collected. What is the discounted
price of each activity?

EPR AN IS N:EE Systems With Infinitely Many Solutions or No Solution

What is the solution of each system of equations?
Aly=3x+1

6x — 2y =—2

Bx =2y = =2

Bx— 2(3x + 1) = 2

by — Gx— 2 =-2

-2 ==2

The statement -2 = -2 is an identity, so the systern of equations has

infinitely many solutions. Both equations represent the same line.
All points on the line are solutions to the system of equations.

Substitute 3x + 1 for v and then simplify,

CONTINUED OM THE MEXT PAGE
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CHECK FOR
REASONAELEMESS

When the result of solving a
system of equations is a false
statement, there are no values
of x and y that satisfy both
equations.

APPLICATION
—

Formulate

Compute +

Interpret 4

EXAMPLE 3 CONTINUED

B. Sx-y=-=4
y=5x-4
ok — y=—-4
Sx — (5x — 4) = —4 Substitute 5x — 4 for v and then simplify,

Sk —5x+4=-4
4=-4

The statement 4 = —4 is false, so the system of equations has no solution.

@ Try It! 3. Solve each system of equations.

b.y=-2x+5
2x4+y=5

a x+y=-4
y=-x+4+5

2 32N ER Model Using Systems of Equations

Mate starts a lawn-mowing business.
In his business he has expenses and
revenue. Nate's expenses are the cost
of the lawn mower and gas, and his
revenue is $25 per lawn. At what
point will Nate's revenue exceed his
expenses?

Gasoline:
i 12 per lawn

Write a system of linear equations to
model Mate's expenses and revenue.

In both equations, let y represent the dollar amount, either of expenses
or revenue. Let x represent the number of lawns Nate mows.

Mate's expenses: y = 2x + 200 Mate has an initial expense of

Nate's revenue: y = 25x £200 and then an additional
expense of $2 per lawn.

Substitute for y in one of the equations.

y=2x + 200
25x = 2x + 200
23x = 200

x=87

Since x is the number of lawns Nate mows, he needs to mow 8.7 lawns
before his expenses and revenue are equal. However, Nate is hired to mow
whole lawns and not partial lawns, so 8.7 is not a viable solution to the
prablem. He will need to mow 9 lawns,

Mate will need to mow 9 lawns before his revenue exceeds his expenses.

@ Try It! 4. Funtime Amusement Park charges $12.50 for admission and

then 30.75 per ride. River's Edge Park charges $18.50 for
admission and then 50.50 per ride. For what number of rides is
the cost the same at both parks?
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@) CONCEPT SUMMARY Solve by Graphing and by Substitution

GRAPHING ¥+ =055 ¥

8x - 4y=135 The point of intersection
4 is about (2.1, 3.4),

SUBSTITUTION x+y=55

B —dy=3.5
Solve for one variable, Substitute for x. Substitute for .
x+y=55 Bx-4y=35 X+y=55
X=55-y 855-y)-4y=35 X+ 3375=55
44 8y - 4y=35 x=2125
12y = —40.5
y=3.375
© Do You UNDERSTAND? Do You KNOW HOW?
1. How dao you Use substitution to solve each system
use substitution to solve a system of linear of equations.
equations? 5.y=6-x 6. x=-y+3
2. Choose Efficient Methods When is using X 2 i 3x -2y =-1
a graph to solve a system of equations 7.-3x—-y=7 B.6x—3y=-6
more useful than the substitution X+2y=6 y=2x+2
method?
9, A sports store sells a total of 70 soccer balls

in one month and collects a total of $2,400.
Write and solve a system of equations to
determine how many of each type of soccer
ball were sold.

3. Error Analysis Simon solves a systemn of
equations, in x and y, by substitution and
gets an answer of 5 = 5. He states that the
solution to the system is all of the points
{x, ¥) where x and y are real numbers,

Describe Simon's errar, Limited Edition Pro N5L
soccer ball soccar ball
4. Choose Efficient Methods When solving a $65.00 $15.00

system of equations using substitution, how
can you determine whether the system has
one solution, no solution, or infinitely many
solutions?
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(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Choose Efficient Methods When given a system
of equations in slope-intercept form, which is
the most efficient method to solve: graphing
of substitution? Explain.

11. Use Patterns and Structure After solving a
system of equations using substitution, you end
up with the equation 3 = 2. What is true about
the slope and y-intercepts of the lines in the
system of equations?

12. Error Analysis Describe and correct the error
a student made in finding the number of
solutions of the system of equations.

x—2y=-4

Sx - 3y=1
x=1y-4
Sx=3y=1
y—4 —-2y=-4
—-4=-4

Infimtely many solutions x /

13. Generalize When using substitution to solve
systems of equations that have no solution
or infinitely many solutions, the variables are
the same on both sides. How is the solution
determined by the constants in the equations?

14. Apply Math Models The perimeter of a
rectangle is 124 cm, The length is six mare than
three times the width. What are the dimensions
of the rectangle?

15. Mathematical Connections Two angles are
camplementary. One angle is six maore than
twice the other. What is the measure of each
angle?

16. Higher Order Thinking One equation in a
system of equations is 5x — 2y = -4,

a. Write a second equation in the system of
equations that would produce a graph with
parallel lines.

b. Write a second equation in the system of
equations that would produce a graph with
one line.

Use substitution to solve each system of equations.
SEE EXAMPLE 1

17.y=2x-4 18.y=3x-8
Ixn—2y=1 y=13 - 4x

19.y=2x-7 Zﬂ._}r:—;x
9x+y=15 2+ 2y="5

2. x=3y-4 22. 5+ 2y =-10
2% - 3y=-2 y=_gx+2

Consider the system of equations. SEE EXAMPLE 2
X+y=5
2x—y=-12

23. Solve the system of equations by graphing.

24. Solve the system of equations wusing the
substitution method.

25. Which method do you prefer in this instance?
Explain.

Identify whether each system of equations has
infinitely many solutions or no solution.
SEE EXAMPLE 3

26, 4x + By =-8 27. 2 - 3y=6
k=-2y+1 }r=§x—2
28. 2x + 2y =06 29. 2% + S5y =-5

dx +dy =4 }r=—§x—1

Write and solve a system of equations for the
situation. SEE EXAMPLE 4

30. At a hot air balloon festival, Mohamed's
balloon is at an altitude of 40 m and rises
10 m/min. Dana’s balloon is at an altitude of
165 m and descends 15 m/min.

a. In how many minutes will both balloons be
at the same altitude?

b. What will be the altitude?

31. Richard and Teo have a combined age of 31.
Richard is 4 years older than twice Teo's age.
How old are Richard and Teo?
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) PRACTICE & PROBLEM SOLVING

32. Use Patterns and Structure The sum of two
numbers is 4. The larger number is 12 more
than three times the smaller number. What are
the numbers?

33. Apply Math Models In a basketball game, the
Bulldogs make a total of 21 shots. Some of the
shots are 2-point shots while others are 3-point
shots. The Bulldogs score a total of 50 points.
How many 2-point and 3-point shots did
they make?

34. Analyze and Persevere Stay Fit gym charges
a membership fee of $75. They offer karate
classes for an additional fee.

WARATE

Members:
$3 per class

Nen-members:
58 per class

a. How many classes could members and
non-members take before they pay the
same amount?

b. How much would they pay?

35. Apply Math Models Abby uses two social
media sites. She has 52 more followers on Site A
than on Site B, How many followers does she
have on each site?

Social Media Site A

Abby's Studiol & L o
@abbysdicone.com photas | followers |fallowing

| followly |

700 total folloveers

d'abby studioone.com my new
photo and an studo i now open!

far both social
Social Media Site B media sites,
& A—
L] ']
Abky's Elag photos | fillowers [following

@abbysphotoscom

Follow

m- Edits - Settings
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[+) ASSESSMENT PRACTICE

36. What are the x- and y-coordinates of the

solution for the system of equations? @ ar.a.1

K=-y+4
2x 4+ 3y=4

. SAT/ACT Describe the solution of the system

of equations.
2x —5y=-5
y= éx -2
@& No solution
& Infinitely many solutions

& (10, 5)
@ (s, 3)

38. Performance Task Each side of a triangle lies

along a line in a coordinate plane. The three
lines that contain these sides are represented
by the given equations.

Equation 1:x — 2y = —4
Equation 2: 2x + y = -3
Equation 3: 7x — 4y = 12

Part A Write three systems of equations
that can be used to determine the vertices
of the triangle,

Part B What are the coordinates of
the vertices?

Part C Is this a right triangle? Explain.



4-3

Solving Systems
of Equations by
Elimination

| CAN... solve systems of
linear equations using the
elimination method.

a MA 912 AR 9.1—Given a

mathematical or real-world
context write and solve a system
ol bwovanable irear pouatiors
algebeaically or graphicaly.

Also AR.9.6

MAKTZMTR.2.1, MTR.4.1,
MTR.5.1

COMMON ERROR

You may think that you need to
add the same expression to each
side of the equation. However,
since &x — y = &, adding one of
the expressions to each side of
the equation is still adding an
equivalent value to each side of
the equation

¥ ) CRITIQUE & EXPLAIN

Sadie and Micah used different methods to solve the system of equations.

y=2x+3
dx - y=5
Sadie's work Micah's work
r " r . |
dx—[Ix + 3} =5 y=2x+ 3andy =4x -5
A=2x=3=5 N+ 3=4u=5
2x-3=5 8= 2y
1y = x=4
N = y=2(4) +3
y=2[4)+3=11 y= 11
The solution is (4, 11). The solution is (4, 11)
L p— o4 &k p— 4

A. In what ways are Sadie’s and Micah's approaches similar? In what ways
are they different?

B. Are both Sadie’s and Micah's approaches valid solution methods?
Explain.

C. Choose Efficient Methods Which method of solving systems of equations
do you prefer when solving, Sadie’s metheod, or Micah's method? Explain,

Why does the elimination method work
‘? ESSENTIAL QUESTION when solving a system of equations?
OEZETEY solve a system of Equations by Adding

What is the solution to the system of equations?

x+y=7
k—y=2
You can add equations to get a new equation that is easier to solve.
K+y=17 _
Match like terms +-y=2 tl'r:rr;i :anlus:ms ol i
3x4+0=19 '

This method works because of the Addition Property of Equality.

x+y=7
Xy +@x=y) =7 +2 Since 2x — y and 2 are equal, .
you can add 2x —  to the left dde
l+2) +ly-y=7+2 and 2 1o the right side.
ix+0=9

Look carefully at the last two steps. They are the same as adding like terms
in the eriginal system of equations.

X+y=17 x+22)+ly-¥)=7+2
+2x—y=2 Ix+0=9
3Ix+0=9

COMNTINUED ON THE NEXT PAGE
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CONCEPTUAL
UNDERSTANDING

REPRESENT AND CONMNECT
The two equations have the
same solution because of the
Multiplication Property of
Equality.

EXAMPLE 1 CONTINUED

So3x=9,0rx=3.
Moww substitute 3 for x in either of the two equations in the system of equations.

x+y=7
i+y=7
y=4

The solution to the system of equations is (3, 4).

@ Try It! 1.5olve each system of equations.

a. 2x=4y=2 b. 2x+3y=1
-x+dy=3 =X+ 2y=-6

o |:H VNN Understand Equivalent Systems of Equations

What is the solution to the system of equations?
XK+3y=1
x+2y=68

Before adding equations, multiply each side of one of the equations by a
constant that makes either the x or y terms opposites.

X+3y=7 Multiply by —2. 2x+3Y)==2.7
2x+ 2y=6 2x+2y=46

The result is an equivalent system that has the same solution as the original
systemn. This is because the first equation has the same solution after
multiplying each side by the same nonzero value.

MNeww solve by adding the equations.

-dx = by ==14 - i
Distribute the —2 on each
+2x+2y=86 side before adding.
0- 4}" - —8

So -4y = —8, or ¥ = 2. Now substitute 2 for y in either of the two equations
in the system.

xX+3y=T7
x+ 32 =7
x=1

The solution to the system is {1, 2.

-@ Try It! 2.5olve each system of equations.

a x+2y=4 b. 2x+y=2
2x—Gy=-1 ¥x—2y=-5
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arpuication  @ISTINIRED Apply Elimination
_

A florist is making regular
bouguets and mini bougquets,
The florist has 118 roses and
226 peonies to use in the
bouguets. How many of
each type of bouguet can
the florist make?

Each regular bouquet has
5 roses and 11 peonies.

Each mini bowquet has
Formulate 4 Let x be the number of reqular bougquets 3 roses and 5 peonies.
and y be the number of mini bouguets,

Roses: Sx +3y=118
Peonies:  11x + Sy =226

Compute 4 Multiply each equation by constants to eliminate one variable.

Sx + 3y =118 Multiply by 5. 25x 4 15y = 590
11x + Sy =226 Multiply by —3. -33x - 15y = -678
-8x+ 0 =-88 Add the eguations
There are many ways to do this. In x=11 to eliminate y.

this case, 15 is the LCM of 3 and 5,

RNy SN +3y =118 . ¢ pesitute 11 for
5543y =118 x and solve for p.

3}":53

y =21

The solution is (11, 21).

Interpret 4 Only whole number values for x and y are viable options because the
florist would only make complete regular bouguets or mini bougquets. So
(11, 21} is a viable solution to the problem.

The florist has enough roses and peonies to make 11 regular and
21 mini bouguets.

@ Try It! 3.Before the florist has a chance to finish the bougquets, a large
order is placed. After the order, anly 85 roses and 163 peonies
remain, How many regular bouguets and mini bouguets can
the florist make now?

LESSOM 4-3 Solving Systems of Equations by Elimination 141



STUDY TIP

Since the coefficients of the
y-terms have the same sign,
multiply by a negative number.

o | CALIGA NS Choose a Method of Solving

What is the solution of the system of equations?

A, y=x+13

2x +Ty=10

Since the first equation is already solved for one of the variables,
you can easily substitute x + 13 for y.

2+ Tx+13)=10

9 + 91 =10 y=-9+13
9x = —81 y=4
x=-9

The solution is (=9, 4).

. Bx — 2y = -8B

Sk —=dy =17

The coefficient of y in the second equation is an integer multiple of the
coefficient of y in the first equation. This makes it easy to eliminate
the y variable,

8x — 2y =-8 Multiplyby -2. —16x + 4y =16

—11x+0=33
Add the equations, em=3

Solve for x.
Maow solve for y.

5(-3) -4y =17
=15 =ay=17
—qy =32
y=-8

To use the substitution method, you would have to solve for one of the
variables first. Because of the structure of the equations, elimination is
an easier method.

The solution is (-3, =8).

@ Try It! 4.What is the solution of each system of equations? Explain your

choice of solution method.

a . bx+12y=-6 b.3x -2y =138
Ax - 2y=-27 x=6-y
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@) CONCEPT SUMMARY Elimination vs. Substitution

Substitution

P[0 When one eguation is already

solved for one variable, or if it is
easy to solve for one variable, use
substitution.

ALGEBRA

Ax+y=8
¥=2y-2

Iy - +y=8
By —6+y=8
Ty=14

y=2

¥=2(2) -2
=2

© Do You UNDERSTAND?

1. Why does the

glimination method work when solving a
system of equations?

2. Error Analysis Esteban tries to solve the

following system.

Tx—dy=-12

x—2p=4

His first step is to multiply the second
equation by 3.

Ta=dy=-12

Ix—6By=12
Then he adds the equations to eliminate a
term. What is Esteban’s error?

3. Communicate and Justify How can
you determine whether two systems of
equations are equivalent?

4. Mathematical Connections The sum of
5 times the width of a rectangle and twice
its length is 26 units. The difference of
15 times the width and three times the
length is 6 units. Write and solve a system of
equaticns to find the length and width of
the rectangle.

Elimination

When you can multiply one or both
equations by a constant to get like
coefficients that are oppaosite, use

elimination.
Ix-Ty=16 Multiply by 5. 15x — 35y =80
Sx—4y=19  Multiplyby —3. = —15x + 12y = 57
0-23y=23
y=-1

I -T-1)=16

3x=9
x=3
Do You ENOW HOW?
Solve each system of equations.
5. 4x - 2y=-2 B.3x+2y=4
Ix+2y=-12 Ix + By =-24
T.d){—]_p':—g B.k—i}-‘:—d
I+ 2p=-1 M —By=86

9. Catori is a landscape photographer. One
weekend at her gallery she sells a total of
52 prints for a total of $2,975. How many of
each size print did Catori sell?
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Communicate and Justify How does the
structure of a system of equations help you
choose which selution method to use?

11. Generalize Consider the system of equations.
Ax + By =0C
P+ Qy=R
If the systemn has infinitely many solutions, how
are the coefficients 4, B, €, P, Q, and R related?

If the system has no solution, how are the
coefficients related?

12. Represent and Connect Write and solve a
system of equations for the graph shown,

L
&

4

2

P

X
oz#\g

13. Error Analysis Describe and correct the error
a student made in finding the solution to the
system of equations.

2x—y=-1
X-y=-4

2 —y==—1
=1x—y)=-4
x—y=-1
-x+y=—4
x=-5

2[-5) -y=-1
-10-y=-1
-y=19

The solution 1s (=5, —9). x /

14. Use Patterns and Structure Explain the
advantages of using substitution to solve the
system of equations instead of elimination.

X=6+y
48 = 2x + 2y
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Solve each system of equations. SEE EXAMPLES 1 AND 3

B.x-y=4 16. x = 2y = =2
2x+y=5 Ix+ 2y =30

17.3x 4+ 2y =8 18.x = 2y =1
X+ dy=-4 2x+3y=-12

19. 7x - 4y = =12
K—2y=4

20. 5x + &6y = =B
Ix—3y=-54

21. 2x 4 Sy = =20
k- 2y=-1

22, 4x - 3y =17
2 —Gy="5

Is each pair of systems of equations equivalent?
Explain. SEE EXAMPLE 2

23.3x— 9y =5 Gx — 9y =10
6x+ 2y =18 Gx +2y=18

24. Ay + 2x = -7 Ay + 2= -7
2y—-bx=8 - 12x=16

25. 5% + 3y =19 10x + 6y = 38
2x+4y=20 10x + 20y = 100

Write and solve a system of equations to model
each situation. SEE EXAMPLE 3

26. Two pizzas and four sandwiches cost 562, Four
pizzas and ten sandwiches cost $140. How
much does each pizza and sandwich cost?

27. At a clothing store, 3 shirts and 8 hats cost $65.
The cost for 2 shirts and 2 hats is $30. How much
does each shirt and hat cost?

Selve each system. Explain your choice of solution
method. SEE EXAMPLE 4

2B. 6x — Sy = —1
6x +dy=-10

29. By — 4y =4
x=y-—4

30. 5x — 2y = —b
3x—dy=-26

M. 2x-3Iy=-14
Sx +dy =12



(©) PRACTICE & PROBLEM SOLVING

32. Communicate and Justify DeShawn and Chris

3.

34

35.

36.

are solving the following system of equations.
x—dy=-8
3x+4dy=0
DeShawn says that the first step should be to
add the two equations to eliminate y. Chris
says that the first step should be to multiply
the first equation by —3 so you can eliminate
the x-terms.

Wha is correct? Explain.
Choose Efficient Methods Describe a system of

equations where each solution method would
be the most efficient to use,

a. Graphing

b. Substitution

. Elimination

Apply Math Models Two groups of friends go
to a baseball game. Each group plans to share

the snacks shown. What is the price of one
drink and one order of churros?

ﬁ S 3 drinks and
2 orders of churros:
--ﬂtn--%13 _e $16.00

rﬁﬂ ﬁ T
Higher Order Thinking Determine the value

of n that makes a system of equations with
a solution that has a y-value of 2.

Bx + by = 32
2x+ny=18

5 drinks and
5 orders of churres:
531.25

A group of 30 students from the senior class
charters a bus to an amusement park. The total
amount they spend on the bus and admission
to the park for each student is 51,770,

A group of 50 students from the junior class
also go to the amusement park, but they
require two buses, If the group from the junior
class spent 53,190 in total, how much does it
cost to charter one bus?

LESSONM 4-3 Solving Systems of Equations by Elimination

IE.:I ASSESSMENT PRACTICE

37.

38.

39.

Julia is solving a system of equations using
elimination. The first two steps of her solution
are shown below. List a property of equality to
justify each of her steps. Then, find the salution
of the system of equations. g ars9.1

A+ 3y=6 A% +3y=6
2-5y=16 D —x + 10y = 32
0+13y=-26

SAT/ACT A rental company can set up 3 small
tents and 1 large tent in 115 min. They can set up
2 small tents and 2 large tents in 130 min. How
much time is required to set up a small tent?

@& 15 min
® 25 min
© 35 min
@ 40 min

Performance Task At Concessions Unlimited,
four granola bars and three drinks cost $12.50,
Two granola bars and five drinks cost §15.00.

At Snacks To Go, three granola bars and three
drinks cost $10.50, Four granola bars and two
drinks cost 510.00.

Part A Write a system of equations for each
concession stand that models the price of
its items.

Part B Solve each system of equations. What
do the solutions represent?

Part C You decide to open a new concessions
stand and sell granola bars and drinks.
Determine a price for each item that differs
from the prices at Snacks To Go. Then write a
system of equations to model the prices at your
snack bar.
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4-4

Linear Inequalities
in Two Variables

| CAN... graph solutions
to linear inequalities in two
variables,

VOCABULARY

* linear inequality in two
variables

* solution of a linear
inequality in two variables

a MAST 2AR 2. T-Wrile bwo-

wa nable lnea neguabilies o
represEnt relateirrshups batween
guanliBed [ o graph of & wiBen
SESOnpmon wathn 3 maifesmarcal
o reabworkd context Also AR B
BLA K12 MTR 1.1, MTRS.1,
BTR.T.1

A. What type of model could

) MODEL & DISCUSS

A flatbed trailer carrying a load
can have a maximum total
height of 13 feet, 6 inches. The
photograph shows the height of
the trailer before a load is placed
on top. What are the possible
heights of loads that could be
carried on the trailer?

represent this situation? Explain.

B. Will the type of model you chose

show all the possible heights of the loads without going over the
maximum height? Explain

C. Represent and Connect Interpret the solutions of the model. How many

solutions are there? Explain,

How does the graph of a linear inequality in
? LAy A AslEf iy g () B two variables help you identify the solutions of

the inequality?

o LV IJRBE Understand an Inequality in Two Variables

CONCEPTUAL
_UNDERSTANDING

S5TUDY TIP

You used substitution to test
whether an ordered pair is a
solution of an equation. You can
do the same to test whether an
ordered pair is a solution of an
inequality.

A, What is the solution of the inequality y < x = 17

The inequality y < x = 1 is an example of a linear inequality in two
variables. It has the same form as a linear equation but uses an ineguality
symbol. The solution of a linear inequality in two variables is all ordered
pairs (x, ) that make the inequality true.

You can plot these ordered pairs on a coordinate plane to understand the
solution of the inequality.

¥
d I- =K = 1
2
'l'-'l:ﬂ y=x 1". the x | The p-value of
solutions are all points * | svery point on the
1 =2 0/ 113 y po
on the red line. / blue ray is kess
than or equal to
4 x — 1 for each x
Now imagine drawing the
blue ray for every x-value,
The salution of the |
inequality is all points on =) :;I [h::: F;:;ﬁp
the line (called a boundary 5h3;ted region
fine) and in the shaded :
region. 4

CONTINUED ON THE NEXT PAGE
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COMMON ERROR

Be sure to use a dotted line when
graphing linear inequalities with
< OF >,

EXAMPLE 1 CONTINUED
B. What is the solution of the inequality y > x — 17

The process for finding the solution of y > x — 1 s similar to finding the
solution of y < x — 1. For each x, find all values of y that are greater
thanx - 1.

~x=1,% ' The boundary line is a
neguali = 2 - dashed line to indicate

Eie;-;:u mpl:" T < = that points on it are not

shade above the line. e part of the solution.

The solution of the inequality is all points in the shaded region.

9 Try It! 1. Describe the graph of the solutions of each inequality.

APPLICATION
——— .

Formulate

Compute o

Interpret

ay<-3Ix+5 b.yz-3x+5

Rewrite an Inequality to Graph It

The Science Club sells T-shirts and key chains 1o raise
money,. How many T-shirts and key chains could they
sell to meet or exceed their goal?

Let x represent the number of T-shirts sold and
¥ represent the number of key chains sold. The total
amount of money they make must equal or exceed 5500,

10x + 2y = 500
Solve the inequality for y.

10x + 2y = 500

2y = =10x + 500
¥z -5x+ 250

Graph the inequality.

Draw a solid line
since the inequality is
greater than or equal to.

Shade above the line since
the shope-intercept form of
the inequality uses =,

X

al 20 40 \Q B0
Any point in the shaded region or on the boundary line is a solution of the

inequality. Howewver, since it is not possible to sell a negative number of
T-shirts or key chains, you must exclude negative values for each.

©) Try1t! 2. will the Science Club meet their goal if they sell 30 T-shirts and

90 key chains? Explain in terms of the graph of the inequality.
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USE PATTERNS AND
STRUCTURE

The graph gives you information
about the inequality. What does
the solid line tell you about the

inequality?

HAVE A GROWTH MINDSET
When it takes time to learm
something new, how do you stick
with it?

148

o [ AAIGA R Write an Inequality From a Graph

What inequality does the graph represent?

Determine the equation of the bou

The graph is shaded g

above the line. 2

ndary line.

L -1 0
=t

/

The boundary line
is solid.

\ >
PR

The equation of the
boundary line is ¥y =x — 3.

The graph is shaded above the boundary line and the boundary line is solid,

50 the inequality symbaol is =,
The ineguality shown by the graph

isy=x—3,

@ Try It! 3.What inequality does each graph represent?

a i b.
4}’
2
-
=T
4 L+-01 1214
= i
-4
"

o AN IJA R Inequalities in One Variable in the Coordinate Plane

What is the graph of the inegquality in the coordinate plane?

A, x =31
You have graphed the solution

of a

one-variable inequality on a number line.

solution of x = 3 on a
number line

You can write x = 3asx + 0« y = 3. The
inequality is true for all y, whenever x = 3.

Imagine stacking copies of the solution on
the number line on top of each other, one
for each y-value, The combined solutions
graphed on the number line make up the
shaded region on the coordinate plane.

TOPIC 4 Systems of Linear Equations and Inequalities

solution of x = 3 on a
coordinate plane

CONTINUED OM THE MEXT PAGE



EXAMPLE 4 CONTINUED

B. ¥ =< 27 4 by
You can graph the solution of the |
. 2 3 o -+ == = = == = = -
USE PATTERNS AND inequality on a vertical number line. p X )
STRUCTURE i solutionof y < 2 on a ot 0 .
How are the apen circle and the vertical number line =4 =1 1.4
dashed line similar? | +2
Notice that the solution on the number -4+
line matches the shaded area for any i T b
vertical line on the coordinate grid. _
This is because x can be any number, 5“'““'?‘” ofy<2ona
and the inequality will still be y < 2. coordinate plane
@ Try It! 4. Graph each inequality in the coordinate plane.
a y»-2 b.x<1
@ CONCEPT SUMMARY Linear Inequalities in Two Variables
3 3
ALGEBRA FE—SX-I-‘l }J'.:_51+'1
GRAPH afY = 4}’ Mo solutions
~ are on the
2 i ‘2‘_ dashed line.
. [~ X Solutions are points . X
-4 -1 |0 N in the shaded region. -4 -2 O] | I~ 4
+2 =2 .
Solutions are also points |
—4 s 4
on the solid line.
© Do You UNDERSTAND? Do You KNOW HOW?
1. ‘? ESSENTIAL QUESTION Jalslttllai R iyl Tell whether each ordered pair is a solution
graph of a linear inequality in two variables of the inequality y > x + 1.
help you identify the solutions of the 5. (0, 1) 6.(3, 5
inequality?
) ) Graph each inequality in the coordinate plane.
3 Eamr_nunlr.ate amfl Just!f}.r Ho'm_f many 7.y>2x B.y<x—2
solutions does a linear inequality in two
variables have? 9. What inequality is shown by the graph?
3. Vocabulary Inwhat form do you write one 4 by
of the solutions of an inequality in two
variables?
4. Error Analysis A student claims that the - \ -
inequality y < 1 cannot be graphed on a —4 =3 © ™A
coordinate grid since it has only one variable. —2
Explain the error the student made. 4
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Analyze and Persevere Which inequality,
¥-1= i{x—4}m3x—4y<3, is shown by the
graph? Explain,

4];

2

11. Error Analysis Describe and correct the error
a student made in determining whether the
ardered pair (1, 1) is a solution of the inequality
y=-—dx+ 5,

yE=dx +5
1= -4{1) +5
1<-4+45
1=1

Since 1 is not less than 1,

the inequality is not true.

S0, (1, 1] is not a solution
of the inequality.

12. Higher Order Thinking What is the graph of
the inequality x < ¥+ 37 How is this graph
different from the graph of the inequality
y<x+3?

13. Analyze and Persevere Write an inequality
in two variables for which (3, 7) and (=2, 3)
are solutions.

14. Mathematical Connections Compare the graph
of a linear inequality x < 4 on a number line
with its graph on a coordinate plane. How are
they similar?

15. Generalize Explain why you can immediately
determine which side of the line to shade
when an inequality in two variables is solved
for y.

Graph each inequality in the coordinate plane.
SEE EXAMPLES 1, 2, AND 4

16.y>-2x+3 1. y<x—6
1E.y<_:%x—l 9. y>x-2
20. y < -0.5x + 2 2. y=15x -4
22. 2x =12 23. -2y <6

What inequality is shown by each graph?
SEE EXAMPLE 3

24, ¥
\ 3
=LA EFEN
_4\
25. ¥
L
‘fﬂd# X
-4 |- O
-2
26. ¥
4
Ar
ot -2
Tl X
-5 —4 -2 O
J
7. ELJ,.'
‘\
2
- x
or 1 4 ]
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(©) PRACTICE & PROBLEM SOLVING

28. Apply Math Models A school has 3600

29.

30.

to buy melecular sets for students
to build models.

a. Write and graph an inequality that represents
the number of each type of molecular set the
school can buy.

Large Kit

Srnall Kit

b. Suppose the school decides to buy 20 of the
large kits. How many of the small kits can the
schoaol now afford?

Apply Math Madels A freight elevator can
hold a maximum weight of 2,500 pounds.

A 180-pound persan has a load of boxes to
deliver, Some of the boxes weigh 25 pounds
each and some weigh 60 pounds each.

a. Write and graph an inequality that represents
the number of boxes the elevator can held in
one trip if the person is not in the elevator.

b. Write and graph an inequality that represents
the number of boxes the elevator can held in
one trip if the person rides in the elevator.

¢. Compare the graphs of the two inequalities.

Analyze and Persevere A soccer team holds a
banquet at the end of the season. The team
needs to seat at least 100 people and plans

to use two different-sized tables. & small

table can seat 6 people, and a large table can
seat B people. Write a linear inequality that
represents the numbers of each size table the
team needs. Graph the inequality. If the schoal
has 5 small tables and 9 large tables, will this be
enough for the banquet?

™) ASSESSMENT PRACTICE

31.

32.

3.

LESSON 4-4 Linear Inequalities in Two Variables

Select all the ordered pairs that are solutions of
the inequality y > 7x — 3. @ aR.27

0O A. (2, 15)
O B.(-3, -15)
O c.(o,-3)
0O D.(1,5
O E.(-2, -18)

SAT/ACT What inequality is shown by
the graph?

BAy>3x—4
By>ax-3

Cyz3x-4

B y>4ax-3
Performance Task A phone has a certain amount
of storage space remaining. There are 1000 mb

in 1 GB. The average photo uses 3.6 ME of space
and the average song uses 4 MB of space.

115 GB Fres

I ovies

Other = Photos -'-"-|.I|ZI'.-

Part A Write a linear inequality to represent
hew many additional photos x and songs y
the phone can store.

Part B Graph the ineguality. Describe how
the number of photos that are stored
affects the number of songs that can be stored.

Part C Does the graph make sense outside
of the first quadrant? Explain.
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MATHEMATICAL
MODELING

IN 3 ACTS

CC,

0 MASVLAR.3.1-Ghen a

mathermatical or real-woald
conbext, write and sobve a system
of wo-vanable irear eguatiors
algebrically or graphically.
MAKILMTR.?.1

© Get Up There!

Have you ever been to the top of a skyscraper? If so, you probably didn't
take the stairs. You probably took an elevator. How long did it take you to
get to the top? Did you take an express elevator?

Express elevators travel more quickly because they do not stop at every floor.
How much more quickly can you get to the top in an express elevator? Think
about this during the Mathematical Modeling in 3 Acts lesson.

Identify the Problem

1. What is the first question that comes to mind after watching the video?

2. Write down the main question you will answer about what you saw in
the video,

3. Make an initial conjecture that answers this main guestion.
4. Explain how you arrived at your conjecture.

5. What information will be useful to know to answer the main question?
How can you get it? How will you use that information?

ACT 2 Develop a Model

6. Use the math that you have learned in this Topic to refine your conjecture.

Interpret the Results

7. Did your refined conjecture match the actual answer exactly? If not,
what might explain the difference?
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Powered By
4 - 5 # ) EXPLORE & REASON REEN
v The graph shows the equations
Systems of Linear y=x—landys=—2x +4. hid
Inequalities
q A. Choose some points above and below the line !
¥ =x— 1. Which of them are solutions to _ ¥
¥ = % — 17 Which are solutionsto y < x — 17 olL” 4 &

B. Choose some points above and below the
line y = =2x + 4. Which of them are solutions
to y = —2x + 47 Which are solutions to
¥ —2x 4+ 47

| CAN... graph and solve a
system of linear inequalities.

VOCABULARY

* solution of a system of
linear inequalities

+ gsystem of linear inequalities

C. Use Patterns and Structure The two lines divide the plane into four
regions. How can you describe each region in terms of the inequalities
in parts A and B7

How is the graph of a system of linear
? REI gy EA sl ey (e) B inequalities related to the solutions of the

MAS12.AR.5.4-Graph the
solution set of a system of
twam-wariahle linear inequalities.

Alsa AR.9.6 .- et
MAKTZMTRLLY, MTR.L1, system of inequalities?
MTR.6.1
o I ENC AR Graph a System of Inequalities
CONCEPTUAL . ) . =
UNDERSTANDING What are the solutions to the system of linear inequalities?
2 A y=x-2
yE-x+1
A system of linear inequalities is made up of two or more
linear inequalities. Solutions of a system of linear inequalities are
ordered pairs that make aif of the inequalities true.
Lock at the solutions of each inequality separately.
Y ¥
Ho=Ey 4
2 -
Fa
7 yerx+1 M X
$ -1 0 2 -4 -2 O 4
— 2 -2
&
i
COMMON ERROR T 14 -

Points on the solid boundary line
for y = —x + 1 are solutions of
the system only when they are

Now find points that are solutions to both inequalities.

’ : : ¥
also in the region representing the Points in the overlapping Hy>xr2
solutions toy > x —2. region are in both shaded . - ud
regions. o
X NEUEE]
=4 =2 10 Ix | 4
’
-5
’
1 _41y:'- -x+1

The solutions of the system of linear inequalities are the ordered pairs where

the regions overlap.
g P CONTINUED ON THE MEXT PAGE
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EXAMPLE 1 CONTINUED

B.yz-x+2
y=—x-2
Graph each inequality.
Since the slopes of the boundary lines

are equal and their y-intercepts are
different, they are parallel, and do
5 Y==x+2

- \ not intersect,
Y
5 =30 3 4x The graphs do not overlap, so there
S \ is no solution to this system of
el 12 \\ inequalities,
—i "
L

™

@ Try It! 1.Graph each system of inequalities.

a.y<2x b.¥z-2x+1
y>-3 V=x+2
YR ALY AR Write a System of Inequalities From a Graph
What system of inegualities is shown by v W
REPRESENT AND CONNECT the graph? . !.r
What information can you ; ; ; : P
detamnine from the graphs of the Elllz‘terr'anr:r:je t?nﬁ::?:za':mn of each line using the P
lines? What information can you . ¥ e y
determine from the shaded region The slope of the red baundary line is 2 and it has i
of the graph? a y-intercept of 3. 1 X
The slope of the blue boundary line is <1 and "" 01 2 ‘1\‘E
it has a y-intercept of 4.
by o
f
6| |r
i
The red boundary line is | The blue boundary line is
y=2x+3. . y=—x+4.

X

¢ O ] li\t'r
F v
The solutions to the system are below the dashed red line, so one ineguality
isy<2x+ 3.

The solutions to the system are above the solid blue line, so the other inequality
5yz=x+44d

The graph shows the systemn of inequalities, ¥y < 2x+ 3and y = -x + 4.

CONTINUED OM THE MEXT PAGE
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EXAMPLE 2 CONTINUED

Try It! 2. What system of inequalities is shown by each graph?

d. i
* af

b.
4y %
o/x( \
- 4
4 L

: \ *

-A -4 Gya
i
%

=11 -8 4

appLICATION  (OJEIIIGERED Use a System of Inequalities
\‘l—

Malia has $500 to purchase water bottles

and pairs of socks for a fundraiser for her 52
school's cross-country team. She needs

to buy a total of at least 200 items. What $-3
graph shows the possible numbers of

water bottles and pairs of socks that

Malia could buy?

Formulate 4 Let x represent the number of water
bottles and y represent the number of pairs of socks that Malia buys.

Write a system of inequalities with the constraintsx = 0 and y = 0.
X+ y=200 Malia needs to buy af feast 200 items.
2x 4 3y = 500 Malia can spend at mast $500.
Compute 4 Graph the system of ineqgualities.

160 W\ % + y = 200
120

2x and 3y represent the B

total cost for each item. All the points where both

shaded regions overlap are
solutions of the system of
\ inequalities,

40
2x +|3y = 500
0

e

0 80 160 240

Interpret 4 Every point in the overlapping region is a selution of the system.
However every salution of the system is not necessarily a viable solution
of the real-world situation. Since Malia can only buy whole numbers
of water bottles or pairs of socks, only points with whole number
coordinates are viable solutions.

@ Try It! 3. Use the graph in Example 3 to determine if Malia can buy
75 water bottles and 100 pairs of socks. Explain.
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e CONCEPT SUMMARY Systems of Linear Inequalities

ALGEERA N ETER

y=2da—2

GRAPH The line is dashed so the

points on the line are not
included in the solution.

The solution of the system
of linear inequalities is the
shaded region.

@ Do You UNDERSTAND?

graph of a system of linear inequalities
related to the solutions of the system of
inequalities?

2. Error Analysis A student says that (0, 1)

is a solution to the following system of
inegualities.

¥=x

¥ 2x+1
She says that (0, 1) is a solution because it is
a solution of y = x. Explain the error that the
student made.

3. Vocabulary How many inequalities are ina
system of inequalities?

4, Choose Efficient Methods |5 it easier to
describe the solution of a system of linear
inequalities in words or to show it using a
graph? Explain.

All points below the dashed line

Al points above the solid line

The line is solid so the
points on the line may be
included in the solution.

Do You KNOW HOW?

Identify the boundary lines for each system
of inequalities.

S.y>=3x+4
¥=Bx+1

6. ¥ < —bx
y=10x-3

Graph each system of inequalities.

T.y=<-3x
ye

B.yzx-4
¥ —x

9, What system of inequalities is shown by
the graph?

i el

[
mimtmEmRE 480000

1

2
i ] X
-6 —4 | | O 2

1

Y 2
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(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Generalize How does a real-waorld situation

Graph each system of inequalities.

that is best described by a system of linear
inequalities differ from a real-world situation

SEE EXAMPLES 1 AND 3

that is best described by a single linear 16.y<2x+1 17.y<3x-2
inequality? ye-x-4 Yrx—2
11. Error Analysis Describe and correct the error 18y Lo 4 4 19, y < 1.
a student made in writing the system of ! 3
inequalities represented by the graph shown y>R43 yz-dx+1
below.
20. 2x + 3y <5 21 x+4y =3
"",‘.q.J"r yz2x-3 k-ys2
%
2] 22.y>03x 42 23y <0.25x - 4
L1 % X y=-02x+1 yz=x=3
—3-=1 0] .
—2 4. y< -5 25. —6x + 4y > 8
»
la 4\ dx —y=3 ye-—x-1
' N
26, x =1 27 y < -3x
The red boundary lineis y = 0.5x + 1. y<2x-3 y>-x-2
Since the line is solid, use = or 2 y>x =2

The blue boundary line isy = =2x + 2.
Since the line 15 dashed, use < or =.

What system of inequalities is shown by each

y=05x+1 graph? SEE EXAMPLES 2 AND 3
ys=ized X / 2. y 28, 4y
] 4 Fi
2 -y . II
e v 4 i
12. Mathematical Connections How is a system of L x i 7 ol |1
two linear inequalities in two variables similar =3 |9 ;f"a.‘ ‘AT\
to a systern of two linear equations in two ~21 P [Ty
variables? How is it different? ¥ / 4
> L 4
13. Check for Reasonableness Suppose you use a
system of inequalities to model a real-world 30. ‘1‘4 ¥ 3.
situation. After graphing the system, you see .
that point (a, b) lies in the solution region of 2
the coordinate plane. s it possible that (a, b) '\, =
could represent a non-viable solution to the = o 3 "..,1
real-world situation? Explain. |
14. Higher Order Thinking Can you write a system

15.

of three inegualities that has ne solutions?
Explain.

Represent and Connect Could the solutions
of a system of inequalities be a rectangular
region? If so, give an example.

LESSOM 4-5 Systemns of Linear Inequalities
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@ PRACTICE & PROBLEM SOLVING

32. Analyze and
Persevere A group
of at most 10 people
wants to purchase
a combination of
seats in Section A and
Section B, but does not |
want to spend more
than 5450. Graph the
systemn of inequalities
that represents
the possible ticket
combinations they
could buy. List three
possible combinations
they could buy.

33. Apply Math Models Kendra earns 510 per
hour babysitting and 515 per hour providing
tech support. Her goal is to save at least $1,000
by the end of the month while not waorking
more than 80 hours, Write and graph a system
of inequalities that shows how many hiours
Kendra could work at each job to meet her
goal. What is the fewest number of hours she
could work and still meet her goal?

34. Analyze and Persevere Alex knits hats and
scarves to sell at an art fair. He can make at most
20 hats and 30 scarves, but no more than
40 items altogether, in time for the art fair. Write
and graph a systemn of inequalities that shows
the possible numbers of hats and scarves Alex
can bring to the art fair if he wants to bring at
least 25 items. How do the solutions change if he
wants to make more hats than scarves? Explain.

35. Communicate and Justify Shannon and Dyani

graph the following system of inequalities.
yzax-1
x=y>1

Which graph is correct? Explain.

Shannon's graph

Dyani's graph

158 TOPIC 4 Systems of Linear Equations and Inequalities

[+) ASSESSMENT PRACTICE

Use the graph to answer Exercises 36 and 37.

\‘\ 4’
~
2
o X
4 =1 I+ 4
~
Sy
"
4

36. Which of the following is a solution of
the system of inequalities shown in
the graph? @ arsa

@(3,2) © (-1, 4)
®(-3,2 D (1, -4)

37. SAT/ACT Which of the following is the system
of inequalities shown by the graph?

my=-x+2 0 y=E-x+2
¥ = dax y=Aax

@y <-x+2 0 y>-x+42
T ¥ = ax

38. Performance Task A person is planning a
weekly workout schedule of cardio and yoga.
He has at most 12 hours per week to work out.
The amounts of time he wants to spend on
cardio and yoga are shown.

Training Program

hours of
cardio per
04:30 0M:12
hours of week
a per
lﬂkp total
Total 05:42 of 1 hours of
training

Part A Write a system of linear inequalities to
represent this situation.

Part B Graph the system of inequalities. Is there
a minimum number of hours the person will be
doing cardio? Explain.



Vocabulary Review

Choose the correct term to complete each sentence.

2. Aln)
3. Aln)

an equal sign,

4. Aln)
in the system true.
5. The is the set of all ordered pairs that satisfy

the inequality.

Concepts & Skills Review

is made up of two or more linear inequalities.

is an inequality that is in the same form as a linear
equation in two variables, but with an inequality symbol instead of

is an ordered pair that makes all of the inegualities

Topic Review

? TOPIC ESSENTIAL QUESTION

1. How do you use systemns of linear equations and inequalities to model
situations and solve problems?

* |inear inequality in two
varnables

» solution of an inequality
in two variables

* solution of a system of
linear inequalities

= systern of linear
inequalities

LESSON 4-1 Solving Systems of Equations by Graphing

Quick Review

Systems of linear equations can have one solution,
infinitely many solutions, or no solution. Graphing
a systermn of linear equations can result in either an
approximate solution or an exact solution.

Example ¥
What is the solution of ..
the system of equations?

Use a graph. 7 0
y=3x-1

y=-2x+3

The graph intersects at one point, so the system of

linear equations has one solution. Find the point
of intersection. The graph intersects at (0.8, 1.4).

Check that the solution works for both

equations.
y=3x-1 y=-2x+13
1.4 = 3(0.8) -1 1.4=-2(0.8)+ 3
14=14+ 14=14/

The system of equations has one solution at
(0.8, 1.4).

Practice & Problem Solving

Approximate the solution of each system of
equations by graphing.

6. y=5x+4 7. y=-3x-17
y==3x=-23 =15+ 4
. Use Patterns and ¥
4

Structure Describe
the solution set of the 3

system of eguations
10 / 4

X

made by the equation
¥=15x¢+4.5and the
graphed line,

L

. Apply Math Models Kiyo is considering

two catering companies for a party. A+
Food charges 535 per person and %75 to
setup. Super Cater charges 538 per person
with no setup fee, Write and salve a system
of equations to represent the charges for
catering by each company. Which company
should Kiyo use if she expects 28 guests?
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Solving Systems of Equations by Substitution

Quick Review

To use substitution to solve a system of
equations, isolate the variable in one equation
and substitute its value into the other equation.
Solve for the variable. Then use that value to
salve for the other variable.

Example
Solve the system of equations. e~
dx -2y =8
Substitute 3x = 5 for y and solve for x.
4 —2y=8
dx —2(Ix—5) =8
dx —6x +10=8
—2x=-2
x=1
Substitute 1 far x in either equation and solve for .
y=3x-5
=3{(1)-5

==2
The solution of the system of equations is (1, -2).

Practice & Problem Solving
Use substitution to solve each system of equations.

10, y=5x-2 M y=2x-3
Ix-5y=14 y=8—-2x
12, x=4y -8 13. y=25x-8

Ix—by=12 3x+5y=12

Identify whether each system of equations has
infinitely many solutions or no sclution.

14, Iy=3x-19 15. 3x — Ay =12
-2= 3, 3
¥ =X Fx=r+

16. Mathematical Connections A room has a
perimeter of 40 feet, The length is 4 less than
2 times the width. What are the dimensions
of the room?

17. Apply Math Models Benson has 58 mare
boxed action figures than collector pins.
In total he has 246 collectible items. How
many of each type of collectible item does
Benson own?

LESSON 4-3 Solving Systems of Equations by Elimination

Quick Review

To use elimination to solve a system of equations,
multiply one or both equations by a number

so that the coefficient of one variable in both
equations is the same or opposite, Then add or
subtract to eliminate one variable, and solve for
the remaining variable.

Example

Solve the system of equations. e=agr=1t

Sx—6y=18
Multiply the first equation by —2 and add the
two equations to eliminate y and solve forx.

dx — 3y =12 Multiply by —2.  —8x + By =-24
S5k —by=18 Sx—By=18
 -m=-F
=32

Substitute 2 for x into either equation
and salve for y.

5(2) - By = 18
4
y=-=3

The solution of the systern of equations is {2, —% .

160 TOPIC4 Systems of Linear Equations and Inequalities

Practice & Problem Solving
Solve each system of equations.

18, 2x—y=-2 19, Sx - 2y =10
Ix-2y=4 dx + 3y = -6

Is each pair of systems equivalent? Explain.

20. 21’—3}!":1!1 4]'—55":28
Sx—2y=8 —15x + 6y = —-24

21. Ix-4y=-b 6x - 8y=12
2x+5y=1 Gx +15y=13

22. Generalize Do you always have to multiply
one or both equations to use elimination?
Explain.

23. Apply Math Models Carmen and Alicia go to
the office supply store to purchase packs of
pens and paper. Carmen bought 5 packs of
paper and 3 packs of pens for 536.60, Alicia
bought & packs of paper and 6 packs of pens
far $53.40. What is the price of one pack of
paper and one pack of pens?

E'Gn Onling | SavasRealre com



Linear Inequalities in Two Variables

Quick Review

A linear inequality in twe variables is an
inequality that is in the same form as a linear
equation in two variables but with an ineguality
symbol instead of an equal sign. A solution of a
linear ineguality in two variables is an ordered
pair that satisfies the inequality.

Example

What inequality is shown by the graph?
The slope of the line is by
1 and its y-intercept is 2. '
Therefore, the equation

of the line is y = x + 2. The
boundary line is solid, and
all values of x and y that
make the inequality true
lie on the line or above the
line. The inequality shown
by the graph is y = x + 2.

Sasaa
s

=i

Practice & Problem Solving

Use the graph to tell whether R

each orderad pair is a solution

of the inequality y = 2x — 3. 3

24. (2, 5) X
25. (2, -1) 2 Dj/z 4
26. (-2, 4)

Graph the inequality in the coordinate plane.
27. y=4x -8 2B y<15x+4

29. Generalize Write an inequality in two variables
for which (2, 5) and (-3, —1) are solutions.

30. Analyze and Persevere Renaldo has a
budget of 5500 to buy gift boxes for a party.
Large boxes cost $65 and small boxes cost
£35. Write and graph an inequality that
represents the number of each type of gift
box that Renaldo can buy. If Renaldo buys
6 small gift boxes, how many large gift boxes
can he afford to buy?

LESSON 4-5 Systems of Linear Inequalities

Quick Review

A system of linear inequalities is made up of two
or more inegualities. The solutions of a system
of linear inequalities is the set of all ordered
pairs that satisfy the inequalities in the system.

Example

What system of inequalities is shown by the
graph? Describe the solutions of the system of

inequalities. WAy d
Determine the equation \ :
of each line using the .
slope and p-intercept, 4h ”

; L)
Points below the red 3l
dashed line satisfy the :‘. -
" a & = 1
|n§qualltyy e 3x - 1. ~3 2 o 12 &
Points above the blue 3
dashed line satisfy the _? i
inequality y > —4x + 5. ¥ k|

The salutions to the system lie in the region
where the graphs overlap.

Practice & Problem Solving
Graph each system of inequalities.

3. y=2x+3
ye-3x+1

32. y=dx
y<—-x-5

33. Generalize What two inequalities can you
add to any system of inequalities to indicate
that negative values of the variables could
not be meaningful answers in the real-warld
situation.

34. Apply Math Models Olivia makes and sells
bracelets and nedklaces. She can make up to
60 pieces per week, but she can only make up
to 40 bracelets and 40 necklaces. Write and
graph a system of inequalities that shows the
combination of bracelets and necklaces that
she can make if she wants to sell at least
30 iterns per week. If necklaces sell for $80
each and bracelets sell for 55 each, what is the
rmost money she can make in a week? Explain,
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0 Topic Overview

enVision™ STEM Project:
Predict the Future Using Moore's Law

51 Rational Exponents and Properties of
Exponents

M0, WSO E MTR.Z 1, MTR.4.1, MTR. 6.1

5.2 Radical Expressions

M50.1.4, MTR.3.7, MTR.4.7, MTR.5.1

5-3 Exponential Functions

AR.5.4, AR.5.6, F.1.1, E1.2 F.1.8, MTR.1.1,
MTR.5.1, MTR.7.1

5-4 Exponential Growth and Decay

M50.1.2, AR.1.1, AR.53, AR.5.4, F1.2, F.1.3, FL3.2,FL.3.4,

MTR.2.1, MTR.6.1, MTR.7.1

Mathematical Modeling in 3 Acts:

Big Time Pay Back
AR5, MTR7.A
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‘? TOPIC ESSENTIAL QUESTION

Exponents and
Exponential Functions

How do you use exponential functions to model situations
and solve problems?

Topic Vocabulary

Digital Experience

@0 006

asymptote

compound interest

constant ratio

decay factor

exponential decay

exponential function
exponential growth

growth factor

Product Property of Cube Roots
Product Property of Square Roots
rational exponent

simplest form of a radical expression

INTERACTIVE STUDENT EDITION
Access online or offline.

FAMILY ENGAGEMENT
Invalve family in your learning.

ACTIVITIES Complete Explore & Reason,
Model & Discuss, and Critigue & Explain
activities. Interact with Examples and Try Its.

ANIMATION View and interact with
real-world applications.

PRACTICE Practice what
you've [2arned.



MATHEMATICAL MODELING IN 3 ACTS
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© Big Time Pay Back

Maost people agree that investing your money is a good idea. Some people
might advise you to put money into a bank savings account. Other people
might say that you should invest in the stock market. 5till others think that
buying bonds is the best investment option,

Is a bank savings account a good way to let your money grow? Just how
much money can you make from a savings account? In the Mathematical
Modeling in 3 Acts lesson, you'll see an intriguing situation about an
investment option,

VIDEOS Watch clips to support
Mathematical Modeling in 3 Acts Lessons
and enVision™ STEM Projects.

ADAPTIVE PRACTICE Practice that is
just right and just for you.

GLOSSARY Read and listen to
English and Spanish definitions.
CONCEPT SUMMARY Review
key lesson content through
multiple representations.

ASSESSMENT Show what
you've learned.

TUTORIALS Get help from
Virtuwal Nerd, right when you need it.

MATH TOOLS Explore math
with digital tools and manipulatives.

DESMOS Use Anytime and as embedded
Interactives in Lesson content.

QR CODES 5can with your mobile device
for Virtwal Nerd Video Tutorials and Math
Modeling Lessons.

06 O
#EQOOGO0
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rorcs proseer - s@n\Vision' STE

Did You Know?

Moore’s Law predicts advancements in many
digital electranics, stating that growth is

Moore's Law, 1965 {projected for 10 years)
exponential.

The number of transistors in a chip will double
approximately every 12 months.

Moore's Law, amended 1975 (projected for 10 years)
The number of transistors in a chip will double

approximately every 24 months

If you applied Moore's Law to space travel,
a trip to the moon would take one minute.

Corallary to Maore's Law: Far a chip of fixed
size, the transistors will decrease in size by 50%
every 24 months.

t cars and transistors shrank at the \ | \ | |
same rate, today's cars would be the \\h rd e A k d

— M s A

size of ants ans r ted oo
Transisto Integrated Circuit  Microprocessor

G Your Task: Predict the Future
Using Moore’s Law

You and your classmates will predict the features of a cellular phone
released 2 years from now, and decide whether or not Moore’s Law is
sustainable for the next 20 years.
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5-1

Students are asked to write an

i 1
Exponents Casey and Jacinta each write an 3-1 = _77 33 =%

expression on the board.

| CAN... use properties A. Who is correct, Casey or Jacinta? Explain,

of exponents to generate
equivalent expressions with
rational exponents.

VOCABULARY What are the properties of rational exponents
‘? SN LA AT SEA and how are they used to solve problems?

* rational exponent

0 B —— o 4 €V IJNS B Understand Rational Exponents

B. Communicate and Justify What is the most likely error that was made?

previous understanding of the 1
Laws of Exponents to include What does 37 equal?
ratianal expenents. Apply the ) . o
Livws ol Exponents 1o evakuate You can think of exponentiation as repeated multiplication.
riumerical expressions and generate
equivalent numerical sapressicrs 32=3.3 Multiply 3 by itself 2 times,
mrvaking rational exponsnits
Alzo N30.1.2 3¥3=3.+3.3 Multiply 3 by itself 3 times.
MK ZMTR.3.1, MTR.A1, ) ) )
MTR.G.) 3 =3+3+3.3 Multiply 3 by itself 4 times,
etc.
1
COMNCEPTUAL But what does 3* mean? You cannot multiply 3 by itself % times. Since
,__UNDEHSTAN DING 1 interpreting exponents as repeated multiplication does not work in this case,

you have to define a new meaning for expressions like 3°.

Whatever the new definition is, you want it to obey the same rules of
exponents that you know for integers, such as the Power of a Power

Property.
GEMERALIZE perty

L ¥ 1.2
The Power of a Power Property [3) =3 "=31=3
says that (a™)" = 2™ for all

integers m and n. When you square 3° ... || ... the result is 3.

You know that a number whose square is 3 is 3. 50 in order to define raising a

bl
number to the % power in a way that makes sense, define 37 to be 3.

You can define the meaning of other rational exponents in a similar way.

1
If the nth root of a is a real number and m is an integer, then, 3" =44, and

a’'= JF —} [;n"a]-"".

@ Try It! 1. What does 2” equal? Explain.
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o [N 1A Use the Properties of Exponents

A. Use the properties of exponents to generate an expression equivalent
1

113
to(535) -
-1 r_'|||:”|j|
14 5_( 1
(%) "= ()
_(-_1_-:'-r ‘:')3 Apply the Power of a Power
=\l335/ Property and the Negative
1 Exponent Property.
= 1257
=125

The expression {1;—5}_3 is equivalent to 5.
1 3

B. Use the properties of exponents to show that 87 and 16° are equivalent.

STUDY TIP Rewrite each expression so they both have the same base.
Finding the prime factorizations 1 2

of B and 16 can help you 8°=16 Write 8 as 27
determine a common base to use i 3 and 16 as 2%,

to rewrite sach number, if (2 = ((2%®

one exists. 8 =2+ 2 +2 and (1) _a(2)

16 =2+ 2«2« 2 You can write 22l =g Apply the Power of
16as2% andBas 2% 502 is . = a Power Property.

a common base. 2% = 21

The Fxpre’ssic;ns can be written using same base with equal exponents
50 87 and 167 are equivalent.

C. Use the properties of exponents to gene_rghe an expression with only
positive exponents, equivalent to (“—1)

o ]
25— -3y 4
(ﬁ) - (b—?) Apply the Negative
b Exponent Property.
HAVE A GROWTH MINDSET {b'3J“
What other strategies can you try = ha
when you get stuck? (@) Apply the Power of a
12 Quotient Property.
T
1 Write the expression
 a®p1? using positive exponents.

1
e TR

4
2
The expression (ﬁj is equivalent to

CONTINUED ON THE NEXT PAGE
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CHECK FOR
REASONABLENESS

How can you use the powers
6' and 67 to check that the
answer 93905 a rez;mnable

approximation of 647

EXAMPLE 2 CONTINUED

D. Use the properties of exponents to generate an algebraic expression
equivalent to (—8)13t+2),

(-8)B+ 2 = (—g)* (-8)° Apply the Praduct
= (-B)3t (64) of Powers Property,
= 64(-8)"
- _ait Apply the Power of
= 64((-8)7) a Power Property.
= 64{-512)*

The expression (-8)31+2} is equivalent to 64(-512)",

@ Try It! 2. Use the properties of exponents to generate an expression
equivalent to each of the following expressions.
3

_3
a. 9¢ b. 49 2 c. (a—2b5)3 d.5i2t+3)

YRV IR R Evaluate Expressions Using the Properties
of Exponents
A. Evaluate the product {33;!}[3-1,!]
(3%)(3%) =3%*%
=3’
=39

The product {BJ; }{3 I;} is equal to 3%, or 19,683,
Fi

B. Evaluate the quotient 5—‘1

67

6t _2-1 ly the Quatient of
2-=6 472 App Trs Pr;]luntlent
1] 7z O perty.

=h 4 4

5
=Gt
g 5
The quotient 5—” is equivalent to 6%, which cannot be written as a

E Fl
rational number.
5 a
In radical form, 6* = Y6° = ¥7776.
To evaluate the gquotient,
5

enter 6 or Y7776 in a caleulator.

The quotient g is approximately 9.39.

6

5
6'=5.3905074804
Y7776 = 9.1905074804

@ Try It! 3 a. Evaluate the product (2%}{2;}.
175"
et

b. Evaluate the quotient
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APPLICATION Solve Problems Using Rational Exponents
—

COMMUMICATE AND
JUSTIFY

When is it more appropriate to
Qive an answer in approximate
form instead of exponent form?

How much gravel is needed to cover the 5 ft? of water
floor of the cube-shaped fish tank to a
depth of 1inch?

The amount of gravel needed to cover the
floor 1in. deep is A « 1 in.3, where A is the
area in in.2 of the floor. Let s be the

side length of the tank. Then, A = 5%,

The volume V of the tank is equal
to the cube of the :.iide length,

orV=s.50,5=V"
A=g?
() (s
=5

= 2.9240 ft?

1 in. of gravel .

1 square foot is 144 sguare inches, so the area

of the floor of the tark is 144 « 2.9240 = 421 in.2.
To a depth of 1 inch, 421 cubic inches of gravel
are needed for the floor of the tank.

@ Try It! 4. Asecond cube-shaped fish tank holds 10 cubic feet of water.

How much gravel is needed to cover the floor of the second
tank to the same depth?

APPLICATION o NIRRT Use the Properties of Exponents to Solve Problems
——————————

Formulate «

Compute 4

What is the area of the grass rectangle
next to square blankets B and C7?

Area = length « width
X = 8 . 18¢
Area of Side Side

the grass length of length of
rectangle Blanket B Blanket C

Simplify the expression using the
Power of a Product Property.

x=(89)(187)

wpein il Use the Power of
=(2%.2.32 a Product Property

] 4 again to separate
=(2%"(3) the even powers.
=22.3

=12

COMNTINUED ON THE NEXT PAGE
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EXAMPLE 5 CONTINUED

Interpret 4 The area of the grass rectangle next to blankets B and Cis 12 square yards.
Check Use a calculator to check that the product is 12,

(83)(18%) =~ (2.8284)4.2426)

= 11.9998

12

@ Try It! 5.Blanket A is also square. If Blanket B and Blanket A traded
places, what would the area of the grass rectangle next to

Blankets A& and C be?

@ CONCEPT SUMMARY Rational Exponents and Properties of Exponents

m If the nth root of a is a real number and m is an integer, then

a' =43 a® = Y3 = (@)™

(A3 Power of a Power

(aMn = gmn

BIIEEDD (256): - 256+

56

©) Do You UNDERSTAND?

1. ? ESSENTIAL QUESTION R"WIEIE:(-Riil

properties of rational exponents and how
are they used to solve problems?

2. Represent and Connect A square has
an area of 15 ftZ, What are two ways of
expressing its side length?

3 3
3. Error Analysis Corey wrote V4? as 47, What
error did Corey make?

4. Choose Efficient Methods When is it useful
to have rational exponents instead of
radicals?

5. Vocabulary How are rational exponents
different from whole number exponents?
How are they the same?

Power of a Product

(ab)™ =a™ . ™

(x99 =49
2 =Je3
Z =6

Product of Powers

aMegN=gm+n

Quotient of Powers
am

—gm-n
=2 ,agl

16 x 16° = 16" ¢
=16"
=4

= |“.;|...
1]
[T - < B = ]

]
[ T

Il

Do You KNOW HOW?

Write each radical using rational exponents.
6.7 7.415

8. \s4 9. 23

Use the properties of exponents to determine

whether the expressions are equivalent.
1 2

10. 81% and 94 11. {a°b%)? and a®(b?)*

Use the properties of exponents to generate an
expression equivalent to each given expression.

g, | p
12 (=) 13.25
L] ¢
1
14, (41:3 15.(p"'g?)?
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

16. Analyze and Persevere Describe two ways
to express the edge length of a cube with a
volume shown.

17. Communicate and Justify Explain why 5°
must be equal to 5% if the Power of a Power
Property holds for rational exponents.

18. Error Analysis Describe and correct the error a
student made when simplifying the product

(167)(16%),

66 = ngfPd
= (16)"

= [151"']3
A

19. Communicate and Justify The Power of a
Quatient rule is [%}m = :—2. b # 0. Will this rule
work with rational exponents if % is a positive
number? Give an example to support your
argument.

20. Higher Order Thinking The Zero Exponent
Propertyisa®=1,a # 0.

a. How could you use properties of exponents
to explain why a% = 17

b. How could the Zero Exponent Property be
applied when solving equations with rational
exponents?

21. Communicate and Justify Explain how you can
use Properties of Exponents to show that the
expression 9(3)! is equivalent to 32+ 1,

170 TOPIC 5 Exponents and Exponential Functions

PRACTICE

Write each radical using rational exponents.
SEE EXAMPLE 1

22.43 23.37

24332 2s. 75

Use the properties of exponents to determine if
each pair of expressions are equivalent.
SEE EXAMPLE 2

26. 8% and 16° 27. () and x7y°

Use the properties of exponents to generate an
expression equivalent to each given expression.
SEE EXAMPLE 2

1 -3
28. (1) 2 29, (Ll)
®) )
30, gl2r+3) 31, (113)
1% 2
32, (pg™)® 33, (49'?)

Use the properties of exponents to evaluate each
expression. If the expression cannot be written as
a rational number, use technology to evaluate the
result to the nearest hundredth. SEE EXAMPLES 3 AND 5

3a. (77)(77%) 35. 3
51
2 \if 241 10°
35.(”j‘(“) 37,10
10 ¢
38. (2)(32)" 39, (12)'(18)"

40. A cube has a volume of 150 in.3. What is the
area of the base of the cube? Round to the
nearest square inch. SEE EXAMPLE 4

For each figure, find the area of rectangle A.
SEE EXAMPLE 5

4. 42.

72

80 ft2

108 ft? A
45 fiz A




(© PRACTICE & PROBLEM SOLVING

43,

45,

Apply Math Models The formula for the

volume Vof a sphere is gxr3. What is the radius

of the basketball shown?

. Analyze and Persevere A singing contest

eliminates contestants after each round. To
find the number of contestants in the next
round, raise the number of c{:ntestants in the
current round to the power o-‘F N where n is
the number of the current mund The number
of contestants in Round 2 is 243. How many
contestants will be in Round 57

Apply Math Models Photos A and B are square
photos. Damian wants to place them within

a square frame as shown below. What is the
total area of the empty spaces within the large
square frame?

Photo B
Area = T2 et

Photo A
Area = 128 cm*

LESSON 5-1 Rational Exponents and Properties of Exponents

) ASSESSMENT PRACTICE

46.

47.

Rewrite each radical using rational exponents.
& NS0

125
b. /5

¢ V24

V2
Which expression does not equal 47
@ (&%) @

. Performance Task It is possible to write any

positive integer as the sum of powers of 2 with
whele number exponents. For example, you
can write 75 in the following manner.
20,271,238 426-75
Part A Use the equation above to write 75
as the sum of powers of 8, using rational
exponents. What are possible values for a, b,

¢ and d?
83 +8b 4854 89-75

Part B How can you modify the equation you
wrote in part A to express 75 as sum of powers
of 167

16% + 167 + 165+ 169 = 75

Part C Given that a, b, ¢, and d are rational
numbers, for what types of integer values of
X is the following equation true? Explain your
answer.

P xS+ x9=75
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o-2

Radical Expressions

| CAN... write equivalent
radical expressions.

VOCABULARY

* Product Property of Cube
Roots

* Praduct Property of
Square Roots

= simplest form of a radical
EXpression

e MLA91 I NSO -Apply previou
understanding of operatons with
rafnnal raambers o add, sublract,
multiphy, and divide numerical rdicak

MAKI2ZMTRI.1, MTRA.1, MTR.5.1

# ) EXPLORE & REASON

The table shows the relationship between the area of a square, the side
length of the square, and the square root of the area. A square with an area
of 4 and a side length of 2 is shown at the right.

{Square units) 5 =+Jarea 5 (units)
1 5 =1 1 7
4 s=43 2
g s =40 3
16 s=416 4 V=32 .
25 s =425 5

A. What is the side length of a square with an area of 49 square units?

B. Use Patterns and Structure Between what two consecutive integers is
J207 How do you know?

C. Think of three squares that have a side length between 3 and 4. What is
the area of each square?

How does rewriting radicals in different forms
‘? SEMIEE RO T help you communicate your answers?
o AN I AR Write Equivalent Radical Expressions

A. What is an equivalent expression for /637

i
6 =457 : The equivalence yab = & » b
=(9«7)3 when a and b are both greater
gl .7 than or equal to 0 is known
= as the Product Property of
=9 447 Square Roots.
=37

The expression /63 is equivalent ta 3J7.

B. What is an equivalent expression for 427 .5%7

[47 o
V2.5 =420.2.52 Separate out factors of the radicand
=42"a J53 w2 that have even powers.

=27+57e2
=27 45442
= 4042

@ Try It! 1. Rewrite each expression to remove perfect square factors other
than 1 in the radicand.

a. Va4 b. 3427
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_APPLICATION om Write a Radical Expression
S ——

A light fixture in an ice cream shop is in the shape
of an ice cream cone and the cone has a height
that is 7 times the radius. The expression for the

slant heightis {r? + h?, where ris the radius
and h is the height of the cone. What is the slant
height of the cone?

o
3in.
radli:s |

i

slant

Formulate 4 letr=3and h=7.3. height |
|
VR =34 (7.37 :
Compute o Y324 (732 =324 72.32 C
=J(1+79.3
— 350 When there is a common factor in the
. radicand, use the Distributive Property
=3yJ52.2 to make it easier to factor later.
=152

Interpret 4 The slant height of the cone is 1542 = 21.2 inches.

@ Try It! 2. Another cone has a slant height 5 equal to 5r. Simplify the
expression for b if r = 4.

CONCEPTUAL ‘ - ‘
JUNDERSTANDING o 1O AR Multiply and Divide Radicals

A. Multiply V45 « J—75.

— The Product Property of Cube
3 | 3
Va5 « J-75 = J45(-75) Roots does not require that the
=f‘r3.3_5_{_”_3,5,5 radicands be greater than or
PO 3 equal to zero.
=J=1 .37 .53
:::J;E;:"s e pmtL L Gather the like radicands and
Why is the cube root of -1 equal =-15 apply the Product Property.
o 17 " ’ ;
The expression Y45 = J—75 is equivalent to —15.
i
B. Divide ,—"’E
,-—“—5— = ﬁﬁ- The product properties of square and cube roots
V405 also apply to quotients.
3 ¥ .
=3, 33 3 ?3 5 Factor the numerator and denominator.
=" l; Simplify the fraction. Rewrite the denominatar
13 using an exponent.

= §3=3 Take the cube root of the numerator.

=1

3

@ Try It! 3. Multiply or divide each expression.

|
a. 21 + 1147 b. 1225
475
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CHOOSE EFFICIENT
METHODS

When rewriting the product under

the radicand, it is easier to find

o A NN Multiply Radical Expressions

How can you write an expression for the product of 310 « 24120 without
any perfect square factors in the radicand?

Find the product.
3410+ 2/120
=3.2/10-120
=6J2a542:242:3.5

Use the Product Property of Sguare
Roots to multiply the radicands.

perfect squares by replacing each =6+ u'? . 1.1'2_“ 3

number with its prime factors B Rewrite to show the

than by using other factors. =6-5-27-43 perfect-square factors.
= 12043

The expression 3410 « 2/120 is equivalent to 12043,

@ Try It! 4.Write an expression for each product without perfect square
factors other than 1 in the radicand.

a. ‘?hss « 428 b. 243072 « /576

o [ ANLIGA RN Write Quotients of Radical Expressions

in Simplest Form
2.y12

1 -

How can you write the quotient in simplest form?

Find the guotient.

2.473 _ 72
yimss  V3s8e Write the prime factorizations
FENE of the numerator and the
=2 2. 35 denominator.
_2.4 |
2.33 Take the cube root of
.2 the numerator and the
32 denominataor,

LEARMN TOGETHER

Do you seek help when needed?
Do you offer help and support
others?

174

In the simplest form of a radical expression, each radicand is greater than
1 and has no ather perfect square factors under a square root or perfect
cube factors under a cube root. Additionally, there should be no radicals in
the denominator of any fraction,

2 _ 2 1.
3.3 - 3. 5 3.5 Multiply numerator and
2.3 denominator by the cube root
= 3'_ b until there is a product of three
13 cube roots in the denominator.
W
3

(27 A
s8ss 3

The simplest form o

@ Try It! 5.\Write JE_S in simplest form.
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om Add and Subtract Radical Expressions

A. What is the sum of 12J7 and 6J77

The Distributive Property states that ax + bx = (a + blx.

Lleta=12, b =6, and x =J7.

1207 + 647 = (12 + 617
=18/7

The sum of 12J7 and 647 is 18.J7.
B. What is the difference of 1043 and %?

Write both radicals in simplest form.

1043 is already in simplest form, but E; has a radical in the denominataor

.\‘I

of a fraction.

? =& "_3 To rationalize the denominator,
ERNEERRE multiply the numerator and
= E!'I"I.3 denaminatar by 43 to create a
"f"_ perfect square,
_&f3
=23

The radical expressions have a commeon radicand, so you can use the
Distributive Property to find the difference.

1043 - Jq‘a' =103 - 243
=(10-213
=83
The difference of 10/3 and :% is 843,
COMMUNICATE AND

JUSTIFY C. What is the sum of 2J5 and 8 - /5 7
How could you show that unlike .
radicands cannot be combined? You cannot combine square and cube roots, so the sum is 205 + 8+ 5.

© Trylt! 6. simplify each sum or difference.

a. ;4'2_5 + 428
b. 3072 - 241728
c. 316 - 316
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@ CONCEPT SUMMARY Rewriting Radical Expressions

A radical expression is written in the simplest form when all of the following are true:
* There are no perfect square factors other than 1 in the radicand of a square root,
* There are no perfect cube factors other than 1 in the radicand of a cube root.
* Each radicand is greater than 1.

* There are no radicals in the denominator of a fraction.

[AKc]3::¥-® Product Property of Square Roots Product Property of Cube Roots
Jab =Jya«J/bwhenaz0andb =0 Jab =a b
| NUMBERS J63=49.7 V80 =85
=43.3+7 =vZ+2+2+5
=347 =25
4/3+6/6 =4+63+6 209+ 415 =2+4J9.15
=24/3.3.2 =B{3-3:3+5
=2443/2 =8+345
=722 =245
© Do You UNDERSTAND? Do You KNOW HOW?
1. w How does Write each expression in simplest form.
rewriting radicals in different forms help 7. 80 8. /200
you communicate your answer? s
9. 2,/50 10. /24
2. Vocabulary State the Product Property of _ o
Sguare Roots in your own words. Write each product or quotient in simplest form.
{54
3. Communicate and Justify Write an 114021 12 3
expression Tor ¥32 without any perfect 12. E’rﬁ 14, J28 . 27
square factors other than 1 in the radicand. ¥4
Explain your steps. Write each sum or difference in simplest form.
15. 611 + 311

4, Error Analysis Rikki says that the product
Y3+ 5% .5 is 3. 5% or 75. Explain Rikki's 16. 913 — 5J13
error and write the correct product.

17 /18 + V8
5. Communicate and Justify 1s /35 in simplest _ _
form? Explain. 18. 1245 - 3J20
14
6. Analyze and Persevere Describe how . 77 17
you would simplify an expression so that 20. /8 - 1
there are no perfect square factors in the J2

radicand.
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®) PRACTICE & PROBLEM SOLVING

UNDERSTAND

21. Generalize For Jx", corsider rewriting this
expression without a perfect square factor in
the radicand for even and odd values of n,
where n is a positive integer.

a. What is the expression when n is even?
b. What is the expression when nis odd?

22. Error Analysis Describe and correct thae error a
student made in multiplying V24 and V45

VIE - VA5 = VI3 45
=VITI33335

=2-3¥1 35

= 6V30
23, Use Patterns and Structure Suppose n is an
integer greater than 1. Write an expression
equivalent to J78320,

24, Communicate and Justify Why do the
multiplication properties of exponents
apply to radicals? Explain,

25. Analyze and Persevere How many perfect
sguares other than 1 are under each radical?

Radical Perfect squares

Write each expression in simplest form.
SEE EXAMPLE 1

27. /180 28.120
29. 2,/294 30. 4192
31.J32.11° 32.425.132

Write each product or quotient in simplest
form. SEE EXAMPLES 3, 4, AND §

33. /72 . /B3 34. 2430 . 3./70
38, "lj‘;“ 36.416 +/ 48
37. V81 . /45 38. (%8

39. E;T 20,428 + J27

Write each sum or difference in simplest form.
SEE EXAMPLE 6

a41. 547 + 847 42.212 - 3

43.8/3 +5 M.JE”%
_ 3 _

45, 44112 - 2175 46, = J20

Write the expression for the sum of the missing
sides a and b in simplest form. Then write an
expression for the perimeter of each triangle.
SEE EXAMPLES 2 AND &

26. Choose Efficient Methods Determine if the
following sums can be written as a single term

without simplifying the radicands first. Explain.

a. 72 + 372

b. 3J/48 + 975
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© PRACTICE & PROBLEM SOLVING

50.

51.

54,

178

Use Patterns and
Structure The time
it takes a planet to
revolve around the
sun in Earth years
can be modeled by
t=1d?, where d is
the average distance
from the sun in
astronomical units (AU).

a. Write an equivalent equation for the
function,

b. How long does it take Saturn, pictured above,
to orbit the sun? Show that both expressions
give the same value.

Apply Math Models A baseball “diamond” is a
square that measures 90 ft on each side,

a. Write an expression for the distance from
2™ hase to home plate in feet. What is this
distance to the nearest tenth?

b. The pitcher standing on the pitcher's mound
is about to throw to home plate but turns
around and throws to 2" base. How much
farther is the throw? Explain.

Apply Math Models A television has a ratio of
width to height of about 1.732 : 1.

a. For a television with a height of h inches,
what is an equivalent expression for the
length of the diagonal? Justify your answer.

b. Write an expression for the perimeter,

TOPIC 5 Exponents and Exponential Functions

[#) ASSESSMENT PRACTICE

53. Which pair of values for a and b makes the

following statement true? &g Nso.1.4

V(=20 e (-11)2 = 22732

Ea=-4 b=-4
Ba=1,b=-1
Ca=1,b=1
Da=2,b=12
EBa=4b=4

. SAT/ACT A car skidded s ft when traveling on a

damp paved road. The expression r=+/18s5 is an
estimate of the car's rate of speed in ft/s.

Which expression represents the speed of the
car in feet per second?

@ 246
®12J6
© 3642
© 243
® 482

. Performance Task Copy the figure. Center it on

a large piece of paper so you can expand it.

Py Pa

S

Part A Use the pattern to complete the triangle
on the |eft. Label the side lengths.

PartB Continue using the pattern to add
triangles while labeling side lengths.

Part C Are equivalent expressions of the square
roots appropriate? Explain your reasoning.



5 = 3 %) EXPLORE & REASON

Use two pieces of B;L in.<by-11 in. paper. Fold one of the pieces of paper
accordion-style for five folds. Fold the other in half for five folds. After

Exponential

Functions each fold, unfold each piece of paper and count the total number of
rectangular sections.

| CAN... describe and graph
exponential functions.

VOCABULARY

* asymptote b Accordion-Style
* constant ratio
+ exponential function

a M 512 AR5 E-Given a table

equation ar written description
al an exponential function, o aph

Half Folds

that function and determine its A. Find the pattern relating the number of folds to the number of sections
by leatams. Also ARS. 4 F1.1, - .

e for each folding style. What do you notice?

WA KAZMTRA.1, MTR.5.1,

B. Analyze and Persevere Explain why the two different folded styles of

MITR.7.1 paper produce different results.
‘) ESSENTIAL QUESTION What. are the characteristics of exponential
-4 functions?
CONCEPTUAL

Fross erand] By
UNDERSTANDING (Y IRNRRD Key Features of f(x) = 2* & desmos

A. What does the graph of flx) = 2% look like?
The table and graph show flx) = 2%

i
1 As x-values
=1 Fi approach b
1 1 o, -valies
COMMON ERROR 1 approach 0. 4
The graph of f(x} = 2* gets 0 1 3
infinitely dose to the x-axis, but
weill ne*u::;r reach it. So it dmés not 1 2 —F"J X
have an x-intercept. —4 -2 Ov (2 |4
2 4 The y-intercept is 1.
3 B

B. What are the key features of the graph of f{x) = 2%7

The graph of fix) = 2* is continuous between and beyond the x-values
shown, so the domain is {x | x is a real number}. The function is increasing
over its entire domain, Because it is defined by powers of a positive
number, the function is always positive.

CONTINUED ON THE MEXT PAGE
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APPLICATION
e ——.

STUDY TIP

¥When graphing an exponential

function, choose a scale lor the

vertical axis o that the relevant
domain is shown.

EXAMPLE 1 CONTINUED
The function gets closer and closer to the x-axis, but never quite reaches it.
When a function approaches a line in this manner, the line is called an
asymptote. The asymptote of fis y = 0. The range is {y |y > 0).

@ Try It! 1. 1dentify the following key features of the function fix) = b*
forb=2and b= ;.' domain, range, intercepts, increasing
and decreasing intervals, positive and negative intervals,
and asymptotes,

OEDETEY Graph Exponential Functions

A network administrator uses the

function fix) = 5* to model the Oh 1h
number of computers a virus spreads

to after x hours. If there are 1,000

computers on the network, about

how many hours will it take for the

virus to spread to the entire network?

Step 1 Make a table.

y cx
-

0 1
1 5
2 25
3 125
4
5

BR

T T TTTTITTTTITTTT T

625
3125

Step 2 Graph the function

_ 1000 ¥
g
Z 800
§ 600
5
| B When y s 1,000,
E x is about 4.3
2 200
L
u{} 2 4 6 B
Hours
Lan
Step 3 Use a calculator to check if your answer, 1012910373

543 - 1,012.91, is close to 1,000. v

It will take the virus about 4.3 hours
to spread to the entire network.

@ Try It! 2.How long will it take for the virus to spread to 50,000 computers?
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CONCEPT Exponential Function

An exponential function is the product of an ﬂx‘j =3 bX

initial amount and a constant ratio raised to

a power, Exponential functions are modeled / \

using fix) = a « b", where a is a nonzero a is the initial b is the
constant, b>0,and b # 1. amaunt. constant ratio.

YR OVNZAER Write Exponential Functions

A. What is the written form of the function represented by the table?

STUDY TIP
Note that exponential functions X fix) The inkial a <o
: . mount is 4.
have constant ratios rather than 0 a e ¢
constant differences. )|;r =1
1 12
36 + 12
: )lm - 36=1 The constant ratio is 3
3 | e ;1324 £ 108 =3
4 34

In fix) = a « b*, substitute 4 for a and 2 for b.
The function is flx) = 4(3)",

B. What is the written form of the function represented by the graph?

The initial amount is 128,

e+ 128 =

1
]
1
16+ 32 1 The constant ratio is |,
1
)
1
rl

In f{x) = a = b*, substitute 128 for a and | for b.
The function is f(x) = 128(1)".

@ Try It! 3. Write an exponential function for each set of points.
a (0. 3), (1, 12), (2, 48), (3, 192), and (4, 768)
b. (0. 2,187), (1, 729), (2, 243), (3. 81), and (4, 27)
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APPLICATION o YRRy Compare Linear and Exponential Functions
L

Talisha is offered two pledge options for donating to a charity. Which
option will increase the pledge amount faster over time?

Option A: £100 for the first week, and each week after that the amount
increases by 525

m Payment (5) Initial value

100
125
150
175
200
225

o Constant increase

LI WL W WA W

e e | = S

Option B: $1 for the first week, and each week after that the amount triples

Payment ($} Initial value

] 1 )
1 3 ) 3
2 9 ) - Constant ratio
3 7 :I :
4 81 )
REPRESENT AND CONNECT 5 243
Will an exponential model with a
base greater than 1 always have a Option A is a linear function and increases at a constant rate,
greater rate of change over time? ! ) ) ) : : :
Explain. Since the ratio of consecutive terms in Option B is constant, the exponential

function will increase faster over time.

@ Try It! 4. Identify each function as linear or exponential, Explain,

a. fix) equals the number of branches at level x in a tree
diagram, where at each level each branch extends into
4 branches.

b. f(x) equals the number of boxes in row x of a stack in which
each row increases by 2 boxes,

182 TOPIC5 Exponents and Exponential Functions



) CONCEPT SUMMARY Exponential Functions

Exponential Functions are modeled using fix) = a « 6%, where a is the initial amount
and b is the constant ratio.

b>1 0<b<1

w N

) = 23)" ) = 81(3)

TABLES [ x| f | x | i
0 2 0 & 3
1 6 2% 1 54 2 3
7 [ |2 2 I3 |2 3
! g 1M % 3
4 e R o b )
5 486 ' 5 107 '
GRAPHS 500 4, y
809
400 y-intercept = 81
300 60
200 a0
y-intercept = 2 i o
X X
ot 7 4 “D 2 dq
© Do You UNDERSTAND? Do You KNOW HOW?
1 What are the Graph each function.
characteristics of exponential functions? 5. flx) = 3% 6. fix) = [%]x
2. Generalize How can you tell whether the Write each exponential function.

graph of a function of form fix) = ab* where

7. L
a = 0 will increase or decrease from left to 8 - flx)
0 3

right?

0 4
3. Analyze and Persevere Whyisb£1a 1 2 1 &
condition for fix) = ab* to be considered an 3 1 3 12
exponential function?
3 1 3|
4. Error Analysis Martin says that f{x) = 2{4)* 1 4 a8
starts at 4 and has constant ratioc of 2. What 4 4

error did Martin make? Explain.
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

9. Analyze and Persevere An exponential
function of form f{x) = b¥ includes the points
{2, 16), (3, 64), and (4, 258). What is the value
of b7

10. Communicate and Justify Is y = 0 the
asymptote of all functions of the form
flx) = ab*? Explain your reasoning.

11. Error Analysis Describe and correct the error
a student made in writing an exponential
function.

Starting value = 6
Constant ratio = —

3
fix) = 6(3)" X
o

flx)=2"
12. Use Patterns and Structure The function
¥ |
flx) = a{%} is graphed below for a = 4.

Describe how the graph would change for
arxdandl<a<d

13. Higher Order Thinking The exponential
function fix) = 2% increases as x increases.
Do all exponential functions behave this
way? Use algebraic reasoning to support
YOUr answer.

14. Use Patterns and Structure How do the
following key features of fix) = ab® change
if @ =0, compared to when a > 0.

a. domain and range
. intercepts
increasing or decreasing intervals
. positive or negative intervals
. asymptotes

" o nrn o
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For each exponential function, identify the
domain, range, intercepts, intervals over which
the function is increasing, decreasing, positive or
negative, and asymptotes. SEE EXAMPLE 1

- = (1"
15. flx) = 4% 16. fix) = (3)
Graph each exponential function. SEe EXAMPLE 2
17. f{x) = 0.5% 18. f{x) = 6*
19, f{x) = 2(3) 20. f{x}:ﬂ.[;'}x

Write each exponential function. SEE ExamPLE 3

0 2 0 4
1 8 4
1 | 3
2 32 . 4
3 128 E]
4
4 512 3 7
4
4 &
23. by
an
B0
A0
20
42— (0,5) i
or [ 2 46 | 8

Tell whether each function is linear or exponential.
Explain your reasoning. SEE EXAMPLE 4

“ENE  *EEED

()
5

0 0 216
19 R
¥ 13 2z b
3 17 3 1
4 21 1

4 | ¢



© PRACTICE & PROBLEM SOLVING

26. Analyze and Persevere Write an exponential

27.

28,

function to model earthquake intensity as a
function of a Richter Scale number. How can
you use your function to compare the intensity
of the 1811 New Madrid and 1906 San Francisco

parthquakes?

San Francisco,
California (1906)
T. E on 1hE |{hter Scale

Earthquake
o Scale | Intensity
1 10
H‘?;:J"..;'.“ﬁﬂm 2 =
8.1 on the Richter Scale 3 1,000
4 10,000

Apply Math Models A television show will be
canceled if the estimated number of viewers
falls below 2.5 million by Week 10, Use the
graph to write an exponential function to
model the situation. If this pattern continues,
will the show be canceled?

¥
1

{miillians)
. m

Number of Viewers
Fed

Week

Apply Math Models The table shows the
number of algae cells in pool water samples.

A pool will turn green when there are 24 million
algae cells or more.
Write and graph an
exponential function
to model the expected
number of algae cells
as a function of the

Number uf

1

2
number of days. If the
pattern continues, in 3 250,000
how many days will the 4 1,250,000

water tum green?

I*__/-.:I ASSESSMENT PRACTICE

19.

30.

in.

A school uses a phone tree to communicate
updates to families. First, the 3 school
administrators decide when an announcement
is needed. They each call 5 families in the first
round of calls. Then each of those families calls
5 families in the second round. In every round,
each family that received a call in the previous
round makes calls to 5 new families. Let x be
the number of rounds, and let y be the number
of calls made during each round. Write and
graph a function that models this situation.
Label the y-intercept, and explain what it

represents, ig) AR5
x
SAT/ACT What is the y-intercept of fix) = 3(%} 7

&0

1
®;
&1
o 2

Es

Performance Task A gardener can increase the
number of dahlia plants in an annual garden by
either buying new bulbs each year or dividing
the existing bulbs to create new plants. The
table shows the expected number of bulbs for
each method.

Divide
Existing
Bulbs

Buy

New
Biilbs

Year

0 6| 6

K #‘ 1 56 12
ﬂ'“'; if \‘ 2 106

3 156 48

HOOS w =

Part A For each method, write a function
to model the expected number of plants for
each year.

Part B Use your functions to find the expected
number of plants in 10 years for each method.

Part C How does the expected number of
plants in five years compare to the expected
number of plants in 15 years? Explain how
these patterns could affect the method the
gardener decides to use.
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5 - 4 &) MODEL & DISCUSS

Cindy is buying a new car and wants to Years After
learn how the value of her car will

Exponential
Growth and Decay change over time. Insurance actuaries
predict the future value of cars using
depreciation functions. One such function
is applied to the car whose declining

Value

Purchase

A
0yr $ 10,000

w

| CAN... use exponential value is shown at the right. : !EEI}
functions to model situations ) 1yr &
and make predictions. A. Describe how the value of the car -

decreases from year to year.
VOCABULARY

= compound interest
# decay factor

B. Represent and Connect What kind 2

of function would explain this type

y of pattern?
* gexponential decay 3yr
« exponential growth C. Given your answer to Part B, what
« growth factor is needed to find the function the

actuary is using? Explain.

e MDY AR, 5.4-Wriwe an

expanential fumcion to represent
a relationship between two
quantites Iram & graph, & written
description of 2 table of values
within a mathematical or real

workd conitext. Alsa NSO.1.2. o What kinds of situations can be modeled with
AR.1.1,BR5.3,F1.2F13, H il gy PRy o] By exponential growth or exponential decay
FL3.2,FL34

functions?
MAKTL.MTR. 2.1, MTR.E.1,
MTR.7.1
OETZIIEY cxponential Growth
CONCEPTUAL The population of Hillville grows at an

LUNDE“TAN DING annual rate of 15%. What will the

estimated population of Hillville be in WEI come
five years? To

HILLVILLE

You can model exponential growth with a

function fix) =3 «b*, wherea > 0 and b = 1. Population: 5,000
VOCABULARY f(x) =asb"
You can also refer to the annual
growth rate of 15% as the f(x) =a(1 + rx

constant percent rate of change.
It s expressed as a decimal when
used in the exponential growth
function.

An exponential growth function has a growth factor
that is equal to 1 plus the growth rate.

Step 1 Write the exponential growth function that models the expected
population growth.
Let x = time in years, & = initial amount, and r = growth rate.
fix)=al1 + "
= 5,000{1 + 0.15)*
= 5,000(1.15)*

The function is flx) = 5000(1.15)*.
CONTINUED OM THE NEXT PAGE
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COMMON ERROR

You may incorrectly record a
decimal number when you are
finding “how many” people.
Remember that the number of
people should be a whole number.

EXAMPLE 1 CONTINUED
Step 2 Find the expected population in 5 vears.

f{5) = 5,000{1.15)°
= 10,056.79

In 5 years, the population is expected to be about 10,057.

@ Try It! 1. The population of Valleytown is also 5,000, with an annual

REPRESENT AND COMNMNECT
How is the compound interest
formula related to fix) = all + 7
How is it related to fix) = ab*?

increase of 1,000. Can the expected population for Valleytown
be modeled with an exponential growth function? Explain.

CONCEPT Interest

Interest is calculated in two ways: simple interest and compound interest.
Recall that simple interest is interest paid only on the principal.

Compound interest is interest that is paid both on the principal and on the
interest that has already been paid.

The table shows $500 compounded annually at a rate of 4% for 3 years.

Principal and
Year | Interest (%) Total (3), A

1 500 SO0(1 + 0.04)
2 S00(1 + 0.04} | 50001 + 0.04)%
3 S00{1 + 0.04)2 | 50001 + 0.04)3

The total grows by a constant percent rate. The exponential function
A =500(1 + 0.04)" models the total as a function of time in years.

The compound interest formula is an exponential growth function and can
be written in the general form shown below.

Compound Interest Formula
A = amount paid

A pl1 + r nt P = principal amount
- n r = rate of interest
n = number of times per year
the interest is compounded

t = time in years
The graph below shows $10 at 5% simple interest and at 5% interest
compounded quarterly.

$10 Principal

¥
005 M
$40 A=10(14+22)
compound
E 30 interest
S 0 (quarterly) A= 10{1 + 0.05¢)
simple
$10 interast
X
0
0 10 20

Years
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APPLICATION
"_-

CHECK FOR
REASOMABLEMESS

l1se the order of operations
when entering your numbers on a
calculator. How can the omission
of parentheses change your
answer?

CHECK FOR
REASOMABLEMESS

Why does it make sense that
there is a relatively small
difference in the two interest
rates?

L PRGN IGAFD Exponential Models of Growth

Kimberly's family invested in a
Certificate of Deposit (CD) for her
when she was born. The interest
is compounded quarterly.

| ceRTIFICAT

; C of Deposit E t
| Amount Deposited: 53,000.00
| Annual Interest: 8%
- | Interest compounded quarterly

i

A. What is the value of the CD at
the end of five years?

R

Use the compound interest
farmula.

A=P(1+5)"

- The principal amount is 3,000. The rate of
=z000(1 4+ 208 interest is B%, or 0.08. The number of times
y 4
y per year the interest is calculated is 4.

= 3,00001 + 0.02)%t

= 3,000(1,02)" The E“.-f? imeresF is p?id awer 4 Fner'im:ls,
50 2% interest is paid each period.

= 3,000(1.02)45
=4,457.84
At the end of five years, the value of the CD will be 54,457 84,
B. Will Kimberly's CD earn more money if her interest is compounded
annually rather than quarterly?

) n . a4
Use the laws of exponents to compare 4 = P(1 + ﬂ " with A = Pl1+ 5:' r.

with r = 0.08.
Annually Quarterly
\ it mt
A=P[_1+ﬁr] A=P[1+%_]
p.ogy 't .08
=P|:1+—1—} =P[1+ B ]
= P{1 + 0.08)* =P1 +002)%
= F(1.08) = P(1.02)* Lse the Power of a

Power Property to write

= P((1.02)"%* 1.02% as (1.0

= P(1.0824316)"

Compounding an 8% annual rate guarterly is roughly equivalent to an
8.24% annual interest rate, Kimberly will earn more money if her interest is
compounded quarterly.

@ Try It! 2. a. What will be the difference after 15 years if the interest is

compounded semiannually rather than quarterly?

b. A CD earns 4% annual interest, compounded monthly. What
is the equivalent annual interest rate?
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APPLICATION o I S IGR:Ey Exponential Decay
|

A video is labeled a fan favorite if it receives at least 1,000 views per day.
Amelia posts a video that gets 8,192 views on the first day. The number of
views decreases by 25% each day after that. In how many days total will
the video stop being a fan favorite?

¥
&,0004
w B, 000
3
= 4,000
2,000
X
0
i) 2 4 1]
Days
GENERALIZE Because the number of views decrease rather f{}(} =3+ hX
How does the exponential increase, by 25% each day, the situation is
decay function differ from modeled by exponential decay. You can f{x} - 3{1 - r}x
the exponential growith model exponential decay with a function of the
function? formfix)=a+«b" wherea>0and 0 < b < 1.

) ) ris the decay rate,
The decay factor is 1 minus the decay rate, Y

Step 1 Model the situation.
Let x = time in years, 4 = initial amount, and r = decay rate.
fix) = a{1 = r)*
=8,192(1 - 0.25)* o
The decay factor is written as a
= B,192(0.75)" decimal less than 1.

Step 2 Write an equation to find x if f{x) = 1,000.
1,000 = 8,192(0.75)"
Step 3 Estimate the solution of the equation using a graphing calculator.

Lise the table feature to find the
value of x when y < 1,000.

The video will stop being a fan favorite in 8 days.
@ Try It! 3.a. What is the constant percent rate of change in Example 37

b. Suppose the number of views increases by 10% per day.
Is the situation modeled by exponential growth or decay?
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APPLICATION
————l

STUDY TIP

Use the slope formula to find the
average rate of change between
tWwo points:

o=l
T XK

o A0S Exponential Models of Decay

The number of pikas in a region is decreasing.
How does the decrease in the pika population
for years 1 to 5 compare to the population for
years 6 to 107

Write an exponential decay function to model
the situation.

) =a(1 = n*
= 144(1 - 0.08)*
fx) = 144(0.92)*

Pika population is decreasing
by 8% each year.

P REs
Initial population: 144 pikas

Find the average rate of change for each interval.

YearTtoYear5: 1< x <5 Year 6 to Year 10:6 <= x < 10

fl1) = 132 f(5) = 95 fi6) = 87 f{10) = 63
95 — 132 _-37 _ _ 63-87 -2 __
Seyo="3=-925 W-t=-4 -6

For years 1 to 5, the pika population decreases by an average of 9.25 pikas
per year, For years 6 to 10 the pika population decreases by an average

of & pikas per year. The average rate of change for the pika population
decreases as years increase,

@ Try It! 4. How would the average rate of change over the same intervals

APPLICATION
e —

Formulate

Compute 4

Interpret

be affected if the population increased at a rate of 8%7

o |G A B Exponential Growth and Decay

Rich is comparing the cost of maintaining his car with the depreciating value
of the car. When will the cost and value be the same?

Value: starts at
§20,000, decreases

Maintenance cost: $500
the first year, increases by

by 15% per year. 28% per year.
Write the exponential functions, sznl""
Val - = .B5)* _ =
alue of th.e car: f{x) = 20(0.85) 3 s flx) = 20{0.85)"
Cost of maintenance: gix) = 0.5(1.28)" :Fi
) 2 512 the solution
Solve by graphing. £ S
Find the point of intersection: (9, 4.5). = 58
(=]
(W)
The value of the car and the cost of 4| gix) = 0.5(1.28)"
maintenance are both about 54,500 at 50 X
9 years, 0 2 4 & & 10

Years

@ Try It! 5.Explain how to use tables on a graphing calculator to answer

this question.

190 TOPIC5 Exponents and Exponential Functions



@ CONCEPT SUMMARY Exponential Growth and Decay

Exponential Growth

ALGEBRA i TN
fix)=a(l + ¥

RIS fix) = 4(1 + 0.5)*
[ R initial value: 4

growth rate: 50%
growth factor: 1.5

4]
12

10

8

]

a4

©) Do You UNDERSTAND?

1 Wha kinds of

situations can be modeled with exponential
growth or exponential decay functions?

2. Vacabulary What is the difference between

Exponential Decay

fix) =a+b*
fix) = a{l = r)*
fx) = 4{1 - 0.5)%

initial value: 4
decay rate; 50%
decay factor: 1 - 0.5 =05

Compound Interest

flx) =a « b*

A=p(14+ 5™

- 0,124 2t
a=5(1+932)

principal: 5
annual interest rate: 12%

periods per year: 2

14]Y TR
12 12
10 10
8 8
B ]
L
49 4
2 2
mF; . X
O}y [ 2 4l 5 Or | 2| 4 B
Do You KNOW HOW?

simple interest and compound interest? of 25%

3. Error Analysis LaTanya says that the growth
factor of fix) = 100(1.25)" is 25%. What
mistake did LaTanya make? Explain.

4. Use Patterns and Structure Why is the
growth factor 1 + r for an exponential

growth function?

8. initial value of 10,000 decreasing at a rate

of 12%

Write an exponential growth or decay function
for each situation.

5. initial value of 100 increasing at a rate of 5%

6. initial value of 1,250 increasing at a rate

7. initial value of 512 decreasing at a rate of 50%

9, What is the difference in the value after

10 years of an initial investment of 32,000
at 5% annual interest when the interest is
compounded guarterly rather than annually?

LESSOM 5-4 Exponential Growth and Decay
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@ PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Use Patterns and Structure How is an
exponential growth function of the form
fix) = a{1 + r}* related to an exponential
function of the form fix) = a « b7

11. Generalize What is the asymptote of the graph
of an exponential growth or exponential decay
function? Explain your reasoning.

12. Error Analysis Describe and correct the error
a student made in writing an equation to find
the annual value of an investment of 1,000 at
4% annual interest compounded semiannually.

=
]

1,000(1+0.04)"
1,000(1.04)%

v

13. Choose Efficient Methods Describe how you
could use a graphing calculator to estimate the
value of x when flx) = 8(1.25)* equals 15.

14. Represent and Connect The population of a
town over several years is shown in the table

below.
m Percent
Population | Change
] 2400
1 2352
2 2305
3 2259
4 214

a. Copy and complete the table. Round the
percent changes to nearest percent.

b. Why can the population be modeled by an
exponential function? Would it be a growth
or decay function? Explain,

€. Write the function.

15. Communicate and Justify Explain how to
use the laws of exponents to determine if
an investment earning 5% annual interest
would earn more compounded monthly or
compounded quarterly,

192 TOPIC5 Exponents and Exponential Functions

Write an exponential growth function to model
each situation. SEE EXAMPLE 1

16. initial value: 20 17. initial value: 100
growth factor: 1.25 growth factor; 1.05

Compare each investment to an investment of
the same principal at the same rate compounded
annually. SEE EXAMPLE 2
18, principal; 58,000
annual interest: 6%
interest periods: 4
number of years: 20

19, principal; P
annual interest: 3.5%
interest periods: 2
number of years: t

Write an exponential decay function to model each
situation. Then estimate the value of x for the
given value of fix). SEE EXAMPLE 3

20. initial value: 100 21. initial value: 5,000
decay factor: 0.95 decay factor: 0.7
fix) = 60 flx) =100

Write an exponential decay function to model each
situation. Compare the average rates of change
over the given intervals. SEE EXAMPLE 2

22, initial value: 50 23, initial value: 25
decay factor: 0.9 decay factor: 0.8
1zx=<4dand 2<x<4dand
b=zx=8 6<x<8

Write an exponential function to model the data
in each table. Classify the function as representing
growth or decay. SEE EXAMPLES 1-4

24. _ 25.
om o
0 16 0

100
1 8 1 110
! 4 2 121
3 2 i | 13341
4 1 4 | 146.41

Model each pair of situations with exponential
functions f and g. Find the approximate value of x
that makes fix) = g{x). SEE EXAMPLE 5

26. f. initial value of 100 decreasing at a rate of 5%
g: initial value of 20 increasing at a rate of 5%

27. f: initial value of 40 increasing at a rate of 25%
g: initial value of 10,000 decreasing at a rate
of 16%



(©) PRACTICE & PROBLEM SOLVING

28. Apply Math Models A plant will become
invasive when the number of plants
reaches 10,000. Model the situation with an
exponential growth function. How many years
will it take for the plant to become invasive?
Explain how you found the salution.

~ =g

Initial Population:
500 plants

By Annual Growth
SR Fate: 7%

-~

29, Apply Math Models Joshua invests 5500 at the
interest rate shown, Felix invests 51,000 in an
account with the same compounding, but at
6% interest rate, Model each investment with
an exponential growth function, Whose money

will double first? Explain.

1

Investment
o g Special!

Annual Interest Rate: 7.8%
& [Inerest Period: 2 per year

30. Analyze and Persevere Write and graph
exponential functions to model the number

of students at School A and at School B as a
function of number of years. In about how
many years will the number of students at both
schools be approximately the same? Explain
how you can use a graph to determine the
answer,

School B

240 students
decreasing at
an annual rate of 2%

180 students
Increasing at
an annual rate of 3%

(%) ASSESSMENT PRACTICE

31. Select all the functions that are exponential
growth functions. g AR.5.3

O A. fix) = 2(1.02)*
O B. fix) = 5000(3)*
[ €. fix) = 7500(0.91)*
O D. fix) = 189(1 — 0.25)}*
O E. fix) = 2485(1 + 0.25)"
32. SAT/ACT Which function models the value in

x years of an investment at 3% annual interest
compounded quarterly?

@& 150(1 — 0.03)%
® 150(1 + 0.03)™
© 150{1 - 0.03)*

@ 150(1 + 0.0075)%
& 150(1 - 0.0075)%

33. Performance Task Isabel has 510,000 to invest.
She is choosing between the three investment
opportunities shown,

Mumber of
Annual Interest
Investment | Interest Periods
A 4% 1
B 4% 4
C 4.2% 1

Part A Write a function for each investment to
model its value in x years.

Part B Suppose Isabel only wants to invest her
rmoney for five years. Which investment will
have the greatest value in five years?

Part C Which investment will make Isabel a
millionaire first?
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MATHEMATICAL
MODELING

IN 3 ACTS

(CC,

e MAS1LAR.5.4-Wriite an

expanential funcoon T represent
a relatinrship hefveen twa
guanitities fram a graph, & written
description or a table of values
within a mathematical or real
wnrld context.

MAKIZ.MTR.7.1

© Big Time Pay Back

Most people agree that investing your money is a good idea. Some people
rmight advise you to put money into a bank savings account. Other people
might say that you should invest in the stock market. 5till others think that
buying bonds is the best investment option.

Is a bank savings account a good way to let your money grow? Just how much
money can you make from a savings account? In the Mathematical Modeling
in 3 Acts lesson, you'll see an intriguing situation about an investment option.

Identify the Problem

1. What is the first question that comes to mind after watching the video?

[

. Write down the main guestion you will answer about what you saw in
the videa.

. Make an initial conjecture that answers this main question.
. Explain how you arrived at your conjecture,
. Write a number that you know is too small.
. Write a number that you know is too large.

= o W o W

. What information will be useful to know to answer the main question?
How can you get it? How will you use that information?

ACT 2 Develop a Model

8. Use the math that you have learned in this Topic to refine yvour conjecture.

ACT 3 Interpret the Results

9. Is your refined conjecture between the highs and lows you set up earlier?

10. Did your refined conjecture match the actual answer exactly? If not,
what might explain the difference?
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solve problems?

Vocabulary Review

Choose the correct term to complete each sentence.

2. A population’s growth can be modeled by a(n)
of the form fix) = a « b*, where a > 0and b > 1.

3. An exponential function repeatedly multiplies an initial amount by

the same positive number, called the

Topic Review

? TOPIC ESSENTIAL QUESTION

1. How do you use exponential functions to model situations and

. * constant ratio
function ) )
* simple interest
+ decay factor

L EOH‘IFIDUI'ICI interest

4. Inthe exponential function fx) = a (1 — A*, the term (1 — r} is called = exponential decay

the

= exponential growth

5 is interest that is paid both on the principal and on the = exponential function

interest that has already been paid.

6. As x or y gets larger in absolute value, the graph of the exponential

function gets closer to the line called a(n)

Concepts & Skills Review

* asymptote

growth factor

LESSON 5-1 Rational Exponents and Properties of Exponents

Quick Review

If the nth root of a is a real number and m is an
integer, then S mYBanda” = (va)m,

Power of a Power: (3™" = gMn

Power of a Product: (a « b)™=a™p™m

M=+

Product of Powers: 3™+ a" = a

1 m =
Quotient of Powers: '*a" =a™" a0

Example i .
Find the product of and 9* and 9°.

Use the Product of Powers Property. Simplify the
rational exponent, and then the power.

(97)(9") = (9 *
= 'EI;
= g3
= ]29
The product of 9-: and 92 is 729.

Practice & Problem Solving
Write each radical using rational exponents.

7. 48 B. N2

Use the laws of exponents to simplify each
expression. _
9. (5)(57%) 10. 27
27

11. Represent and Connect Describe two ways
to express the edge length of a cube with a
volume of 64 cm?,

12. Apply Math Models Use rational exponents
to express the relationship between the dollar
values of two prizes in a contest,

Bicycle $256

Luxury vehicle | $65, 536

TOPIC 5 Topic Review
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m Radical Expressions

Quick Review
The Product Property of Square Roots states that
Jab = Ja « b, when a = 0and b > 0. The Product

Property of Cube Roots states that Yab = ¥a « b,
with no restrictions on the signs of a or b,

Example

Write an expression for 543x - 2{12x* without
any perfect squares in the radicand.

543x » 24123
=5 ZurE_Xt_IZF

Pultiply the constants, and use
the Product Property of Square
Roots to multiply the radicands.

=106+ x2 Simplify.
= 60x?

The expression 543x » 212x3is equivalent
to 60xZ,

m Exponential Functions

Quick Review

An exponential function is the product of an
initial amount and a constant ratio raised to a
power. Exponential functions are expressed using
fix) = a « b*, where a is a nonzero constant,
b=0,and b £ 1.

Example
Find the initial amount and the constant ratio of
the exponential function represented by the table.

0 3 | The initial amount is 3.
1 12 12=-3=4

2 48 4B+12=4

3 /192 | 192=48=4

4 768 TeE-192=4

The constant ratio is 4.
In fix) = a « b*, substitute 3 for a and 4 for b.
The function is f{x) = 3(4)".

196 TOPIC5 Exponents and Exponential Functions

Practice & Problem Solving
Write each expression in simplest form.

13. Ja20 14. 484
15. V54 16. 11Y/-16
Write each product or quotient in simplest form.
17. V8 +J20 1e. N8
+12
19, 816 20. 235 + /45
432

Write each sum or difference in simplest form.

21. 317 + 2417 22. 580 - 2./96

23. Analyze and Persevere Write the sum of
a and b in simplest form. Then write an
expression for the perimeter of the triangle.

Practice & Problem Solving

Describe the domain, range, intercepts, and
constant ratio for each exponential function.

1 X
24. flx) = —4(6)* 25. fix) = 8( ?}
Graph each exponential function.
26. fix) =2.5" 27. flx) = 5(2)*

28. Write the exponential function for values
shown in the table.

Tell whether each function is linear or
exponential. Explain your reasoning.

29, 30.
)
i} 5

1] 5
1 15 1 15
2 45 2 25
3 | 135 3 35
4 | 405 4 45



LESSON 5-4 Exponential Growth and Decay

Quick Review

An exponential growth function can be written
as flx) = ab*, where 3 =0 and & = 1. You can
express the growth factor, b as (1 + r), with r
being the growth rate. The resulting function

is fix) = a(1 + A~

[fa=0and0<b<1then fix)=ab"isan
exponential decay function. The decay factor b
can be written as (1 - r), with r being the decay
rate. The resulting function can be written as
fix) = a1 - )",

Compound interest is special application of
exponential growth. Compound interest is paid
both on the principal and on the interest that
has already been paid.

Example

Chapter City has a population of 18,000 and
grows at an annual rate of 8%. What is the

estimated population of Chapter City in 6 years?

Let x = time in years, 8 = initial amount,
and r = growth rate.

fx) = a(1 + ¥
= 18,000(1 + 0.08)

The function is f{x) = 18,000(1.08)%,
Find the expected population in 6 years.
f(6) = 18,000(1.08)%
= 28,563.74
After & years, the population is expected to be
about 28,564,

Practice & Problem Solving

31. Analyze and Persevere An exponential
function of the form fx) = bY includes the

points (2, 36), (3, 216), and (4, 1,296). What is

the value of b7

Write an exponential growth or decay function
to model each situation.

32. initial value: 50, growth factor: 1.15
33. initial value: 200, decay factor; 0.85

Write an exponential decay function to madel
each situation. Compare the average rates of
change over the given intervals.

34. initial value: 20 35. initial value: 24
decay factor: 0.8 decay factor: 0.7
1<x<4and 2<x<4dand
5<x<8 6=x=<8

Write an exponential function to model the
data in each table. Classify the function as
representing growth or decay.

* " 3

0 128 0 | 256
1 160 1 4
2 | 200 2 16
3 | 250 3 4
4 | 125 i 1

Apply Math Models Compare each investment
to an investment of the same principal at the
same rate compounded annually.

38. principal: $12,000
annual interest: 5%
interest periods: 2
nurnber of years: 10

39, principal; P

interest periods: 4
nurmber of years: t

TOPIC 5 Topic Review

annual interest: 2.5%
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Polynomials and
Factoring

? TOPIC ESSENTIAL QUESTION

How do you work with polynomials to rewrite expressions
and solve problems?

o Topic Overview Topic Vocabulary
enVision® STEM Project: * Closure Property
Make Business Decisions s degree of a monomial

61 Adding and Subtracting Polynomials ¢ degree of a polynomial

AT, TR, T, MTRAY, MTR.5.1 » difference of two squares
62 Multiplying Polynomials * monomial
AR1.3Z. MTR1.1. MTRZ1, MTR. 5.1

+ perfect-square trinomial
63 Multiplying Special Cases

AR, MTE 3.1, MTR.A.1, MTR.5.1

polynomial

* standard form of a polynomial
64 Factoring Polynomials
AR A ARNT, MTRT.Y, MTRS. 1, MTR.T.N

6-3 Factoring ¥+ bx+c
AR1T, MTRL1.1, MTR..1, MITR.5.1

Mathematical Modeling in 3 Acts:

Who's Right?
AR1.T, MTE.T.1

66 Factoring ax? + bx + ¢
ARY.T, TR0, MTRALY, MTR,5.1

6-7 Factoring Special Cases
ARLT ART7 MITRA. T MTRES. 1, MTR.E.1

. P Digital Experie“ce

INTERACTIVE STUDENT EDITION
Access online or offline.

FAMILY ENGAGEMENT

Invalve family in your learning.

ACTIVITIES Complete Explore & Reason,
Model & Discuss, and Critigue & Explain
activities. Interact with Examples and Try /ts.

ANIMATION View and interact with
real-world applications.

PRACTICE Practice what
you've learned.

@ ———
e —

@0 006

E Go online | SavvasRealize.com
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MATHEMATICAL MODELING IN 3 ACTS GCE®

) Who’s Right?

People often approach a problem in different ways. Sometimes their
solutions are the same, but other times different approaches lead to very
different, but still valid, solutions

Suppose you had to solve a system of linear equations. You might solve

it by graphing while a classmate might use substitution, Is one way of
solving a problem always better than another? Think about this during the
Mathematical Modeling in 3 Acts lesson.

VIDEOS Watch clips to support ASSESSMENT Show what
Mathematical Modeling in 3 Acts Lessons you've learned.

gl .
and enVision™ STEM Projects. TUTORIALS Get help from

ADAPTIVE PRACTICE Practice that is Virtual Nerd, right when you need it

just right and just for you. MATH TOOLS Explore math
GLOSSARY Read and listen to with digital took and manipulatives

English and Spanish definitions DESMOS Use Anytime and as embedded
CONCEPT SUMMARY Review Interactives in Lesson content

keyllgsrc-n Y thruuqh QR CODES 5can with your mobile device
el b for Virtual Nerd Video Tutorials and Math
Modeling Lessons.

606 O
HEOECO

TOPIC & Polynomials and Factoring 199




@ Your Task: Make Business Decisions

Did You Know?

Businesses can use functions to
estimate their revenue and expenses,
and then use that information to set
sales targets and prices,

For every 100 new products introduced The biggest advert on TV The second biggest
each year, only 5 succeed, COMMUMICATION COMPAMNIES CARS

WS
Wi
Wi W
W

H
"
|
-
|

WV

AR RAT AR RATAT AT R

L & B A B B B A B B five years
WY

i - 2018 2020 2023 2028
L & & & B B B B B | -

About 543,000 new businesses are started

every month in the United States.

You and your classmates will choose a business to model. You will
suggest and defend choices for the number of items to make and the
price(s) at which to sell them. Then, you will research ways that your
decisions could change based on market factors.
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¥ ) EXPLORE & REASON

6-1

Each year the Student Council conducts a food drive. At the end of the
drive, the members report on the items collected.

Adding and
Subtracting
Polynomials

| CAN... combine like terms } |
to simplity polynomials,

VOCABULARY

* Closure Property
+ degree of a monomial
+ degree of a polynomial

* monomial i i i

« polynomial A. Describe two different ways that the students can sort the items that

R b were collected.
polynomial B. Apply Math Models Write two expressions to represent the number and

type of items collected.
a MA.512.AR.1.3-Add, subtract and €. Share your expression with classmates. How are the expressions sirmilar?

multiply pofynomial expresions H h dff TWh h diff 3
with rational numbser coefficients. oW are they dirterent: y are they cifferent:

MAKTZMTR.L1, MTR.A.Y,
MTRS.1

How does adding or subtracting polynomials
‘? cuomirmsde b i exi o compare to adding or subtracting integers?
CONCEPTUAL
UNDERSTANDING  (()JETNLZRP Understand Polynomials

A. Why does a constant have a degree of 07

A monomial is a real number, a variable, or the product of a real number
and one or more variables with whaole number exponents.

The degree of a menomial is the sum of the exponents of the variables
of a monomial.

STUDY TIP

Remember to find the sum of The variable has an 15x2 1 Kyl The sum of the variakbbe
the exponents of the variables in exponent of 2, so Z exponents i 7, so the
each term, not just the greatest the degree is 2. degree is 7.

exponent of any variable.
A constant has no variable. However, any number to the 0 power is 1,
s0 you can multiply a constant by x® without changing the value of the

constant.
7T———= 0 The exponent of the
=7{1) variable is 0, so the degree
_7 of this monomial is 0.

5o, the degree of a constant is 0.

CONTINUED ON THE NEXT PAGE
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EXAMPLE 1 CONTINUED
B. Why is 5x7 - 4 called a cubic binomial?

A polynomial is a monomial or the sum or difference of two or more
monomials, called terms.

Polynomials are named according to their degree. The degree of a
polynemial is the greatest degree of any term of the polynomial.

Polynomial m Mame Based on Degree

7 0 Constant Pol —
_ ynomials with a
- - 1 - . degree greater than 3
I+ 2+ 1 Z Quadratic can be named by their
—5aly 3 Cubic degree—fourth degree,
M 4 Sx— 2y +6 4 Fourth Degree — "1th degree, and so on.

Polynomials are also named according to how many terms they have.

Mumber Mame Based on
Palynomial of Terms Number of Terms

A 1 Monomial
x+7 2 Bincmial Polynomials with maore
N 3 = — than 3 terms do not
E have special names.
Ay 4 G-+ 6 4 Polynomial

3

Sx~ — 4 is called a cubic binomial because it has a degree of 3 and two terms,

9 Try It! 1.Name each polynomial based on its degree and number
of terms.

a.—lwyz b. Gxy — 3x +

EYRA AN AR Ry Write Polynomials in Standard Form

What is the standard form of the polynomial 7x — 5 — x® + 6x* — 3x%7

The standard form of a polynomial is the form of a palynomial in which the
terms are written in descending order according to their degree.
CHOOSE EFFICIENT METHODS
Why is writing pobynomials in
standard form important? How
will it be useful?

Rewrite the polynomial in standard form.
Tx=5-x% 4 6% - Ix? &y has the greatest
: degres, 4, so write it first.
B! —x? 3 4+ x5

The standard form of the polynomial is 6x% — x3 - 3x2 4 7x - 5.

@ Try It! 2. Write each polynomial in standard form,
a.7-3x% 4 6x2 b. 2y - 3 - 8)?
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VOCABULARY

Remember, fike terms are terms
with exactly the same variable
factors.

USE PATTERNS AND
STRUCTURE

Which terms in a polynomial
are like terms? How does
combining them change the
polynarmial?

o AN MRy Add and Subtract Monomials

How can you use the properties of operations to combine like terms and
write the expression 4x + 3x2 + 2x + x? + § in standard form?

Lse algebra tiles to model the expression.

Ax + + 2+ x

The terms with x and x¥
cannat be combined because
the exponents are different.

Ftearrange the tiles to group like terms mgether.

The expression 4x + 3x2 + 2x + x2 + 5 written in standard form is 4x2 + Gx + 5.

You can also rewrite the expression in standard form using the properties
of operations.

Ax + 32 4 Ix 4 w2 4 5 _
You can apply the same properties

=(Ax? +x) + (A + 220 + 5 of operations for real numbers to
il BB operations with monomials.

@ Try It! 3. Combine like terms and write each expression in standard form.
a. dx? — 3x—x? 4+ 3x b. 7y -3y + 53 -2y +7

o |3 CN RS Add Polynomials

A. How is adding polynomials like adding numbers?

Consider the expressions 123 + 405 and (x? + 2x + 3) + (4x? + 5).

123 Only like place values Only like terms X7+ 20 +3
+405 ™ can be added. can be added, [+ dx? +5
528 Sx? 4+ 2% 4+ B

Before you add polynomials, align like terms. This is similar to how,
before adding numbers, the numbers must be aligned according to their
place value.

CONTINUED ON THE MEXT PAGE
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EXAMPLE 4 CONTINUED
B. What s the sum of ( 1x? + 2x -3 ] and (2x2 + 6 )2

To add two polynomials, combine like terms.

Method 1: Add vertically. Method 2: Add horizontally.
1.3 2

EDMMﬁljll‘N ET“‘:'leE ; frax- Align like terms. [Ex e ]J ¥ {5 4 E‘}
Be caretul to align like terms 2 3 . ¥, 2.3
when adding polynomials vertically. . i +e [ T EX ) +(20) + (=3 + 6)

3 343 Use the Commutative and L 3. s

G Associative Properties to ‘oa Prace

group like terme.

y 2
Thesumo‘f{_%x +2x—3]and {—x +6}|5 3" x4 3.
The sum of these two polynomials is a pnlync:rnlal

6 Try It! 4. Simplify. Write each answer in standard form.
a (3 + 20 + (—x + 9) b.(-2x2 + 5.6x— 7} + (3.8x+ 7)

Subtract Polynomials

What is the difference (6x2 + 3x — 2) — (3x% + 5x - 8)7
To subtract two polynomials subtract like terms.

COMMON ERROR Method 1: Subtract vertically by lining up like terms.

Remember that subtraction is Gt +3x—2

adding the opposite. Be sure Line up like terms. 6x% + 3x— 2 Distribute —1 3 - Sx+ 8

to find the oppasite of every Then subtract. —(3x2 + 5x — 8) to each term. %
term in the second palynomial n I - 2x+ b

E:I‘:Iritral?:llél?rﬁ 110 Gadiiem, Method 2: Subtract horizantally. Dictribute —1 1o each term

(6x? + 3x — 2) - (3x2 + 5x - 8) in the subtracted expression.
=62 4+3x—-2-3x% —5x+8
= (6x2 = 3x2) + (3% = 51} + (=2 + 8) Use the Commutative and

Associative Properties to combine
=2 —2x+6 ike terms. Then simplify.

The difference of (6x2 + 3x — 2) and (3x2 + 5% — B) is 3x% — 2x + 6.
The difference of these two polynomials is also a polynomial.

In Examples 4 and 5, the result of adding or subtracting two polynomials

is another polynomial. The Clesure Property indicates that polynomials are
closed under addition or subtraction because the result of these operations
is another polynomial.

@ Try It! 5.simplify. Write each answer in standard form.
a (3 +dx+2) = (-x+4) b. (—5x - 6) — (4x2 + &)
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appLicaTioN  (OJZTNGELP Apply Polynomials
e e

An engineer is reviewing the layout of a solar farm. The solar farm shown
has 4 small panels, 33 medium panels, and 32 large panels. What is the total
area of the farm’s solar panels?

The total area of the large iy Fam The total area of the small
solar panels is represented & : salar panels is represented
by 327 + 384, by de + 2du,

USE PATTERMS AND

STRUCTURE

How could you use what you know

about polynomial addition to find - - s The total area of the
an expression for the area of each : medium solar panels
small solar panel? is represented by

33 + 272x.

Write an expression to represent the total area of the solar panels.

Total area = Total area of + Total area of + Total area of
large panels medium panels  small panels

(32x% + 384x) + (337 + 272¢) + (dx? + 24x)
(32x7 + 3302 + Ax?) 4 (384x + 272x + 24x)

= 2
=B - Oh0a Use the Commutative and Associative
Properties to group like terms. Then add.

The total area of the solar panels is modeled by the expression 69x2 + 680x,
where x is the width, in meters, of each solar panel.

@ Try It! 6. What expression models the difference between the total
area of the large solar panels and the total area of the small
solar panels?
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@) CONCEPT SUMMARY Adding and Subtracting Polynomials

CUDICLENTTE Standard Form of a Polynomial: 3x% — 3x? 4 4x - 2

In standard form the monomial
termns are written in descending
order according 1o their degree.

ATl TN ITTR Polynomials can be named according to the number of terms and their degree.

127 + Bay = 5

The highiest degree
is 3. 50 it is cubic.

There are 3 terms, 5o it
& a trinomial

So 12x% + Bxy — 5 is a cubic trinomial,

UM TETRG LGN ([T Adding Polynomials

Subtracting Polynomials

(=2x% 4 dx? = 5) 4 (dx% 4 2%2 4 B) (B — x4+ 8) = (-3x" = x+ 6B)

=(=-2x7 + 4xY) 4 (x4 %) + (-5 + B)

=2x7 + 662 43

edxl-2x+d+ ¥4 x-6
=(3x? + ) + (2% + x) + (4 - 6)

=6xl-—x=12

Add or subtract like terms just like you add or
subtract digits with the same place value,

© Do You UNDERSTAND?

1. I How does

adding or subtracting polynomials compare
to adding or subtracting integers?

2. Represent and Connect How does the
definition of the prefixes mono-, bi-, and tri-
help when naming polynomials?

3. Vocabulary Describe the relationship
between the degree of a monomial and the
standard form of a polynomial,

4. Communicate and Justify Explain why the
sum X + X is equal to 2x instead of .

5. Error Analysis Rebecca says that all
monomials with the same degree are like
terms. Explain Rebecca’s error.

206 TOPIC6 Polynomiaks and Factoring

Do You KNOW HOW?
MName each polynomial based on its degree and
number of terms.

x 3
6.5+2 7.7 + xy— 4

Write each polynomial in standard form.
8.2y-3-)°
9.3x% -2+ x¥+ 6

Simplify each expression.

10. (x? + 2.3x - 4) + (2x? - 5.4x - 3)

11, (3x2 — 50— 8) — (—dx? — 2x — 1)

12. A square prism has square sides each
with area x? + Bx + 16 and rectangular
sides with each area 2x? + 15x + 2B. What
expression represents the surface area of
the square prism?



° PRACTICE & PROBLEM SOLVING

UNDERSTAND

13.

14.

15.

16.

17.

Analyze and Persevere How is it possible that
the sum of two quadratic trinomials is a linear
binomial?

Error Analysis Describe and correct the
error a student made when naming the
polynomial.

-2t 4 Syt - Ixica

cubic trinomial. x

Error Analysis Describe and correct the
error a student made when subtracting the
polynomials.

[=5u? + 2x = 3) = (3x2 = 2n — §)
Sl +Ix—-3-3x2-1Ix—§

~fxl -9 x /

Use Patterns and Structure What is the missing
term in the equation?

al—+7N+(@x=6)=-dr+1
b.(a2+ __—+1)-( __+58+__)=48a2-2a47

Higher Order Thinking Describe each
statement as always, sometimes, or never true.

a. A linear binomial has a degree of 0.
b. A trinomial has a degree of 2.
. A constant has a degree of 1.

d. A cubic monomial has a degree of 3.

18. Communicate and Justify Consider the set

of linear binomials ax + b, where a and b are
positive integers, a>0and b > 0.

a. Does the set have closure for addition?
Explain.

b. Does the set have closure for subtraction?
Explain.

Find the degree of each monomial. SEE EXAMPLE 1

19.: 20. ~Txy
21. 21 22, axly

Name each polynomial based on its degree and
number of terms. SEE EXAMPLE 1

23 17yx? + xy -5
24.5°+ 2x-8

25. 100x% + 3

26. -9 + 8xF — Tx 41

Simplify each expression. Write the answer in
standard form. SEE EXAMPLES 2 AND 3

27, 3x + 2x% — 4x + 3x% - 5x
28.5+ 8y - 12y% + 3y
29.3z-722-Sz+ 522+ 22
30.7 - 2x+ 3 + 5x + dx?

Add or subtract. Write each answer in standard
fﬂl‘l‘l‘l. SEE EXAMPLES 4 AND S

3. (gb-8)+ (go+4)

32. (262 = 7% + 8x) + (-8x% = 3% + 4)
3.5 -2y + N -2 +y+3)

34. (-7a% -2+ 4.6a%) = (-74a? 4+ 2 -T2V
35. (4m? - 2m + 4) + (2m? + 2m - 5)

Write an expression to represent each situation.
SEE EXAMPLE &

36. Find the perimeter of the rectangle.
3x =1

X+ 1

37. A cube has square sides with area x¥ + 24x + 144,
What expression represents the surface area of
the cube?

38. A rectangle has a length of 5% + 2 in. and a
width of 4x + 6 in. What is the perimeter of the
rectangle?
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© PRACTICE & PROBLEM SOLVING

39. Mathematical Connections The perimeters of

41,

208

the tweo figures are equal.

ix—4 2x
x+6 2x + 6
2x Ix—4
7

What expression represents the missing side
length?

. Analyze and Persevere The owners of a house

want to knock down the wall between the
kitchen and family room.

S

Kitchen
o+ Te+ 12

Family Room
a + 10w + 24

What expression represents the area of the
new combined open space?

Generalize Polynomial A has degree 2;
Polynomial B has degree 4. What can you
determine about the name and degree of the
sum of the polynomials and the difference of
the polynomials if

a. Polynomial & is a binomial and Polynomial B
is a monamial?

b. Both Polynomial A and Polynomial B are
binormials?

. Apply Math Models A large indoor market is set

up with 4 rows of booths. There are large booths
with an area of x? sg. units, medium booths with
an area of x sg. units, and small booths with an
area of 1sq. unit. In the marketplace, two of the
rows contain 7 large booths, 6 medium booths,
and 5 small booths each. The other two rows
each contain 3 large booths, 5 medium booths,
and 10 small booths. What is the total area of the
booths in the marketplace?

TOPIC & Polynomials and Factoring

) ASSESSMENT PRACTICE

43. Which expression is equivalent to

{x? + 3.8x — 5) — {4x? 4 3.8x — 6)7 @ Ar12
@ 5x2 + 7.6x - 11

® 3%t + 7.6x2 + 1

© -3 41

B —3x2 + 7.6 - 1

44. SAT/ACT What is the sum of —2x2 + 3x — 4 and

3Ix? —dx + 67
@xt—x? 42

B 5x* + Tx2+ 10
o2

B xi-—x+2

B 246

45. Performance Task A room has the dimensions

shown below. Molding was installed around
the edge of the ceiling.

— Iy ] — . =

35+ 4 |

I 6x -

Part A Write an expression to represent the
amount of molding needed.

Part B 5am used 80 feet of molding to finish
the room. What is the measurement of each
edge of the ceiling?



6 - Z *",:l MODEL & DISCUSS

Multiplying
Polynomials

| CAN... multiply two
palynomials,

e A 512 AR 3-Add, subtract and
mulliply poynomial expressions
with rational number coefficients.

MAETLMTR.1.1, MTR.2.0,
MTRS5.1

COMMON ERROR
You may incorrectly state that

3oy i E
4x* () is —dx". Recall that when —ﬂrjl',x'!+ Jx— 4) = —dx*-(x-’-'ﬁ+ _Ax :-'{ax} + — 53—

multiplying terms with exponents,
you add the exponents of like
bates.

Samantha makes the abstract painting shown using vertical and horizontal
lines and four colors.

A. How can you use mathematics to describe the areas of Rectangle 1 and
Rectangle 27

B. Represent and Connect How can you use mathematics to describe the
area of Rectangle 37

How does multiplying polynemials compare to
‘? ESSENTIAL QUESTION Jipvnmabibuna st
OETEEED ruttiply a Monomial and a Trinomial

What is the product of —4x® and (x? + 3x — 4)7

Lise the Distributive Property. The Distributive Property works for
polynomials in the same way that it works for real numbers,

Distribute —4x7 to each
= 47 — 12x* + 1647 term of the rinomial.

The product is —4x” — 12x? & 1627

Motice that the product of these two polynomials is a polynomial.

@ Try It! 1.Find each product.
a. —2x% (x + 3x + 4) b. —4x(2x? - 3x + 5)
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CONCEPTUAL

UNDERSTANDING o 3N IGA: S Use a Table to Find the Product of Polynomials

STUDY TIP

Once the two-digit numbers are
wrritten in expanded form, you can
also use the Distributive Property
to find the product.

A. How is multiplying binomials like multiplying two-digit numbers?

Multiply the expressions 15« 18 and (x + 5)(x + 8) using a table.

15 .18 You can write (x + 5)x + B)
15«18 in
- m expanded form as .n“
L 100 80 (10 + 5)(10 + 8). L
B C
15+ 18 = 100 + 80 + 50 + 40 {x + 5)x + 8) = 22 + Bx + 5x + 40
=270 =x% 4 13x + 40

You can multiply both binomials and two-digit numbers in expanded
form using the Distributive Property.

. What is the area of the green rectangle?

The area of the green rectangle is represented by the expression
{2x + 1)}{x + 3).

The height of the rectangle

15 FE'P-TESE‘FTEEd h}' |:13|' -+ 1:|. The' '.l'l.'idTh of th'."" rectangle

is represented by {x + 3.

X ——

3

Use a table to find the area of each section of the rectangle.

x R
L X 3
EEIE
The area of the green rectangle is 2x? + 7x + 3. Again, the product of

these two polynomials is a polynomial.

Combine like
terms.

@ Try It! 2.Find the area of each green rectangle.

b.
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GEMNERALIZE

Compare the factors and

the final product. What
generalizations can you make
from this example?

OEZIEEE) wultiply Binomials

How can you use the Distributive Property to rewrite (2x 4 4)(x - 5) as
a polynomial?

Distribute each term in the first binomial to each term in the
second binomial.

(2% + 4){x = 5) = 2x{x = 5} + 4{x — 5) Distribute Zx and 4 to the second
binomial.

= 2xlx) + 2x(=5) + 4(x) + 4(—5) - Distribute Zx and 4 to each term
in the second binomial

=22 — 10x + 4x — 20 Multiply.
=2 —6x— 20 Combine like terms.
The product of (2x + 4) and (x - 5) is 2x* — Bx — 20,

Again, the product of these two polynomials is a polynomial.

@ Try It! 3.Find each product.
a (5% — N2x+ 1) b. (3x — 5)(2x + 4)

o [ AACIGAE- B Multiply a Trinomial and a Binomial

A. How can you use a table to find the product of (%2 + 2x—1) and (3x + )7

Write the terms for each polynomial in the first row and column of the
table. Multiply to find each product.

P W
3x + 4 33 | Bl Ix

BN o

Combine the like terms.

E1ER

3d | md | 3
| 8r | 4
(%2 + 2o — 1H3x + 4) = 3x3 + 6x2 + 4x 4 8x + (3x) + (4)
=37+ 1002 + 5x-4

5o (2 4 2 — 1)(3x + 4) = 3x3 4 10x? 4 5 — 4. When you multiply a
trinomial by a binomial, the result is six individual products. Using a table
is one method you can use to help organize these products,

CONTINUED ON THE NEXT PAGE
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STUDY TIP

As you multiply, remember to line
up like terms o combining them
in the Last step will be easier,

LEARN TOGETHER

How do yow value other
perspectives and points of view
respectfully?

EXAMPLE 4 CONTINUED
B. How is multiplying a trinomial by a binomial like multiplying a
three-digit number by a two-digit number?

Consider the products 312 - 24 and (3wd £ x4 2)(2x + 4).

Multiply each place of the three- Multiply each term of the
digit number by 4 ones and 2 tens. trinomnial by +4 and 2x. Then
Then find the sum. combine like terms.
31 2 I+ x+2
% 2 4 *® 2x 4+ 4
1. 2 4 8 12%° + dx + 8
+ 6 2 4 0 + Bx® + 2% + dx
7.4 8 8 Bxa® + 14x2 + By + 8

When multiplying a trinomial by a binomial, you multiply each term of
the trinomial by each term of the binomial. This is similar to how, when
multiplying a three-digit number by a two-digit number, you multiply by
each place value of the two-digit number.

@ Try It! 4, Find each product,

a (2x—SH-3I + dx - 7) b (—3x% + (2% + 3x —4)

o Closure and Multiplication

Why is the operation of multiplication closed over the set of polynomials?

For each example in this lesson, you have found the product of two
polynomials. In each case the product has also been a polynomial.

. . . *3, ¢, and x have whole
Consider the first example: —4x3(x? + 3x - 4). number exponents, so

_4x3u-2 +3x—4)= —dﬂl’.ll:xz_:l + —dlx 2{31} + —dx ;{—d] '[hEF.II'IJEIIJCt will also
have whole number

= —4x% - 12x% + 1643 exponents.

When you multiply two polynomials, the result is the sum or difference of
terms. Each term is a real number coefficient multiplied by a variable raised
to a whole number exponent. Each term is a monomial and the sum or
difference of monomials is a polynomial. So polynomials are closed under
multiplication.

@ Try It! 5.Why is it important that the product of two polynomials have

only whole number exponents?
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appLicaTion  (OJZTNGELP Apply Multiplication of Binomials
e

A smartphone has a screen that has a width of x and a height that is
1.8 times the width. The outer dimensions of the phone are shown.

Write an expression for the portion of the phone that is not occupied by

the screen. Assume that the phone is rectangular.

1.8x + 3 om

¥ + 1em

Formulate # \Write expressions to represent the area of the screen and the area of
the phone.

Area of screen = x(1.8x)
Area of phone = (x + 1)(1.8x + 3)

Compute 4 Express each area in standard form.
Area of screen = x(1.8x) = 1.8x%
Area of phone = (x + 1)(1.8x + 3)
=x(1.8% +3) +1(1.8x + 3)
=18 +3x+ 1.8x+3
=1.8¢2 + 4.8x + 3
Subtract the area of the screen from the area of the phone.
Mon-screen Area = Area of Phone Area of Screen
=({1.8x% + 4.8x 4+ 3) — 1.8x%
=d48x+3

Interpret 4 The expression 4.8Bx + 3 represents the portion of the phone’s surface not

occupied by the screen.

@ Try It! 6. Suppose the height of the phone in Example & were 1.9 times
the width but all of the other conditions were the same. What
exprassion would represent the area of the phone's surface not

occupied by the screen?
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) CONCEPT SUMMARY Multiplying Polynomials

There are different methods that can be used to multiply polynomials. The methods used for multiplying

polynomials are similar to the methods used for multiplying multi-digit numbers.

Binomial = Binomial

[N S:0:T 9 Multiply Horizontally
(x + 3)(x - 2)
=xlx-20+3x-2)

=x-—-2x4Ax-6b

=xl+x-6

Multiply Vertically

=2
® X +3
ix=6

+ x2-2x
P ex-6h

-E
X Ix

1

w“i+x—6

© Do You UNDERSTAND?

1. ‘? ESSENTIAL QUESTION JEleitialslc

multiplying polynomials compare to
multiplying integers?

2. Choose Efficdient Methods When multiplying
two variables, how is using the Distributive
Property similar to using a table?

3. Error Analysis Mercedes states that when
multiplying 4x3(x3 + 2x% — 3) the product
is 4x? + 8x% - 12x%. What was Mercedes's
error?

4. Use Patterns and Structure When
multiplying polynomials, why can the degree
of the product different be from the degree
of the factors?
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Binomial = Trinomial

Multiply Horizontally
( + 30 + dx - 2)

=x{x2 + 4x - 2) + 302 + 4x - 2)
=xd sl 4 I L 12— 6

=3+ T2 +10x -6

Multiply Vertically

X+ dx -2

® X+ 3

I+ 12x =6
N

Ry P [ PPy

¥ | 3
s | 12x
=Jx [ =B

¥ Tl 41066

Do You KNOW HOW?

Find each product.
5. 23 _Ax 1+ T)

6. (2x + B){x — 4)
7. (x = (3x+ 4)
B. (Sy — 2)(dy? 4 3y - 1)

9. (3x? 4 2x —5)2x — )

10. Find the area of the rectangle.

2x + 4

qx = 2




(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

11. Analyze and Persevere The area of a rectangle
is given. |dentify the missing terms in the
length and width.

+_)

2+ 1x+28 || +4

12. Use Patterns and Structure The table shows
the product when multiplying two binomials.
What is the relationship between the numbers
in the factors and the terms in the product?

st | s |

e+ 0e+4) x4+ Tx412
+2D -5 »-3x-10
x-3x—-5 x¥—Bx+15

13. Error Analysis Describe and correct the
error a student made when multiplying two
binomials.

(2% + 2)(4x - 1)

8x2-2 x /

14. Represent and Connect Use a table to find the
product of (3x + 4){x? + 3x — 2). How are the
like terms in a table arranged?

15. Higher Order Thinking Is it possible for the
product of a monomial and trinomial to be a
binomial? Explain.

16. Mathematical Connections A triangle has a
height of 2x + 6 and a base length of x + 4.
What is the area of the triangle?

17. Communicate and Justify Explain how to find
the combined volume of the two rectangular
prisms described. One has side lengths of 3x,
2x + 1, and x + 3. The other has side lengths of
S5x-2, x+9 and8.

Find each product. SEE EXAMPLE 1
18, Bxixd — 4x —3)

19. —y(-32 + 2y -7)
20. 3x%(—x% + 2x - 4)
21, 5x3(2x? — ax? 4+ 2)

Use a table to find each product. SEE EXAMPLE 2
22. (x - 6)(3x + 4)

23, (2x+ Nidx + 1)

Use the Distributive Property to find each product.
SEE EXAMPLE 3

24. (x = 6)(x + 3)
25. (3x — 4)(2x + 5)
26. (5.2x — 8)(2x + 3)

Find each product. SEE EXAMPLE 4
27. (v + 3)2y* - 3y + 4)

2B. (2x — T3k —Ax 1 1)
29, (257 — 3)(—3x? £ Ay — 2)
30, (—2x2 + 122 - 3x - T7)

31 (e + 3x)(3x2 — 20 + 4)

32. Find the area of the shaded region.
SEE EXAMPLE &

ix — 2

¥+ 2

33. A rectangular park is 6x + 2 ft long and
3x + 7 ft wide. In the middle of the park is
a square turtle pond that is 8 ft wide. What
expression represents the area of the park not
occupied by the turtle pond? SEE EXAMPLE &
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© PRACTICE & PROBLEM SOLVING

APPLY (7) ASSESSMENT PRACTICE

34. Apply Math Models The volume of a cube is 38. Rewrite the expression as the sum of
calculated by multiplying the length, width, monomials.

and height. What is the volume of this cube? (x + 4}{%( ¥ 1} — [l =5)x + 3] + 3x% @Ar13
Ix+2 39. SAT/ACT What is the product

{(—2x + 2){x — 5)7

@ —2x% - 10

® -2 +12x - 10

B Tl ©-x-3

W -2 —12% - 10

e | = =

£
#

35. Analyze and Persevere The product of
the binomial and the trinomial shown is a
polynomial with four terms. Change one of the
terms of the binomial or the trinomial so the | Ix +5 |
product is also a tringmial.

40. Performance Task The net of a rectangular box
and its dimensions are shown.

(2% + 2 + 2x - Q) = 263 + T — 2x - 12 | ‘

36. Analyze and Persevere What is the area of the
painting shown? [ J

f— < ——

x| 1-‘

Part A Write an expression for the surface area
of the box in terms of x.

x+ 4 x

Part B Evaluate the polynomial expression you
found in Part A. What integer value of x would
give the prism a surface area of about 600 cm??

37. Analyze and Persevere A dance teacher wants
to expand her studio to fit more classes. What
is the combined area of Studio A and Studio B?

X+ 3

4x — 8 | Studio A i d ]

Studio B 2x
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*h',:l EXPLORE & REASON

6-3

The table gives values for x and y and different expressions.

Multiplying
specalCases L 1, Ly 11l
7
B Fs
| CAN... use patterns to 3

multiply binomials.
A. Copy and complete the table.

VOCABULARY B
+ difference of two squares

. Describe any patterns you notice.

C. Use Patterns and Structure Try substituting variable expressions of the

form 7p and 4g for x and y. Does the pattern still hold? Explain.

e MA.512AR. 1, 3-Add, subtract and
muliply poynomial expressions
with rations| number coefficients

MAK12MTRI1, MTRA1, What patterns are there in the product of the
MTRS.1 ‘? RN YAl e (e B square of a binomial and the product of a sum
and a difference?
CONCEPTUAL

UNDERSTANDING  (()JZTRLUZRRP Determine the Square of a Binomial

A. Why is {a + b)? considered a special case when multiplying polynomials?

Lise the Distributive Property. Lise a visual model,

{a+b)2=(asbia+h) —a+ b—=]

=al(a + b} + bla + b} = L
=altab +ba+b? [
a ab
GENERALIZE P a+b
When squaring a binomial, think - ; \

about how you can use the b “ﬂ

terms in the binomial to quickly first term twice the last term

2 F]
& + lab+ b
determine the product. What squared product of squared

generalizations about terms can the first and

you make? last terms

The square of a binomial follows the pattern (a + b}? = a? + 2ab + b2,

B. What is the product (5x — 3)27

Use the pattern you found in Part A to find the square of a difference.

{5 = 3)2 = [Sx + (-3))2 Rewrite the difference as
a sUm
= (5x)2 + 2(5x)(-3) + (-3)2 Substitute Sx and -3 into
al +2ab + b,
=25x2 - 30x + 9 Simplify.

You can write the product (Sx — 3)2 as 2552 — 30x + 9.

CONTINUED ON THE NEXT PAGE
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EXAMPLE 1 CONTINUED
C. How can you use the square of a binomial to find the product 2927

Rewrite the product as a difference of twao values whose squares you
know, such as (20 — 1)2. Then use the pattern for the square of a
binomial to find its square.

2 2 2
(30 - 11" ={30)" + 2(30X-1) + (1) (30 — 1} is the same & 29,
=900 — 60 + 1 S0, (30 — 1)? is the same as 29°.
= 841

50, 292 = 841, In general, you can use the square of a binomial to find
the square of a large number by rewriting the number as the sum ar
difference of two numbers with known squares.

6 Try It! 1.Find each product.
a. (3x - 4)? b. 717

AR Ni3A B Find the Product of a Sum and a Difference

A. What is the product {a + b){a — b)?
Use the Distributive Property to find the product.
(a + b)a - b) =ala - b) + bla - b)

=a?— ab + ba - b?
=32—b2

The middle terms add to 0
because they are opposites.

first term last term
squared squared

The product of two binomials in the form {a + bj{a — b) is a2 — b2,
The product of the sum and difference of the same two values results
in the difference of two sguares.

B. What is the product (5x + 7)(5x — 7)?

Use the pattern you found in Part A.

COMMON ERROR (5x + 75K — 7) = (502 — (7?2 Substitute 5x and 7 into a% — b2,
Remember that the last terms o
of each binomial are opposites. = 25x% - 49 Simplify.

50, the product of the last terms
will always be negative.

218

The product of (Sx + 7)(5x — 7} is 25x? — 49. It is the difference of two
sguares, (Sx)? — 72,

CONTINUED OMN THE NEXT PAGE

TOPIC & Polynomials and Factoring



EXAMPLE 2 CONTINUED

C. How can you use the difference of two squares to find the product of
43 and 377

Rewrite the product as the sum and difference of the same two numbers
a and b.

43 and 37 are each 3 units from 40,

(40 + 3)(40 - 3) = 40)? - (3) (40 + 3)(40 — 3) s of the form
=1,600-9 (@ + bila — b}, so it is equivalent
CHOOSE EFFICIENT to the difference of two sguares.
METHODS = 1,59

What types of practical limitations . )
are there on using the product of You can use the difference of two squares to mentally find the product

2 sum and difference to find the of large numbers when the numbers are the same distance from a
product of two numbers? known square.

@ Try It! 2.Find each product.
a. [2x — 4)(2x + 4) b. 56« 44

appLicaTion  (@ESTRERED Apply the Square of a Binomial
S ——

A graphic designer is developing images for icons. [~ X+4 -
The square pixelated image is placed inside a
border that is 2 pixels wide on all sides. If the
area of the border of the image is 176 square
pixels, what is the area of the image? x+4

Let x represent the length
and width of the image.

— f ————]

Formulate 4 The area of the image and the border is
represented by the expression (x + 4)%.

Total area - Area of Image = Area of Border
¢ + )2 - xd = 176
2 2 _

Compute 4 bx + 4)° - x" =176 Find the product of the
x? +Bx+ 16 —x? =176 squared binomial first.

Bx+16=176

8x = 160

x=20

Interpret 4  The image will be 20 pixels by 20 pixels. The area of the image is 20 « 20, or
400 square pixels,

@ Try It! 3. What is the area of the square image if the area of the border is
704 square pixels and the border is 4 pixels wide?
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@ CONCEPT SUMMARY Multiplying Special Cases

Square of a Binomial

m The square of a binomial, {a + b)2,

always follows the same pattern: the
sgquare of the first term, plus twice
the product of the first and last term,
plus the square of the |ast term,

AT (2 + b)2 = a2 + 2ab + b2

or
(a - b)2 =a2-2ab+b?

TN (x + 4)2 = 2 + 2(4)x + 42

=x24+Bx+16

or

(11— 32=112 - 2011} + 32
=121 -66+9
= bd

© Do You UNDERSTAND?

1. ISR What patters
are there in the product of the square
of a binomial and the product of a sum
and a difference?

2. Error Analysis Kennedy multiplies
{x = 3}(x + 3) and gets an answer of
x? - Bx — 9. Describe and correct
Kennedy's error,

3. Vocabulary The product (x + 6)(x — 6)
is equivalent to an expression that is called
the difference of two squares. Explain
why the term difference of fwo squares
is appropriate.

4, Use Patterns and Structure Explain why the
product of two binomials in the form (a + b)
{a — b) is a binomial instead of a trinomial.
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Product of a Sum and Difference

The product of two binomials in the form
(5 + b}a — b) results in the difference of
two squares.

(2 + b)la - b) = a2 - b?

difference of two squares

(- Mx+7)=x2 - 72
=x2-49

Do You KNOW HOW?

Write each product in standard form.
5. (x — 7)2

B. (Zx + 5)2
7. (% + Ayx — 4)
B. 3y —SM3y + 5)

Use either the square of a binomial or the
difference of two squares to find the area of
each rectangle.

54 cm

54 cm

10.

24in.

36 in.



(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

11. Generalize Find each product.

s (x+9)(x+9)
* (x—THx-T7)
. (2% - 1)2

a. What do all products of the square of a
binomial have in common?

b. Will the third term of the square of a
binomial always be positive? Explain.

€. What is the relationship between the sign of
the second term of the binomial and the sign
of the second term in the product?

d. What is true about the exponents
representing perfect square variables?

12. Use Patterns and 5tructure Find a value for m
or n to make a true statement.

a. mx? - 36 = (3x + 6)(3x — B)
b. (mx + ny)? = 4x? 4+ 12xy + 92

13. Error Analysis Describe and correct the error a
student made when squaring (x + 5).

XA

14. Choose Efficient Methods The expression
962 — 952 is a difference of two squares. How
can you use the factors (96 — 95)(9%6 + 95) to
make it easier to simplify this expression?

[x + 5)2
%t + 25

15. Communicate and Justify lacob makes the
following conjectures. Is each conjecture
correct? Provide arguments to support
YOUr answers.

a. The product of any two consecutive even
numbers is 1 less than a perfect square.

b. The product of any two consecutive odd
numbers is 1 less than a perfect square.

Write each product in standard form. SEE EXAMPLE 1
16. (v + 9y +9) 17. (5% — 3)(5x — 3)

18. (a4 11)a + 11) 19. (x — 13)(x —13)

20. (p + 15)% 21. (3k + 8)%
22. (x - 4y)? 23. (2a + 3h)?

- o
24, (2x+ 1) 25. (0.4x + 1.2)2

Use the square of a binomial to find each product.
SEE EXAMPLE 1

26. 56° 27. 721

Write each product in standard form.
SEE EXAMPLE 2

28. (x — 12)(x + 12) 29. (2% + 5)(2x — 5)
31 (%2 — 2p00e? + 2p)

33. (x + 2.5){x - 2.5)

30. (3a — 4b)(3a + 4b)
2 2
3E. (fﬁ ] 3}(-]4" +3)

Use the product of sum and difference to find
each product. SEE EXAMPLE 2

34. 32 .28 35. 83 .97

36. Consider the figure shown. SEE EXAMPLE 3

X+ 6om

¥ x

X+ 6cm

a. What expression represents the total area of
the four white triangles?

b. If the length of each side of the shaded
square is 12 cm, what is the total area of the
four white triangles?

37. What is the area of the shaded region?
SEE EXAMPLE 3

4
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© PRACTICE & PROBLEM SOLVING

38. Mathematical Connections The radius of

(¥ ) ASSESSMENT PRACTICE

41. 5elect all of the expressions that could represent

39.

the inner circle of a tile pattern shown is x
inches. Write a polynomial in standard form to
represent the area of the space between the
inner and outer circle.

Represent and Connect In the figure shown,
the darker square is removed.

a. Divide the remaining X
figure into two
rectangles. What are
the dimensions of
each rectangle?

b. What is the area of y
each rectangle?

€. What is the total area

of the remaining figure? How does this
figure represent the difference of two squares?

. Higher Order Thinking The sculpture shown

contains a large cube,

The length of each
| side of the cube is
14x + 8 feet.

a. Write a polynomial in standard form to
represent the surface area of the cube.

b. Write a polynomial in standard form to
represent the volume of the cube,
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42,

43.

the shaded region in the figure below. g AR.1.7

ly-2 x—06
ly—2
x— b

0O A {x - 6)2 + [;x—zjz

O B. (% — 12x & 36) — {%x—z}z
OcC{x—62— [%E_2x+4}

O D. 3x% - 10x + 32

O E (x- 82 - ((2x)? - 22)

SAT/ACT What is the product of

(3x2 - 4y)(3x? + dy)?

® 9x* — 24x?y - 16y?

B 3% — 4y

© 9x? - 162

D) 3x2 4 14x2y - Ay

Performance Task Consider the difference of
squares a“ - b?, for integer values of a and b.

Part A Make a table of the difference of
squares using consecutive integers for a and b.
What pattern do you notice?

Part B Use the pattern from Part A to find
pair of consecutive integers that generates a
difference of squares of 45,

Part C Make a table of the difference of
squares using consecutive even integers for a
and b. What pattern do you notice?

Part D Use the pattern from Part C to find
a pair of consecutive even integers that
generates a difference of squares of ~100.



6-4

Factoring
Polynomials

| CAN... factor a
palynomial,

o MA 912 AR 4-Divide 2

patynamial expression by a
manomial expeession with rational
nurnber coefficents

Also ARA.T

MAKTZMTR 1.1, MTR.5.1,
MTR.7.1

GEMNERALIZE
Dividing 12+ by 4x® results

in a monomial. Will dividing a
monomial by a monomial always

result in @ monomial?

*h'_,:l MODEL & DISCUSS

A food catering company has been asked to design bento boxes for entrees
and side dishes.

The sections for the side dishes
are half the length and width of
the entree sections,

The sections for the
entrees must be sguare,

A, Design a bento box that meets each of these requirements:
a. Equal numbers of sections for entrees and side dishes
b. More sections for entrees than for side dishes
¢. More sections for side dishes than for entrees

B. Represent and Connect For each bento box from Part A, write an
algebraic expression to model the area of the bento boxes.

How is factoring a polynomial similar to
‘? ESSENTIAL QUESTION bisttriyimtbbiside
OETIEEY bivide a Monomial by a Monomial

Divide 12x by 4x°.

22 - (2)(%)

=3 [;'—:J Sirn plify the coefficients.
=30>-3) Quotient of Powers Property
= 3x?

The quotient :12-;;5 is equal to 3x?,

@ Try It! 1. Simplify each guotient.

a5yd 106
: b. ,_
gy 253
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CONCEPTUAL S _
UNDERSTANDING o ViGN Relate Polynomial Division to Factoring

A. Divide 24x3 — 12x2 4 30x by 3x.

3 3 3 . )
%"J*mx = g% A, I Wiite the fraction as the sum or

0x
ET Ix X )
difference of three fractions.

3
=ac 4:2 4 10x simplify the coefficients.

= 8310 _ 4,210 40 Quotient of Powers Property
=8x% - 4x + 10
The quotient of 24x® — 12x + 30x and 3x is 8x — dx + 10

B. Write 24x° — 12x% + 30x as a product of polynomials.

Use the quotient 22 =122 +30x _ 8.2 _ 4 . 1010 rewrite
3
ANALYZE AND PERSEVERE 24x% - 12x" +30x.
Can you write 24x3 - 12¢7 + 30x —z“’]“f‘z*’ﬂ“=ﬁx3—4x+ 10 Multiply each side
a5 a prD'dLlﬂ of a monomial, and 3 xz i " by the divisor 3x
a trinomial with coefficients that 3x{w.] = 3x(8x% — A% + 10) y =

are less than 8, -4, and 107
247 — 120 4 30x = 3x{Bx" — Ax 4 10)

S0 24xF - 12x2 + 30x = 3x(8x2 — dx + 10). We say 3x and 8x2 - 4x + 10 are
factors of 24x% — 12x2 + 30x.

@ Try It! 2.Find each quotient and write the dividend as a product.
a. 24x3 — 12:2 + 30x divided by 6x
b. 7.2b% + 9.6b% — 12b* divided by 2.4b

o AN IdN R Find the Greatest Common Factor

What is the greatest common factor (GCF) of the terms of 12x° + 8x* — 6x37

Step 1 Write the prime factorization of the coefficient for each term to
determine if there is a greatest common factor other than 1.

sSTUDYTIP _ i s & One instance of 2 is the only common
Recall that finding the prime '( ‘L & factor of the numbers, so the GCF of
factorization of a number is

the coefficients of this trinomial is 2.
expressing the number as a 2:2-3 2:2.2 2.3

product of anly prime mumbers. Step 2 Determine the greatest common factor for the variables of each term.

x* x x Three instances of x are the only
¢ l N commaon factors of the terms, so
the GCF of the variables is x°.

KeXaXekKe) HeXeleX Xeleki

The greatest common factor of the terms 12x° + 8x% - 6x3 is 257

@ Try It! 3. Find the GCF of the terms of each polynomial.
a. 15x% + 18 b. —18y* + 63 + 247
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o EXAMPLE 4 Factor Out the Greatest Common Factor

COMMON ERROR

Remember to include the negative
sign when factoring out the GCF
of negative terms. Alse, factoring
out a -1 from a positive term
generates two negative factors.

Why is it helpful to factor out the GCF from a polynomial?
Consider the polynomial —12x3 + 18x% — 27x.

Step 1 Find the GCF of the terms of the polynomial, if there is one.

Because the first term is negative, it is helpful to factor out -1.

-1 18x2 -zt
—Meda2eIaxaiex —1af-2)s3e3axsx —1e3aFaFay

The greatest common factor is —3x.

Step 2 Factor the GCF cut of each term of the polynomial.
—Ix(dx? — 6x + 9)

Factoring out the greatest commaon factor results in a polynomial with
smaller coefficients andfor smaller exponents of the variable(s). This makes it
easier 1o analyze the polynomial or factor it further.

@ Try It! 4, Factor out the GCF from each polynomial,

a. % + 5x% - 22x b. —16y% + 28y* — 20y + 36y°

appLicaTion (OJZTGEEP Factor a Polynomial Model
S —————

Alani is in charge of marketing for a travel company. 5he is designing a
brochure that will have & photos. The photos can be arranged on the page

in a number of ways.
b
L There are 4 narrower
photos that are each

o 1in. by x in.

A. What is the total area of the photos?

There are 2 main square photos
which have a length of x in.
on each side.

First, find the area of each type of photo.

Area = area of square photos + area of narrower photos
- 2(x%) + A(1x)

There are 2 square photos,
— Jyd
=i each with an area of x in.2,
The total area of the photos is 2x% + 4x in.?, | There are 4 narower photos,

each with an area of 1x in2,

CONTINUED ON THE NEXT PAGE
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APPLY MATH MODELS

Think about how to represent this
situation mathematically. How is
the GCF useful in solving this
problem?

EXAMPLE 3 CONTINUED

B. Find a rectangular arrangement for the photos. What factored
expression represents the area of the arrangement?

oy =i ¥

The arrangement has a
width of (2% + 4) in.

Try placing the photos in one row,

g

The arrangement has
a height of x in.

The factored form that represents the area of the arrangement is x{2x + 4).

C. Factor out the GCF from the polynomial. What does the GCF represent in
this situation?

The GCF of 2x2 and 4x is 2x. So you can rewrite the expression as 2x(x + 2).

il

The arangement has a
width of {x + 2} in.

The arrangement has
a height of 2x in.

The GCF represents the height of one possible arrangement of
the photos.

D. Which of these two arrangements is a more practical use of the space on
a page of the brochure?

The arrangement based on the GCF is more practical because the
arrangement with the photos in one line will likely be too wide for a page.

@ Try It! 5.Suppose the dimensions of the narrower photos were increased

to 2 in. by x in. What expression would represent the new
arrangement based on the GCF?
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ALGEBRA

@ CONCEPT SUMMARY Factoring Polynomials

[[[+]:{1}3 Determine if a polynomial can be factored. If the polynomial can be factored, find the

greatest common factor of the terms and factor it out.

/

2-3-3-}1’-—}{-]‘-}"-}"

1822 + 1202y 4 15x

2edeTenekey

Find the GCF of the terms.

FeSex

The greatest common factor of 18x3y? + 12x%y + 15xis 3x,

3x(6xy? + dxy + 5)

Identify the remaining factors of the polynomial after

factoring out the GCF, then write it in factored form,

© Do You UNDERSTAND?

\BE) ESSENTIAL QUESTION JLUME
factoring a polynomial similar to factoring
integers?

2. Communicate and Justify Why does the GCF
of the variables of a polynomial have the
least exponent of any variable term in the
palynomial?

3. Use Patterns and Structure What is the
greatest common factor of two monomials
that do not appear to have any common
factors?

4. Error Analysis Andrew factored
3xdy — Bxy? + 3xy as 3xy(x — 2y). Describe
and correct his error.

5. Error Analysis Wendell says that the
greatest common factor of x® and x® is ¥2,
since the greatest common factor of 6 and
8is 2. Is Wendell correct? Explain.

Do You KNOW HOW?

Find each quotient.
a42x5
6. —
42a% + 18a*
7. Lo
g, 25x7 - 10x7 + 30x
: Cx
9 24p® + 12p7 - 36p"
T
Find the GCF of each pair of manomials.

10. %32 and x5y
11. Ba? and 28a°

12. 4x% and 9y
13. 12a°b and 16a%h?

Factor out the GCF from each polynomial.
14. 10a%b + 12ab?

15, x10 4 9 _ 48
16. —33x% — 3t 4 1263 - 212

17. 10027 b3 - 150453
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) PRACTICE & PROBLEM SOLVING

UNDERSTAND

18. Use Patterns and Structure What term and
12x?y have a GCF of 4xy? Write an expression
that shows the monomial factored out of the
polynoamial.

19. Choose Efficient Methods Write a trinomial
that has a GCF of 4x7.

20. Error Analysis Describe and correct the error a
student made when factoring
10a%b - 5a’b? - 15ab completely.

10a*b — Sa’b? — 15ab
Saj2ath — ab® — 3b)

X

21. Generalize Find the quotient 12 — 15x
divided by 3x?. Does dividing a polynomial by
a polynomial always result in a polynomial?
Explain.

22. Higher Order Thinking In the expression
ax? + b, the coefficients of a and b are
multiples of 2. The coefficients c and d in
the expression cx? + d are multiples of 3.
Will the GCF of ax? + b and cx? + d always,
sometimes, or never be a multiple of 67
Explain.

23. Analyze and Persevere What is the GCF in the
expression x{x + 5) — 3x{x + 5} + 4(x + 5)?

24. Generalize Find the greatest commaon factor
of the terms x"*1y™ and x"y"~2, where n is a
wheole number greater than 2. How can you
factor the expression x"*+1y" 4 x"y"=23

25. Mathematical Connections consider the
following set of monomials.
A= 2%, 3x, 4x, Sxy, Tx, 9y, 12xy, 13x, 15x}

The GCF of the elements in subset B = [2x, 3x}
is x. Create 6 different subsets of A, such the
GCFs of the elements are 1, 2x, 3, 4x, 5x, and y.

228 TOPICB Polynomials and Factoring

Find each quotient. 5EE EXAMPLES 1 AND 2
1050%
26. -
Np
27, 32m® - 4.8m*
0.4m?

28, 33 - 20 - Ty
Ny

29 96a""b? + 51a%° + 15ab8
' ab

Find the GCF of each group of monomials.
SEE EXAMPLE 3

30. 8y and 28y

31. 9a?b?, 15ab?, and 21a%h?
32. 18m? and 25
33. x2y? and xS

Factor out the GCF from each polynomial.
SEE EXAMPLE 4

34. 12x% - 15x

35. —4y‘1 + 6y — 14y

36. 32m’ — 96m® + 144m° - 104m?

37. 24x3y? - 30k + 1264

The areas of the rectangles are given. Factor

out the GCF to find expressions for the
missing dimensions. SEE EXAMPLE 5

38 ? ?

? Gy 12x%y3

39, ?

10a2h% + 15ab? + 20a%h

40. A farmer wants to plant three rectangular fields
so that the widths are the same. The areas of
the fields, in square yards, are given by the
expressions 12x2y, 9xy2, and 21xy. What is the
width of the fields if x =3 and y = 47
SEE EXAMPLE 5



(©) PRACTICE & PROBLEM SOLVING

) ASSESSMENT PRACTIC

41. Apply Math Models Write an expression in 44. Complete each factor pair for
factored form to represent the volume in 18x% 4 1267 - 24x%. @ araz
the canister not occupied by the tennis balls.
Assume the canister is a cylinder with volume a. Wand 6x? + 4x - 8

V= nrh, b. 2x and mx" + mx" - mx
¢ x and 185 + 12x - 24
dom™and3xd +2x-4

45, SAT/ACT The area of a rectangle is
12x? — 18x? + 6x. The width is equal to the GCF.
What could the dimensions of the rectangle be?

@ x(2x% — 3x)

@ 3(4x% - 6x? + 2x)
@ x{12x2 — 18x + B)
@ 6x(2x? - 3% + 1)

46. Performance Task Camilla is designing a
platfarm for an athletic awards ceremony. The
areas for two of the three faces of a platform
are given. The height of the platform is the
greatest common factor of the polynomials

42, Use Patterns and Structure Determine the GCF representing the areas of the vertical faces.
and write the expression in factored form.

(6x? + 4x) + (4x? - 8x)

43, Apply Math Models Hugo is making
empanadas, He forms a sheet of dough and
cuts six identical circles from it. Write an
expression in factored form to represent
the approximate amount of dough that
is remaining. Is there enough dough for
another empanada?

Part A& What are the dimensions of each face of
the platform?

Part B What is the area of the top of the
platform?

Part C What expression represents the surface
area of the entire platform, excluding the
bottom?

Part D What expression represents the volume
of the platform?
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# ) EXPLORE & REASON

6-5

. Consider the following puzzles.
Factoring

x2 + bx + ¢

What two

numisers

multiply
r||-_4.--||'1. r o

| CAN... factor a quadratic
trinomial.

e MR 912 AR 1. T-Rewrite &

pokinoemisl exprensn 51 8 producd
o polynomials aver the rea
mimber fyvhem

MAKTIMTE.11, MTR.2.1,

BTR.5.1
A. Find the solutions to the four puzzles shown.
B. Use Patterns and Structure Write a set of four number puzzles of your
own that have the same structure as these four, Describe the pattern.
How does recognizing patterns in the signs of
‘? ESSENTIAL QUESTION the terms help you factor polynomials?
CONCEPTUAL

JUNDERSTANDING o S EVLIJR- By Understand Factoring a Trinomial

A. How does factoring a trinomial relate to multiplying binomials?

Consider the binomial product (x + 2)(x + 3) and the trinomial x? + 5x + 6.

The product of the second terms of the binomials
i5 equal to the last term of the tinomial

USE PATTERMNS AND

STRUCTURE (x+ x + 3) = x‘}' +3x 4+ 2x+ 6
How does factoring a trinomial =4 4+ 56 +6
relate to the Distributive

Propery?

The sum of the second terms of the binomials & equal
to the coefficient of the second term of the trinomial

When factoring a trinomial, you work backward to try to find the related
binomial factors whose product equals the trinomial.

You can factor a trinomial of the form x? + bx + ¢ as (x + p){x + g) i
pg=candp+qg=2>0,

CONTINUED ON THE NEXT PAGE
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CHOOSE EFFICIENT
METHODS

Think about different ways you
could organize the factors and
their sums. What organizational
tools would be useful?

EXAMPLE 1 CONTINUED
B. What is the factored form of x% + 5x + 67

Identify a factor pair of & that has a sum of 5.

Factors of 6 | Sum of Factors The second term of
1and6 each binomial is a
factor of 6. Thete two
|__2and3 5/ | factors add to 5.

If you factor using algebra tiles, the correct factor pair will form
a rectangle,

(¥ + 3) =+ 1)

"_.“_'\ ﬂ_A_\
wed .III o+ 3) .
I XA
I 1 ——]

The f f fod +5x 460 '

e factored form of x" +5x+ 6B+ D +3). [ o 0 o of each

Check (x+ 2)x + 3) = . binomial is x, since
=l2+5-'+5! II!=H

11
11
A |

@ Try It! 1. Write the factored form of each trinomial.
a x+13x+36 b. x? + 11x+ 28

IR IN AR Factor x2 + bx + ¢, Whenb<0andc=>0

What is the factored form of x? = 11x + 187

Identify a factor pair of 18 that has a sum of =11

Because b is negative Factors of 18 | Sum of Factors Even though there are

and ¢ is positive, inspect ~1and -18 -19 more factor pairs for

only negative factors. ~2and =9 1 | | 18, there is no need to
continue once you find
the correct sum,

The factored form of x? — 11x + 18 is (x — 2){x - 9).
Check (x - 2)(x — 9) = % — 9x - 2x + 18
== 11x4+ 18/

@ Try It! 2. Write the factored form of each trinomial.
a. x! -8x+15 b. x? - 13x + 42
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o 34N 1N Factor x2 + bx + ¢, Whenc <0

What is the factored form of x2 + 5x — 67

Identify a factor pair of —& that has a sum of 5.

Factors of =6 | Sum of Factors

COMMOMN ERROR Because cis

You may think that the pairs of negative, the factors 1 and -6 =5

factors 1, —6 and —1, 6 are the will have opposite | —1andé 5 |
same. However, the sums of the signs.

two factors are different.
The factored form of ¥ + 5x — 6 is {x — 1){x + 6).

@ Try It! 3.write the factored form of each trinomial.
a 2 -5x-14 b. x? + 6x - 16

om Factor a Trinomial With Two Variables

A. How does multiplying binomials in two variables relate to factoring
trinomials?

Consider the following binomial products.
(e + 2))0x + dy) = x? + Bxy + By?
(x - 3p)lx + 5y} = %2 + Zxy — 15y
{x - 7ydx - 9y) = x? - 16xy - 637

Each trinomial has the form x* + bxy + cy?. Trinomials of this form are
factorable when there is a factor pair of ¢ that has a sum of b,

B. What is the factored form of x? + 10xy + 24y??
Identify a factor pair of 24 that has a sum of 10.

Factors of 24 | Sum of Factors

Iand B 11
STUDY TIP |__4ands 10 |
When factoring a trinomial with
two variables, make sure the The factored form of »? + 10xy + 24)7 is (x + dy){x + 6y).
factors contain both variables.
Check your answer to determine Check (x +ay)x + 6y) = x* + xy + dxy + 24y
whether you factored correctly. = x% + 100y + 24y v/

@ Try It! 4.Write the factored form of each trinomial.
a. X+ 12xy + 327 b. ¥ — 10xy + 21)7
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appLicaTion  (OJZTNGEED Apply Factoring Trinomials
e

Formulate

Compute 4

Interpret

Benjamin is designing a new house. The bedroom closet will have one wall
that contains a closet system using three different-sized storage units. The
number and amount of wall space needed for each of the three types of
storage units is shown. What are the dimensions of the smallest amount of
wall space that will be needed?

fe—— x ft —>{ bam1 ft | fe=1 ft =]

’l I

$

The smallest possible closet storage system will be a rectangle that contains
all of the storage units with no wasted space. Write an expression that
represents the wall area of the closet in terms of the storage units.

2 +12x+ 35

Because the area of a rectangle is the product of the length and width,
factor the expression to find binomials that represent the length and width
of the closet wall.

Factors of 35 | Sum of Factors
1 and 35 36

[ S5and7? 12 |

A 12x+3E=(x+5x+ 7

The dimensions of the smallest amount of wall space that will be needed are
{x +7) ft by (x + 5) fr.

@ Try It! 5 What would be the dimensions of the smallest wall area

you would need if you used 11 of the 1 ft-by-1 ft units while
keeping the other units the same?
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&) CONCEPT SUMMARY Factoring x? + bx + ¢

To factor a trinomial of the form x? 4 bx + ¢, find a factor pair of ¢ that has a
sum of b. Then use the factors you found to write the binomials that have a

product equal to the trinomial.

b and ¢ are positive. b is negative and ¢ is positive. C is negative.
m When the values When the value of b is negative  When the value of ¢ is
of both b and ¢ are and that of ¢ is positive, the negative, the second
positive, the second secand terms of the binomials terms of the binomials

terms of the binomials  are both negative,
are both positive.

NUMBERS prpaps i b is negative and

have opposite signs.

C is negative.
¢ is positive,
x2 4 9x + 14 x2 — 9 + 14 X2 — Sy — 14
={x + 2}x + 7) =(x=2)x =T ={x+2)x=7)
© Do You UNDERSTAND? Do You KNOW HOW?

1. How does List the factor pairs of ¢ for each trinomial.
recognizing patterns in the signs of the 5.2 +17x + 16 6. x2 + dx — 21
terms help you factor polynomials?

For each trinomial, tell whether the factor pairs

2. Error Analysis A student says that since of ¢ will be both positive, both negative, or
¥% — 5% — 6 has two negative terms, both opposite signs.

factors of ¢ will be negative, Explain the
error the student made.

3. Choose Efficdent Methods What is the first
step to factoring any trinomial? Explain,

4. Communicate and Justify To factor a
trinomial 2 4 bx + ¢, why do you find the
factors of ¢ and not b? Explain.

234 TOPICB Polynomials and Factoring

7.x% — 11x + 10 B.x% + 9 —10

9. Copy and complete the table for factoring

the trinomial ¥2 — Tx + 12.

Factors of 12 | Sum of Factors

~1 and -12 ?
|2 S
~2and -6 -8



(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Mathematical Connections Explain how
factoring a trinomial is like factoring a number.
Explain how it is different.

11. Choose Efficient Methods How can you use
algebra tiles to factor a trinomial? How do you
determine the binomial factors from an algebra
tile model?

12. Generalize How are the binomial factors of
a2 + 7x—- 18 and x* — 7x — 18 similar? How are
they different?

13. Error Analysis Describe and correct the error
a student made in making a table in order to
factor the trinomial % - 11x — 26.

Factors Sum of Factors

—1and 11 | 10
land —11 —-10

The trinomial ¥2 —11x — 24 is not
factorable because no factors of

b sum to c. x
o

14. Higher Order Thinking Given that the trinomial
#2 + bx + 8 is factorable as (x + p)ix + g), with
p and g being integers, what are four possible
values of b7

15. Use Patterns and Structure What is missing
from the last term of the trinomial x? + Sxy + 4
so that it is factorable as the product of
binomials?

16. Generalize How does the sign of the last term
of a trinomial help you know what type of
factors you are looking for?

17. Analyze and Persevere A rectangle has an
area of x* + 7x +12 in.?. Use factoring to
find possible dimensions of the rectangle.
Explain why you can use factoring to find
the dimensions.

Factor each trinomial represented by the
algebra tiles. SEE EXAMPLE 1

. : III
11
19,

Complete the table to factor each trinomial.
SEE EXAMPLES 1 AND 3

20. x% + 9x + 20

Sum of Factors

? ?
| 7 9
2

21, x4 + 9x — 22

Factors of ¢ | Sum of Factors

7 [
7 9
7 7

Write the factored form of each trinomial.
SEE EXAMPLES 1, 2, 3, 4, AND 5

22. x% + 15x + 44 23. 2 - 1x+24
24. %2 + 2x - 15 25. %2 — 13x+ 30
26. %% + 9x + 18 27. 2 —3x—-B

28. x¥ + Txy + 67 29. %2 = 12x + 27
30. % + 10x +16 31. 5 — 16xy + 287

32.x2 - 100y — 112 33.5% + 16x+ 48

34, x% — 13x - 48 35. x4 15xy + S4y?
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© PRACTICE & PROBLEM SOLVING

36.

37

Analyze and Persevere The volume of a
rectangular box is represented by x* + 3x? 4 2x.
Use factoring to find possible dimensions of the
box. How are the dimensions of the box related
to one another?

Apply Math Models A lake has a rectangular
area roped off where people can swim under a
lifeguard's supervision. The swimming section
has an area of ¥ + 3x — 40 square feet, with
the long side parallel to the lake shore.

a. What are possible dimensions of the
roped-off area? Use factoring.

b. How much rope is needed for the three sides
that are not along the beach? Explain.

€. The rope used to mark the swimming area is
238 ft long. What is ¥ when the total length
of rope is 238 ft?

Analyze and Persevere
Sarah has a
large square
piece of foam
for an art
project. The

-+ 12

side lengths of xin.

the square are
xin. To fit her
project, Sarah
cuts a section of
foam from two = xin, |
of the sides so

she now has a rectangle. How much foam does
Sarah cut from each of the two sides?
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ASSESSMENT PRACTICE

39. Maria is making a rectangular quilt. 5he starts

with a square of fabric with side length x cr.
She adds some fabric to one side of the square
and a different amount of fabric to an adjacent
side of the square. Her final quilt has an area
of x2 + 13x + 30 cm?. How much longer is the
long dimension of the quilt than the short
dimension?

& AR1T

40. SAT/ACT What is the factored form of

dxd — 242 — 28x?
@ Axlx — Nix + 1)
B dxlx — 1)x+7)
© xlx — THx + 4)
B xlx — dfx + 7)
®4ax-Nx-1)

41. Performance Task A city is designing the layout

of a new park. The park will be divided into
several different areas, including a field, a
picnic area, and a recreation area. One design
of the park is shown below.

Part A Use factoring to find the dimensions of
each of the three areas of the park shown

Part B Describe two different ways to find the
total area of the park.

Part C What are the dimensions of the
entire park?

Part D Can you find the value of x? Explain.



MATHEMATICAL
MODELING

IN 3 ACTS

e MAS1ZAR. 1. T-Rewrite a

patynamial expression as a product
ol pabmamials ower the wal
numbser system,

MAKIZMTRE.?

© Who’s Right?
People often approach a problem in different ways, Sometimes their

solutions are the same, but other times different approaches lead to very
different, but still valid, solutions.

Suppose you had to solve a system of linear equations. You might solve

it by graphing, while a classmate might use substitution. Is one way of
solving a problerm always better than another? Think about this during the
Mathematical Modeling in 3 Acts lesson.

Il Identify the Problem

1. What is the first question that comes to mind after watching the video?

2. Write down the main question you will answer about what you saw in
the videao.

3. Make an initial conjecture that answers this main question.
4, Explain how you arrived at your conjecture.

5. What information will be useful to know to answer the main question?
How can you get it? How will you use that information?

ACT 2 Develop a Model

6. Use the math that you have learned in this topic to refine your
conjecture.

ACT 3 Interpret the Results

7. Did your refined conjecture match the actual answer exactly? If not,
what might explain the difference?
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6-6

Factoring
ax? + bx + ¢

| CAN... factor a quadratic
trinomial when a # 1.

0 MA SN ZLAR.1.7-Revrite a

podynoemil expression as a peoduct
of pulr:umldh— owel e meal
numoer sysEm
MAKI1ZMTRA
MTR.5.1

1, MIE. 4.7,

VOCAEULARY

The answeer 3x{x — 1){x + 6},

is 3? + 157 — 18x factored
completely. There are other ways
you can factor the polynomial
but only one way to factor it
completely,

& ) EXPLORE & REASON

A website design company resizes rectangular photos so they fit on the
screens of various devices.

Area:

=

i+ 12

. What expression represents the width of the photo?

. WWrite three possible lengths and corresponding widths of the photo by
substituting different values for x.

. Analyze and Persevere Why would the company use an expression to

represent the area? Explain.
a # 1 similar to factoring a quadratic trinomial

q ESSENTIAL QUESTION
- whena= 17
o EXAMPLE 1 Factor Out a Common Factor

What is the factored form of 3x3 + 15x2 — 18x7

How is factoring a guadratic trinomial when

Before factoring the trinomial into two binomials, look for any common
factors that you can factor out.

37 L 15x2 18x

There is a commaon

2edeFex factor of 3x.

JexeXxex b FeSexex
So, 3x7 + 1542 — 18x = Ix{x? 4 Sx — B).

Then factar the resulting trinomial, x? 4 Sx - 6.

Factors of —6 | Sum of Factors

1 and —6& 5
l -1 and & 5 |

Because ¢ is negative in
the trinomial x* + S — 6,
the factors will have
apposite signs.

The factored form of ¥% + 5x — 6 is {x — 1)(x + 6), so the factored form of
3x% 4 15x7 — 18x is 3wlx = 1){x + 6).

@ Try It! 1.Factor each trinomial.

a. 5x% - 35x + 50 b. 6x7 + 30x2 + 24x
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CONCEPTUAL
UNDERSTANDING

STUDY TIP

To speed up your search, when
looking for a factor pair that has a
sum of b, you can rule out factor
pairs with sums that are obviously
far from the target.

USE PATTERNS AND
STRULCTURE

Commaon factors are not limited
to monomials. Here the common
factors are monomials and
binomials.

o NIy Lnderstand Factoring by Grouping

A. If ax? + bx + cis a product of binomials, how are the values of a, b,
and ¢ related?
Consider the product (3x + 4){2x + 1).
(3x + a)(2x + 1) = (3x)(2x)  + (30(1) + (@)N2x) + (4)(1)
= 6x2 4 I 4+ Bx 4+ 4

2

= Bx + 11x + i

The product is 6x7 + 11x + 4. Notice that ac = (644) or (3N204)(1),
which is the product of all of the coefficients and constants
from (3x + 4)(2x + 1).

In the middle step, the coefficients of the x-terms, 3 and &, add to form
b = 11. They are composed of pairs of the coefficients and constants
from the original product; 3 = (3){1) and 8 = (4)(2).

If ax? 4 by + ¢ is the product of binomials, there is a pair of factors of
ac that have a sum of b.

B. How can you factor ax? + bx + ¢ by grouping?
Consider the trinomial 6x2 + 11x+ 4, a=6 and c = 4, so ac = 24,
Find the factor pair of 24 with a sum of 11.

Factors of 24 | Sum of Factors

2and 12 14
| 3and3 11 |

Rewrite 11x & 3x and &x,

Gl + 1ix+4=6x2 +3x+8Bx+4
= (6% + 3x) + (Bx + 4)
= 3x(2x + 1} + 4(2x + 1)
= (3w + {2x + 1)

Group as twa binomials.
Factor out the GCF of each binomial

Use the Distributive Property.

The factored form of 6x2 + 11x + 4 is {3x + 4N 2x + 1)
Check (3x+4)2x + 1) =6x2+3x +Bx + 4
=6x2 4+ 11x+ 4/

@ Try It! 2. Factor each trinomial.

a 1062 +17x+ 3 b.2x? + x - 21
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STUDY TIP

Because you multiphied the
ariginal expression by a new
factor, the answer will not be
equivalent urless you divide out
the same factor at the end of your
computations.

o | AR R Factor a Trinomial Using Substitution

How can you use substitution to help you factor ax? + bx + ¢ as the product
of two binomials?

Consider the trinomial 3x? — 2x — B
Step 1 Multiply ax® + bx + ¢ by a to transform x? into (ax)?.

§ Multiply the entire trinomial by 3. The new
Z_ —

B i = trinomial is not equivalent to the original.

= 3(3)x% — 2(3x - 8(3) Remember to divide by 3 as a last step.

=(3x)2 - 2035 - 24
ax = 3x

Step 2 Replace ax with a single variable. Let p = ax.

- . .
=P ap~ 44 Substitute p for 3x.

Step 3 Factor the trinomial.
=(p-6lp +4)
Step 4 Substitute ax back into the product. Remember g = 3x.
Factor out commaon factors if there are any.
= (3x - 6}(3x + 4) Substitute 3x for g.
=3k = 2}(3x 4 4)

Step 5 Since you started by multiplying the trinomial by a, you must divide
by a to get a product that is equivalent to origimal trinomial.

{x — 2)3x + 4) This product is equivalent to the ariginal trinomial

The factored form of 3x2 — 2x — 8 is (x — 2)(3x + 4). In general, you can
use substitution to help transform ax? + bx + ¢ with @ # 1 to a simpler
case inwhich a = 1, factor it, and then transform it back to an equivalent
factored form.

@ Try It! 3.Factor each trinomial using substitution.
a2d—x-6 b. 10x2 + 3x — 1
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@ CONCEPT SUMMARY Factoring ax? + bx + ¢

Factor by Grouping

LA S0 To factor a trinomial of the form

ax? + bx + ¢, find a factor pair of ac
that has a sum of b. Rewrite bx as a
sum of those factors. Then factor out
the GCFs from the expression twice
to factor the original trinomial as the
product of two binomials.

NUMBERS JEFCIESPFFEy

=3l ¢ 21x+1x+ 7
=3xx+ 7+ 1x+7)
=(3x+ Mx+7T)

© Do You UNDERSTAND?

1

How is
factoring a quadratic trinomial when
a # 1 similar to factoring a quadratic
trinomial when a =17

. Error Analysis A student says that for

ax? + bx + ¢ to be factorable, b must equal
a + c. Explain the error in the student’s
thinking.

. Generalize Suppose you can factor

ax? + bx + c as (px + g)(sx + 1), where p, q,
5, and t are integers. f ¢ = 1, what do you
know about the two binomial factors?

. Generalize When factoring ax? + bx + c by

substitution, why is it acceptable to multiply
the polynomial by a to start?

. Communicate and Justify Felipe is factoring

the expression % —x— 28 by grouping.

He knows —x should be rewritten as 7x plus
—8x, but he is not sure which order to place
the terms in the expression before grouping.
Explain to Felipe why it does not matter
what order the terms are in.

Factor Using Substitution

To factor a trinomial of the form

ax? &+ by + ¢, multiply the trinomial

by 4. Rewrite the first two terms using
ax. Substitute a single variable for ax.
Factor the trinomial. Substitute ax back
in for the variable. Divide by a,

Ixd - 20x -7
3[3x% - 20x - 7]
= (3x)2 - 20(3x) - 21
=p?-20p-21
=(p-21)p + 1)
= (2 = 21}{3x + 1)
=3x - M3x+ 1)
(x— 73 + 1)

Do You KNOW HOW?
List the factor pairs of ac for each trinomial.

6. 2x2 +TX + 4 7.12x2 _5x_ 2

Tell whether the terms of each trinomial share
a common factor other than 1. If there is a
commeon factor, identify it.

8. 15x2 - 10x -5 9. 3x3 - 2x2-1
Rewrite the x-term in each trinomial to factor
by grouping.

10. 35x2 + 17% + 2 1. 1252 + 20x + 3

Factor each trinomial to find possible
dimensions of each rectangle.

12.

A=52 +17x + 6

13.
A=6x1+ -5
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

14.

15.

16.

17

18.

19.

20.

Mathematical Connections How is factoring a
common factor out of a trinomial like factoring
common factors out of the numerater and
denominator of a fraction? How is it different?

Analyze and Persevere What are all possible
values of b for which 7x? + bx + 3

is factorable, if the factors have integer
coefficients and constants?

Communicate and Justify Can you factor the
trinomial 3x% + 5x + 3 into linear factors with
integer coefficients? Explain.

Errar Analysis Describe and correct the error a
student made in factoring 2x%% + 11x + 15.

ae=2x15=30:bh=11

Factors of 30 | Sum of Factors
1x 30 1+ 30=31
2x 15 2+15=17
3x 10 3+10=13
XA 5+6=11

22 4 11x 4 15 = (x + 5)(x + &) x /

Higher Order Thinking Can you factor the
trinomial 6x + 7x — 6 as (px + g){sx + 1), where
P, g, 5 and t are integers? Explain why or

why not.

Represent and Connect Use factoring to
arrange the following algebra tiles first into
one rectangle and then into two rectangles of
equal size.

111 111

Use Patterns and Structure What is the
factored form of pgx? + (mp + gn)x + mn?
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Factor the trinomial represented by the
algebra tiles.

11111

Factor each trinomial. SEE EXAMPLE 1
23. 4x7 + 16x + 12 24, 25 - 16x + 30

22,

25. 3x2 + 12x - 63 26. 6x° + 12x — 48

Identify the factor pairs of ac you could use to
rewrite b to factor each trinomial by grouping.
SEE EXAMPLE 2

27. 7% 4+ 9x 4+ 2 2B. 6x? + 11x — 2

29, 8x? — 2x -1 30. 10%% + 19x + 6

31. 15x% - 16x - 7 32 12%¢% + Mx + 2

Factor each trinomial completely.
SEE EXAMPLES 1, 2, AND 3

33 4x7 + 13x + 3 34. 6x? — 25x — 14

35, 2x% + Tx - 4 36. 12x2 + 13x+ 3

37. 6x% + 9x? + 3x 38.8x% - 10x -3

39, 12x2 + 16K + 5 40, 16x% + 32x2 + 12x

41, 21x% — 35x — 14 42, 16x% + 22x - 3

43, 9x% + 46x + 5 44, 24x3 - 10x% - ax

Factor each trinomial completely.

45.3x% 4 xy — 27 46. 2x? + 9xy + 10y?

47. 5x7 — dxy - y? 48. 2x7 4+ 10xy + 12y



(©) PRACTICE & PROBLEM SOLVING

449,

50.

51.

Apply Math Models A rectangular patio has

an area of 2x? + 13x - 24 ft%. Use factoring to
find possible dimensions of the patio. The patio
is to be enlarged so that each dimension is 2 ft
greater than it was originally. What are the
new dimensions of the patio? What is the new
area of the patio?

Analyze and Persevere Use factoring to find
possible dimensions of the container shown.
The container is a rectangular prism. What are
the dimensions of the container if x = 37 What
is the volume of the container if x = 47

Apply Math Models A photographer is placing
photos in a mat for a gallery show.

Each mat she uses is x in. wide on each side.
The total area of each photo and mat is
shown.

X

X

Area = 4x? + 36x + 80

a. Factor the total area to find possible
dimensions of a photo and mat.

b. What are the dimensions of the photos in
terms of x?

¢. Explain why the photographer might use x
to represent the width of the mat.

(@) ASSESSMENT PRACTICE

52. The area of a rectangular pool is represented

by 2x? + 9x — 5 ft%. The width of the pool is
represented by x + 5 ft. Which of the following
factors represents the length of the pool, in
feat? P ar1y

@& 2x + 1
®2x-1
Cx-1
©2x+4

. SAT/ACT What is the factored form of

3t - S - 127

& (- 43 + 1)
B (x - 3)(3x +4)
© (x+ (3% —9)
@ 3 + 2)(x - 3)
® 3x — dhix + 1)

. Performance Task A paint tray has an area

of 42x? + 135x + 108 in.2. The square paint
compartments that are all the same size and
spaced evenly, though the space along the
edge of the tray is twice as wide as the space
between squares.

X~ |2~ ——

L L

sl LLE
) ) ™

-

483

12

pa—————7x + 12 in,———]

Part A What is the width of the paint tray?

Part B What is the area of each of the paint
compartments in the tray?

Part C How wide are the edges of the tray if
the width of the paint tray is 45 in.?
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&) CRITIQUE & EXPLAIN

A

6-7

. seth and Bailey are given the polynomial 8x% + 48x + 72 to factor.
Factoring

Special Cases
a geth s wor® Bailey's work ’.{
£
o * W (2 + ) fax 4 1) &
| CAN... factor special ey, :
trinpmials,
VOCABULARY

* perfect-square trinomial
A Analyze each factored expression to see if both are eguivalent to the

ivern polynamial,
a MA ST 2AR.1.7-Rewnte a 9 poly

E{";I:'I"F’:‘I;:I:I:I‘:'L':I"‘;:I‘Ezl“w*"' B. How can the product of different pairs of expressions be equivalent?

il e C. Represent and Connect Find two other pairs of binomials that are

iy different, but whose products are equal.

MA K1 MTR.4.1, MTR.5.1,

MTR.6.1
What special patterns are helpful when

? Ay PV iy winl B factoring a perfect-square trinomial and the
difference of two squares?
CONCEPTUAL

UNDERSTANDING o AN ISN: BN Understand Factoring a Perfect Square

What is the factored form of a perfect-sguare trinomial?

& perfect-square trinomial results when a binomial is squared.

{a+b)a+by=a+b)?=alylabyh? The first and last terms are
perfect squares, The middle
{a - b)a - b) = {a - b)? = a? - 2ab + b? term is twice the product
of the first and last terms of
A. What is the factored form of the binomial

x4 14x + 497

Write the last term as a perfect square.
X2+ 14x + 49 = x2 4 145 4+ 72
=x? 4+ 2(Nx+ 7%
=+ Mx+7)=x+7)7?

COMMOMN ERROR B. What is the factored form of 9x2 - 30x + 257

Be careful to identify the correct
values for & and b when factoring
special cases. The value of a can 9x2 - 30x + 25 = (3x)2 = 30x + 52

be different fram x. = (302 - 2(3x)(5) + 52

= (3x - 5)(3x - 5) = (3x - 5)2

2ab = 2(TIx = 14x, so the
trinomial fits the pattem.

Write the first and last terms as a perfect square.

2ab = 2(3x)(5) = 30x, so the
trinomial fits the pattem.

The factored form of a perfect-square trinomial is (a + b)? when the
trinomial fits the pattern a? + 2ab + b?, and (a — b)? when the trinomial fits
the pattern a2 — 2ab + b?.

COMNTINUED ON THE NEXT PAGE
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EXAMPLE 1 CONTINUED

@ Try It! 1.Factor each trinomial.

a de? p12x+ 9 b. x? —Bx + 16

APPLICATION o ey A D Factor to Find a Dimension
"—-

Formulate

Compute

Interpret 4

Sasha has a tech store and needs cylindrical containers to package her
voice-activated speakers. A packaging company makes two different
cylindrical containers. Both are 3 in. high. The volume information is given
for each type of container. Determine the radius of each cylinder. How much
greater is the radius of one container than the other?

Volurme: Volume:
Fme? in.d w(3xf + 30x + 75) in.3

The formula for the volume of a cylinder is V¥ = ar2h, where r is the radius
and h is the height of the cylinder. The height of both containers is 3 in., so
both expressions will have 3a in common.

Factor 3 out of the trinomial

3nx? = 3x(x?) m(3x2 + 30x + 75) = 3In{x? + 10x + 25)
Factor the expressions to identify the radius of each cylinder.
The expression x2 = x « x, 50 the radius of the first cylinder is x in.
Factor the expression x2 + 10x + 25 to find the radius of the second cylinder.

x4 10x + 25 = x% 4 2(5)x + 52 Rewirite the first and

[ast terms as squares.
= (x + 5)¢ -

The radius of the second cylinder is (x + 5) in.
Find the difference between the radii.
(x+5)-x=5

The larger cylinder has a radius that is 5 in. greater than the smaller one.

@ Try It! 2. What is the radius of a cylinder that has a height of 3 in. and a

volume of =(27x2 + 18x + 3) in. 37
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o | CA0IJRE Factor a Difference of Two Squares

How can you factor the difference of squares using a pattern?

Recall that a binomial in the form a? — b? is called the difference of
WO SgUAares,

(a-blla+b=a’-ab+ab-b?=a’-b*
A. What is the factored form of x2 - 97

Write the last term as a perfect square.

CHECK FOR 3 2 3
REASOMAEBLENESS ¥ -8=x"-3 a=xandb=13,sothe
Determine whether the factoring binomial fits the pattern.
=[x+ 3)x-3
rube for a difference of two squares - -
makes sense by working badkward. B. What is the factored form of 4x? - 817
Write the first and last terms as perfect squares.
4x2 - 81 = (2x)2 - 92 a=2randb =19, sothe
= (2x + 9)(2x - 9) binomial fits the pattermn.
The difference of two squares is a factoring pattern when one perfect square
is subtracted from another. If a binomial follows that pattern, you can factor
it as a sum and difference.
6 Try It! 3.Factor each expression,
a. x?-64
b. 9x% - 100
o I EV IR Factor Out a Common Factor
What is the factored form of 3x3y — 12xy%?
HAVE A GROWTH MINDSET Factor out a greatest common factor of the terms if there is one, Then factor
How can you take on challenges as the difference of squares.
with positivity? 3 4 3
By - 12xy° = 3ny(x? - 4y?) Factor out the GCF, 3xy.
= ny[x? - (2y)?] Wiite aach term in the brackets as a perfact square.

= 3xy(x 4+ 2y}« — 2y)  Use the difference of squares pattem.

The factored form of 3xdy —12xp? is Ixplx + 2)9(x - 2).
g Try It! 4. Factor each expression completely.

a. 4x° + 24x% + 36
b. 50x2 - 322
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@ CONCEPT SUMMARY Factoring Special Cases of Polynomials

Factoring a Perfect-Square Trinomial

a2 + 2ab + b2 =(a + b)?
a2 - 2ab+ b?=(a-b)?

ke Lise this pattern when the first and

last terms are perfect squares and

ALGEBRA

the middle term is twice the product

of the expressions being squared.

TS x2 + 16x + 64 = x2 + 2(8)x + 82

= (x + 8)2
x2— 16x + 64 = x2 - 2(8)x + 82
] {X—E}E

©) Do You UNDERSTAND?

: What specia
patterns are helpful when factoring a
perfect-sqguare trinomial and the difference
of two sguares?

2. Error Analysis A student says that to factor
x% —4x + 2, you should use the pattern of a
difference of two squares. Explain the errar
in the student's thinking.

3. Vocabulary How is a perfect square
trinomial similar to a perfect square
number? Is it possible to have a perfect
square binomial? Explain.

4. Use Patterns and Structure How is the
pattern for factoring a perfect-square
trinomial like the pattern for factoring
the difference of two squares? How is
it different?

5. Communicate and Justify Why is it
important to look for a common factor
before factoring a trinomial?

Factoring a Difference of Two Squares

al_b¥=(a + b)a-b)

Use this pattern when a binemial can be
written as a difference of two squares. Both
terms must be perfect squares.

X 36 =x_ B2

= (x + B)(x — &)
22 - 72 = 2(x2 - 38)

= 2{3’1 — 52}

= 2ix + &)(x - B)
Do You KNOW HOW?

Identify the pattern you can use to factor each

expression.
6. 4% _ 9 7. 02+ 6x+9

9, 5x% _ 30x + 45
11. 3x2 + 30x + 75

B.Ox% _12x+ 4
10. 100 - 16y2

Write the factored form of each expression.
12. 49x2 - 25 13. 36x2 4 48x + 16

14, 363 — 12x2 + 12 15. 72x2 - 32

16. What is the side length of the square shown
below?

Area=xI + ¢ + 121
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

17. Mathematical Connections How could you use
special factoring patterns to quickly rewrite the
difference 502 - 452 as a product? Explain.

18. Use Patterns and Structure s the expression
x% — 50 factorable using integers? Explain why
or why not.

19. Choose Efficient Methods What is the
completely factored form of the expression
16x* - y*? Describe the method(s) of factoring
you used.

20. Error Analysis Describe and correct the error a
student made in factoring x? - 36.

Use the perfect-square trinomial pattern to
factor x2 — 36 because both terms are
perfect squares.

¥ —36=(x—8)(x—8) X /

21. Higher Order Thinking Use the visual shown
as a starting point. Describe how you can use
diagrams to show that al-b?=(a+bla-b).

22. Analyze and Persevere Describe the steps you
would use to factor the expression x* - 8x2 + 16,

23. Use Patterns and Structure A rectangle has a
width that is twice the length. If the area of the
rectangle is represented by the expression
18x2 + 48x + 32, what expression represents
the length of the rectangle? Explain.

24. Generalize How can you determine if a
binomial of the form x? — % is factorable using
rational constants?
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Identify the value of ¢ that would make the
trinomial factorable using the perfect-square
pattern. SEE EXAMPLE 1

5. 4% 4 2Mx + ¢ 26.x2 _10x+ ¢

27. 6x2 - 36x + ¢ 28, 3x2 + 2x 4+ ¢

Given the area of each square, factor to find the
side length. SEE EXAMPLES 1 AND 2

29. Area = 36x2 + 120x + 100

30. Area = 144x2 _ 24x 4 1

Factor each expression completely.
SEE EXAMPLES 1, 3, and 4

31. %2 + 16x + 64 32.x% .25

33. x% - 18x + 81 34, 5% — 145+ 49
35. 100x2 — 36 36. 1607 4 40x + 25
37.8x% - 32x + 32 38. 16x? - 81y?

39, 2x% + 32x% + 128x 40 757y — 63xy>

a1, 49x%  16xp 42, 121%2 + 110x + 25

43, -3x3 4187 - 27x 44, 6axTy? - 14477

Factor each expression as the product of binomials.
45 x2_}1 4E,x2—%

a7.p2_ M

2 1
100 4B8. x +Jl'+d



(©) PRACTICE & PROBLEM SOLVING

449,

50.

51.

Communicate and Justify In front of a school
are several gardens in rectangular raised

beds. For each of the areas of a rectangular
garden given, use factoring to find possible
dimensions. Could the garden be square? If so,
explain why.

a. x4+ 32x + 256
b. 2% - 4y?

€ x% - 200 + 100

Analyze and Persevere The area of a
rectangular rug is 49x2 - 25)2 in.L Use
factoring to find possible dimensions of the
rug. How are the side lengths related? What
value would you need to subtract from the
longer side and add to the shorter side for the
rug to be a square?

Apply Math Models A furniture company
created an L-shaped table by removing part of
a square table.

- ,:'-;,______H_Hﬂ

a—10p

/)

a. Write an expression that represents the area
of the L-shaped table.

b. What are all the side lengths of the L-shaped
table?

€. The furniture company decides to create
another table with the same area, but needs
this table to be rectangular. What are the
possible dimensions of the rectangular table?
Explain.

(@) ASSESSMENT PRACTICE

52. 5elect all polynomials that factor into a product

53.

of two binomials.

® sR17
0O A. 25m? - 9n?

O B. 25m? - 30mn + 9n?
O €. 25m® - 30mn - 9n?
O D. 25m? + 30mn + 9n?
O E. 25m2 + 9nl

SAT/ACT What is the factored form of
6x? — 60x + 1507

@ 6(x - 25)%

& 6(x - 5)x - 10)

© 6(x - 5)%

@ Bix - 5)x + 5)

. Perfarmance Task Two pieces of fabric are
being used for clothing designs for a fashion
show at school. Expressions for the areas of the
rectangular pieces are shown.

# -
+ 24x +12ind I Ix? + 78 + 507 ink

Part A Factor the expressions for the areas
completely.

1247

Part B Using the factorings from Part A, write
all of the possible dimensions of the pieces of
fabric as binomials with integer coefficients.

Part C Assume that the table is about 6 ft

long. Using integer values for x, which set of
binomials yields to most reasonable dimensions
based on the picture?

Part D Using your result from Part C what are
the dimensions in inches of the two pieces of
fabric?
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Topic Review

? TOPIC ESSENTIAL QUESTION

1. How do you work with polynomials to rewrite expressions and
solve problems?

Vocabulary Review

Choose the correct term to complete each sentence.
» Closure Property

2. The states that polynomials are closed under addition N et
or subtraction because the result of these operations is another 9
polynomial. * degree of a polynomial
3. Aln) results when a binemial is squared, * difference of two
B = squares
4, Aln) ——_is a real number, a variable, or the product of 4 .
; : * monomial
a real number and one or more variables with whaole number
exponents. * perfect-square
trinomial

5. The product of two binomials in the form {a + b}a - b) is a - b2,

which is called the * polynomial

+ standard Torm of a

6. The is & an exprassion in which the terms are written in I ial
descending order according to their degree. polynomia
Concepts & Skills Review
m Adding and Subtracting Polynomials
Quick Review Practice & Problem Solving
A polynomial is a monomial or the sum or Mame each monomial based on its degree.
difference of two or more monomials, called 7. 2xy 8 6 9, 3xly

terms. Polynomials are named according to
their degree. The degree of a polynomial
is the greatest degree of any term of the
polynomial. The standard form of a polynomial 10. Sx—-1)+(2Zx-3)
is a palynomial in which terms are written in
descending order according to their degree.

Add or subtract to simplify each expression.
Write your final answer in standard form.

M. (2.7x8—4x—1) - (3x2 4+ 8¢ 4)
12. (5b* -2 + 3b2) 4+ (5h2 - 4 + 3bY)

Example

What is the difference (5x2 + 3x - 5) - (2x2 + 8)7 13. Use Patterns and Structure What is the
missing term in the equation?

(5x2 +3x - 5)  (2x? + 8) {_ +5)+{3x- 2)=8x+ 3, Explain.

=5x? +3x-5 2x? 8 Apply subtraction to each term

in the second expression,
e 14. Analyze and Persevere A garden center has

- i : i 2
= (5x< — 2x°) + (3x) + Use the Commutative and (3x2 + 12x + 18) sq. ft of sod. One week, they

Assorciativie Properties te
-5-8) ;m:“; jik},lm:;lsﬁ = receive (4x2 + 16x + 60) sq. ft of sod, and sell
. (2x? + 9 + 27) 5. ft of sod. What expression
=3+ Ix— 13 Simplify,

represents the area of the remaining sod?
The difference is 3x2 + 3x - 13.
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Multiplying Polynomials

Quick Review Practice & Problem Solving
Use the Distributive Property to multiply Use the Distributive Property to find each product
polynomials as you would when multiplying 15. (x + 7)x - 5) 16. (2x - 5)3x + 1)
integers numbers. Distribute the first polynomial
to each term in the second poalynomial, Use a table to find each product.

17. (% - 3(5x + ) 18. (x + A)(x? - 3x - 1)
Example
How can you use the Distributive Property to 19. Analyze and Persevere |dentify the missing
rewrite (3x — 5){4x — 9) as a polynomial? terms in the quotient and divisor,
Distribute the first binomial to each term in the o+ Nx+_ V=x?s1x+ 24

second binomial.
20. Apply Math Models

(3x - 5)(dx - 8) The volume of a cube is

= 3x({dx — 9) — 5(4x - 9) Distribute 3x and -5 to calculated by multiplying
the second binomial. the length, width and

= Jx(dx) + In(-9) — 5(4x) Distribute 3x and -5 to height. What is the volume

-5(-9) each term in the second of this cube in standard

binomial form?

= 12x2 - 27x - 20x + 45 Multiply.

= 12x% —47x + 45 Combine like terms.

The product is 12x? — 47x + 45,

Multiplying Special Cases

Quick Review Practice & Problem Solving

The sguare of a binomial always follows the Write each product in standard form.
same pattern, a2 + 2ab + b?. The product of two
binomials in the form (a + b)a - b} is a? - b, This
is called the difference of two squares. 23. (6x - 9)(6x + 9) 24, (3x - 4p)(3x + Ay)

25 (1.5x+ 20(1.5x-2) 26.(3a-5b)?

21. (b + 12k + 12) 22. (4x + 1)(8x + 1)

Example
What is the product (dx - 9){dx + 9)7 27. Use Patterns and Structure Find a value for
m to make a true statement.

Use the pattern. .
P mx? — 64 = (Sx + B}{(Sx - 8)

(4x - 9)4x + 9) 28. Apply Math Models Write polynomials in

= (dx)? - (9)2 Substitute dx and 9 and for a and b standard form to represent Sx — 7 fi
ina? - b, the surface area and

= 16x% - 81 simplify volume of the cube.

The product is 16x% — 81.
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LESSON 6-4 Factoring Polynomials

Quick Review

To factor a commaon monomial factor out of a
polynomial, first write the prime factorization
of the coefficient for each term to determine if
there is a greatest common factor other than 1.

Then determine the greatest common factor for

the variables of each term.

Example

What is the GCF of the terms of 16x% — Bx* 4 ax37

First, write the prime factorization of the
coefficients for each term.

16=2+2+2+2 Each number has a common
BmTdadal coefficient of 4, so the GCF of
P the coefficients is 4.

Mext, determine the GCF of the variables for
each term.

x%=xexexexexexn Each term has the commaon

[V Jv R fm‘Tm of x3, s;:-tleErm the
3 variables is x*.

XK'= xexex

The GCF of 16x5 — 8x* + 4x% js a3,

LESSON 6-5 Factoring x2 + bx + ¢

Quick Review

To factor x? + bx + ¢, find the factor pair of ¢
that has a sum of b. Then use those factors to
write the binomial factors of the trinomial.

Example
What is the factored form of x% - 9x + 147

Identify a factor pair of 14 that has a sum of -9.

-1 and -14 15
| -2and-7 -9 |

The factored form of x2 - 8x + 14 is (x - 2Kx - 7).
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Practice & Problem Solving
Find the GCF of each group of monomials.

29. 6x%, 21x 30. be?, bic
31 14x?y?, BAxdy®, 21xy? 32, 242?18
Factor out the GCF from each polynomial.
33. 15x7 - 42x

34. 6y — 42y? + 18y

35. 6a" + 12a% + 1827 - 36a

36. 49a°b? — 14a?b? + 35ab

37. Analyze and Persevere \Write a trinomial that
has a GCF of 3x.

38. Use Patterns and Structure Determine the
GCF and write the expression in factored
form.

(Bx2 - 12x) + (Bx2 - 4x)

Practice & Problem Solving
Complete the table to factor the trinomial

39. x2+7x- 18

Factors of ¢ | Sum of Factors

7

Write the factored form of each trinomial.
40 x? + 12x 4 32 41, x% + 3x-28

42. x2_13x-48 43. x? + 18xy + 45y2

A4, Analyze and Persevere How are the binomial
factors of x2 + 4x - 21 and x2 - dx - 21 similar?
How are they different?



Factoring ax? + bx + ¢

Quick Review

To factor a trinomial of the form ax? + bx + ¢, find
the factor pair of ac that has a sum of b. Then use
the factors you found to write the binomials that
have a product equal to the trinomial,

Example
What is the factored form of 2x2 + 9x - 57

For 2x2 4 9x-5,a=2andc=-5 50 ac=-10.
Find the factor pair of —10 that has a sum of 9.

Factors of =10 | Sum of Factors

-1 and 10 9

Since -1 and 10 are the correct factor pair,
rewrite 9x as ~1x and 10x,

2%2 4 9x_5§
=2x% + 10x - 1x-5
=(2%2 4 10x) + (-1x —5)
=2x(x +5)-NHx+5)
= (2x — 1}{x + 5)

Rewrite,
Group as two binomials.
Factor out the GCFs.

Distributive Property

The factored form of 2x2 + 9x — 5 is {2x — 1}{x + 5).

LESSON -7 Factoring Special Cases

Quick Review

Use the following patterns to identify and factor
perfect square trinomials:

al 4 2ab + b? = {a + b)?
al-2ab+b?=(a-b)?

Use the following pattern to identify and factor
the difference of twao squares:

al-bt=(a+ b)a-h

Example
What is the factored form of 9x2 - 1217
Write the first and last term as a perfect square.
9y — 121 = (32 - 112
=(3x - 11}{3x + 11)

Practice & Problem Solving

Identify all of the factor pairs of ac you could use
to rewrite b in order to factor each trinomial by
grouping.

45, 55’ + 9x + 4 46, 25 +x- 15

Write the factored form of each trinomial.

47. 3Ix? v 10x + 8 48, 4x? _3x 10

49. sx? + Tx—6 50. 6x° + 13x + &

51. 10x? 4 3x— 4 52. 12x? + 22x 4+ 6

53. Analyze and Persevere What are all the
possible values of b for which 3x% + bx -~ 8 s
factorable using only integer coefficients and
constants?

54. Apply Math Models A parking lot has an
area of 2x% + 9x -5 square meters. Use
factoring to find possible dimensions of the
parking lot. The parking lot is to be enlarged
so that each dimension is 5 meters greater
than it was originally. What are the new
dimensions of the parking lot? What is the
new area of the parking lot?

Practice & Problem Solving

Identify the value of ¢ that would make each
trinomial factorable using the perfect-square
pattern.

55. % + 16x + € 56. 2x% — 28Bx + C

Write the factored form of each expression.

57. ¥ + 10x + 25 58. x2_ 121

59, x° _ 18x + 81 60. 9x” _ 49,°

61. 3xZ + 18x + 27 62. 4x% _ 56x + 196

63. Use Patterns and Structure Is the expression
3x? — 49 factorable using only integer
coefficients and constants? Explain why or
why not.

TOPIC & Topic Review 253

=
-
=
o
w0
-
-
[=
[




Quadratic Functions

‘? TOPIC ESSENTIAL QUESTION

How can you use sketches and equations of quadratic
functions to model situations and make predictions?

a Topic Overview Topic Vocabulary
enVision™ STEM Project: * parabola
Make Business Decisions * quadratic parent function

. . ¢ ' '
7-1 Key Features of a Quadratic Function SLRRRAVER SOMMEAN B ENAER L St

AR34, ARZT,FA.2,FA3, F2.1, MTR1.1, MTR.2.1, MTR.5.1 » vertex form of a quadratic function

7-2 Quadratic Functions in Vertex Form = vertical motion model
AR.3.4, AR.3.7, AR.3E, F2.1, MTR.1.1, MTR.4.1, MTR.S. 1

7-3 Quadratic Functions in Standard Form
AR AR 2.4 AR T, MTR. 3.1, MTR. 4.1, MTR.B.1

7-4 Modeling With Quadratic Functions
ARAY, AR.3.4, ARIE, F1.2, MTR.2.1, MTR.3.1, MTR.2. 1

Mathematical Modeling in 3 Acts:
The Long Shot
AR.3.4, AR_3.8. MTR.7.1

7-5 Linear, Exponential, and Quadratic
Maodels

F 1.1, R1.6, F1.3, MTR.4.1, MTE.5.1, MTR. 7.1

e " Digital Experience

INTERACTIVE STUDENT EDITION
Access online or offline.

FAMILY ENGAGEMENT
Irvalve family in your learning.

ACTIVITIES Complete Explore & Reason,
Model & Discuss, and Critique & Explain
activities. Interact with Examples and Try Its.
ANIMATION View and interact with
real-world applications.

PRACTICE Practice what
you've [earned.

-
@0 0006

E Go online | SavvasRealize.com
——
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MATHEMATICAL MODELING IN 3 ACTS

0 The Long Shot

Have you ever been to a basketball game where they hold contests at

halftime? A popular contest is one where the contestant needs to make a
basket from half court to win a prize. Contestants often shoot the ball in
different ways. They might take a regular basketball shot, a hook shot, or

an underhand toss,

What's the best way to shoot the basketball and make a basket? In the
Mathematical Medeling in 3 Acts lesson, you decide!

006 0

VIDEOS Watch clips to support
Mathematical Modeling in 3 Acts Lessons
and enVision™ STEM Projects.

ADAPTIVE PRACTICE Practice that is
just right and just for you.

GLOSSARY Read and listen to
English and Spanish definitions.
CONCEPT SUMMARY Review
key lesson content through
multiple representations.

HEQ0EO

ASSESSMENT Show what
you've learned.

TUTORIALS Get help from
Virtuwal Nerd, right when you need it.

MATH TOOLS Explore math
with digital tools and manipulatives.

DESMOS Use Anytime and as embedded
Interactives in Lesson content.

QR CODES 5can with your mobile device
far Virtual Nerd Video Tuterials and Math
Modeling Lessons.
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s e GriVision

Did You Know?

The goal of a business owner is to maximize profits. Businesses have

to consider many things to set the best price for their products.

e
[ W A typical small business
has a net profit margin of

around 10%. This means

90% of its revenue is spent
on (I'.\‘\.Ti. such as rent,
labor, and raw materials

Market equilibrium is
when supply = demand.

w
-
a
Quantity
FREE Tﬁﬁﬁ,,fﬂff Demand is how Supgly is how
much of a product much of a product
people want to is available. The
buy. The higher the higher the supply,
The day after Thanksgiving is known as Black Friday
h - b demand, the higher the lower the
pecause that 15 the cay many retallers begin to producers can price price producers can
turn a profit for the year. Being "in the black” is an the product. charge.

accounting term for "*making a profit.*

@ Your Task: Make Business Decisions

You and your classmates will pick an industry, then suggest and defend
your choice of the number of an item to make and the price at which to
sell the item.
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7-1

Key Features
of a Quadratic
Function

| CAM... identify key
features of the graph of the
gquadratic parent function.

VOCABULARY

* parabola
+ guadratic parent function

e M. 912 AR.3. T-Given a table,
equation or writhen description
ol a guadmatic tunction, graph
that funceon, and detemmine and
IrRerpret it key Teatures. Also
AR.34 F1.2,F1.3 20
MAKT2ZMTR. 1.1, MTR.2.1,
MTRS.1

GEMERALIZE

Think about how the features of

a guadratic function compare

and contrast to those of a linear

function.

¥ ) EXPLORE & REASON
¥ ty

8 8
A |t = o
X X
g -4 O 4 | 8 g -4 O] 4 | 8§
k|

A. Use Patterns and Structure How is the graph of f{x) = |x| similar to the
graph of f(x) = x?? How is it different?

B. What do you notice about the axis of symmetry in each graph?

What is the quadratic parent function and
‘? A gy EAMeli by w (el /B how can you recognize the key features of

its graph?

o [ ENGIJA:B R Identify a Quadratic Parent Function

What is a quadratic parent function and what are its characteristics?

The gquadratic parent _ fix) = x2 0 y)
function is f{x) = xZ, The vartex is
It is the simplest function | 2 A 4.4 the lowest
in the quadratic function | -1 1 (-1,1) {or highest) point
famil;f.-'. TI'IIE graph of the 0 0 0,0) on the graph
function is a curve called - of a quadratic
a parabola. L L .1 function.
2 4 2.4
The axis of symmetry
¥ =0.
The parabola opens up . f o
2 The vertex is (0, 0).
g Itis the tuming point
IS 3| 4 of the graph.
2

The axis of syrmmmetry intersects the vertex, and divides the parabola in half.

@ Try It! 1. When are the values of f{x) from Example 1 positive and when
are they negative?

LESSON 7-1 Key Features of a Quadratic Function 257



CONCEPTUAL eamos
UNDERSTANDING  (JETALSREY Understand the Graph of f(x) = ax? -

A. How does the value of the leading coefficient, a, affect the graph
of fix) = ax??

Graph some functions of the form fix) = ax? with different positive
a-values on the same coordinate grid and compare them,

COMMON ERROR fix) = 22 f{x) = 1x?
You may think that an & value

with an absolute value less than 1 The graph of

would decrease the width of the flx) = 0.5x

parabola. Howewver, it increases

i< wider th
the width of the parabala, 1 wader A

the graph of
fix)= Dl

I The vertex is {0, 0
far all three graphs.

For 0 < |a| < 1, the shape of the parabola is wider than the parent
function. For |a| = 1, the shape of the parabola is narrower than the
parent function.

B. How does the sign of a affect the graph of fix) = ax??

Graph two functions of the form flx) = ax® with opposite a-values on
the same coordinate grid, and compare them.

REPRESENT AND COMNECT

Consider whether the value of When a = 0, the y-coordinate
has an effect on the location of of the vertex is the minimum
the vertex of the graph of value of the function. When

fix) = ax’. & < 0, itis the maximum.

fix) = —axlis
a reflection of

fix) = ax’ over
the x-axis.

When a = 0, the parabola opens upward.
When a < 0, the parabola opens downward.

@ Try It! 2.How does the sign of a affect the domain and range of

fix) = ax??
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o |3 N IJAEy Interpret Quadratic Functions from Tables

Over what interval is f{x) = dx2 increasing? Over what interval is it
decreasing?

Use the function to make a table of values, The function values are

decreasing.
- fix) = Ax? (x. y)
-2 16 (=2, 16) ™ The wertex (0, 0) is the turning point
STUDY TIP -1 4 (-1,4 |« of the function, where it changes
Remember that since the function 0 0 (0, 0) from decreasing to increasing.
has a minimum value, the .
parabola opens upward. If the 1 4 1,4 _
function has a maximum value, 7 16 (2, 16) ) _The {I.II'II:.tI'QI'I values are
the parabola opens downward. increasing

The function is decreasing over the interval x < 0 and increasing over the
interval x = 0.

@ Tr‘jr It! 3. A function of the form gix) = ax? increases over the interval
¥ < 0 and decreases over the interval x = 0. What is a possible
value far a? Explain.

APPLICATION AN IGRER Apply Quadratic Functions
e

The owner of a new dance
studio is installing wooden
floors in all of the dance
rooms. How much should the
owner expect to spend on
flooring for a square room \ $8.75

15 ft

with 15-ft side lengths? Per Square
L foat
[—15ft —=]

Write a function that can be
used to determine the cost of

the flooring.
cfx) = price per ft? of flooring « area of dance floor in ft?
ofx) = B.75 . x?

HAVE A GROWTH MINDSET
Howw can you use mistakes as Find the value of the function when x = 15.
opportunities to leam and grow?

clx) = 8.75x2
o(15) = 8.75(15)% Substitute 15 for x.
¢(15) = 1,968.75 Simplify.

The cost for a new floor for a square dance floor with sides of
15 ft is $1,968.75.

@ Try It! 4. By how much will the cost increase if the side length of the
dance floor is increased by 2 ft?
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o AN IR Compare the Rate of Change

S5TUDY TIP

Use what you know about
finding rates of change for
linear functions. Think about
the differences for quadratic
functions.

A. How do the average rates of change for fix) = 0.75x% and g(x) = 1.5x%

over the interval 2 < x = 4 compare?

Step 1 Graph the two functions.

g(x) = 1.5x2
Ly
21" (4 20)
0
16
- (4,12)
g(2. 6)
flx) = 0.75x% 4 2 3)
X
6 4 -2 ol [ 2 14| &
r

Step 2 Find the value of each function at the endpoints of the interval.

fi2)=075(22=3
fl4) = 0.75(4)% = 12

gl2) =15(2=6
g(4) = 1.5(4)? = 24

Step 3 Find the slope of the line

that passes through each pair
of points.
9

o 5 -3

=45

The rate of change for function g is twice

gix): 2:' ‘25 =18_9 the rate of change for function £,

2

On average, the values of function fincrease by 4.5 units
and the values of function g increase by 9 units for each
unit increase in x over the interval 2 < x < 4.

. How do the rates of change relate to the values of a in the functions?

For positive intervals, the greater the value of a, the greater the average
rate of change. In this case the ratio of the a-values in the two functions
is the same as the ratio of the average rates of change.

@ Try It! 5.How do the average rates of change for f{x) = —0.5x% and
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@ CONCEPT SUMMARY Features of the Quadratic Function fix) = ax?

flx) = x?

GRAPHS

1y
b The function
4 has a minimum
value and
2 opens upward.
[ X
4 -1,0 114

Wertex: (0, 0} 2] Axis of symmetry:x = 0

WORDS5

The function fix) = x? is the same as fix) = 1x2.
It is the quadratic parent function. The function
decreases over the interval x <0

and increases over the interval x = 0.

© Do You UNDERSTAND?

. What is the

guadratic parent function and how can you
recagnize the key features of its graph?

2. Represent and Connect How is the graph of
fx) = ax? similar to the graph of fix) = x2?
How is it different?

3. Vocabulary Make a conjecture about why
the term guadratic parent function includes
the word “parent.”

4. Error Analysis Abby graphed the function
fx) = -13x2 by plotting the point (-2, 52).
Explain the error Abby made in

her graph.
sof”
(-2, 52) a0
{2

Ax) = ax?

When a « 0, the parabola
opens downward,

When 0 < |a] < 1, the graph of fix) = ax? is
wider than the graph of fix) = x2. When
|a] = 1, graph of flx) = axZ is narrower than
the graph of fix) = x2.

Do You KNOW HOW?

How does the value of a in each function affect
its graph when compared to the graph of the
quadratic parent function?

5. gix) = 4x?

6. hix) = 0.8x2
7. j{x) = -5x?

B. k(x) = —0.4x?

9, Given the function flx) = 2.5x% + 3, find the
average rate of change over the interval
0 = x = 4, What does the average rate of
change tell you about the function?
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Generalize The graph of the parent quadratic

function f{x) = x? and that of a second function

of the form gix) = ax? are shown. What
conclusion can you make about the value of a
in the equation of the second function?

¥

11. Error Analysis Describe and correct the error
astudent made in finding the average rate of
change for f(x) = 0.5x% over the interval

4 <x -2,

Find the slope of the
line that passes through
(-4, -8) and [-2, -2).

-2-(-8) &
_1-'}-4{= X/

12. Use Patterns and Structure Use the table
shown below to describe the intervals over
which f{x) = 15x¢ is increasing and decreasing.

=1 60 (=2, 60)
=1 15 (-1,15)
0 0 {0, 0)

1 15 1,15
i 60 (2. 60)

13. Higher Order Thinking Tell whether each
statement about a function of the form
f{x) = ax? is always true, sometimes true, or
never frue,

a. The graph is a parabola that opens upward.

b. The vertex of the graph is (0, 0).
c. The axis of symmetry of the graph is x = 0.

262 TOPIC 7 Quadratic Functions

How does the value of a in each function affect
its graph when compared to the graph of the
quadratic parent function? SEE EXAMPLES 1 AND 2

4. gix) = 6x? 15. f{x) = 0.6x2
16. flx) = -7o? 17. hix) = -0.15x2
18. Clx) = 0.04x% 19. g(x) = 4.5¢7

Over what interval is each function increasing and
over what interval is each function decreasing?
SEE EXAMPLE 3

20.
=2 =12 (=2,=-1.1)
-1 -03 (=1, =03)
0 0 (0,0
1 -03 1.—03)
2 =12 2.-112)

-l a (-2,52)
ol 13 (-1.13)
0 ] {0, 0)
1 13 (1.13)
Fi a2 (2.52)

Write a quadratic function for the area of each
figure. Then find the area for the given value
of x. SEE EXAMPLE 4

22.x=13 2. x= 2.5

X

How do the average rates of change for each pair
of functions compare over the given interval?
SEE EX.AMPLE 5

24. fix) = 0.1x2 25. fix) = -2x?
gilx) = 0.3x? glx) = —4x?
1<x<4d A cx= -2



® PRACTICE & PROBLEM SOLVING

26. Analyze and Persevere Some students
can plant 9 carrots per square foot in

the community garden shown. Write a function
f that can be used to determine the number

of carrots the students can plant. Give a

reasonable domain for the function. How many
carrots can the students plant in a garden that

is square with 4-ft side lengths?

27. Analyze and Persevere A burrito company

uses the function Clx) = 1.74x? to calculate the
number of calories in a tortilla with a diameter

of x inches.

a. Find the average rates of change for the
function over the intervals 6 < x < 8 and
9<ex<1.

b. Interpret the average rates of change.

€. What does the difference in the average rates
of change mean in terms of the situation?

2B. Represent and Connect An architect uses a
computer program to design a skateboard
ramp. The function fix) = ax? represents the
shape of the ramp’s cross section. A portion

of the design is shown. The scale of each axis

is 1 unit per grid line. On the ramp, a person
can skateboard from point A through point

B and over to a point C. If point € is the same
distance above the x-axis as point B, what are its

coordinates? Explain.

6 ASSESSMENT PRACTICE

9.

n.

The total cost, in dollars, of a square carpet
can be determined by using f{x) = 15x%, where
x is the side length in yards. Select all the true
staternents. @ Ar17

[0 A. The cost of a carpet increases and then
decreases as the side length increases.

[ B. The cost of the carpet is $15 per square
yard.

[ €. The cost of a carpet with a side length of
3 yd is $135.

O D. The cost of a carpet with 6-yd sides is
twice the cost of a carpet with 3-yd sides.

[ E. The cost of a carpet increases at a
constant rate as the side length increases.

. SAT/ACT The graph of fix) = ax® opens

downward and is narrower than the graph of
the quadratic parent function. Which of the
following could be the value of a?

&-2 ®-05 ©05 O1 62

Performance Task A manufacturer has two

options for making cube-shaped boxes. The
cost is cakculated by multiplying the surface

area of the box by the cost persquare inch of
the cardboard.

Part A Write a quadratic function of the form
f{x) = ax? for each design that can be used to
determine the total cardboard cost for cubes
with any side length. Interpret the value of a in
each function.

Part B How do the average rates of change
for the designs compare for cubes with side
lengths greater than 6 in., but less than 8 in.?

Part C Make a conjecture about the packaging
costs for each design when the side length of
the cube is greater than 36 in. Explain your
conjecture.
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7-2

Quadratic
Functions in
Vertex Form

| CAN... graph quadratic
functions using the vertex
faorm.

VOCABULARY
« yertex form of a
guadratic function

e Ma91 2FE 2. 1-Kdentiby the effect
on the graph or table of a given

function afier replacing Rz by

fisd + i, kefix), Fike) and fx + k) for

specific values ol k. Also AR.3.4,

AR3.7,AR1E

MAKI2 MTR. 1.9, MTR.4.1,

MTR.5.1

GEMERALIZE

Which key features are unaffected
by a vertical translation of the

parent function?

& ) CRITIQUE & EXPLAIN

Allie states that the two parabolas shown may look different, but they are
actually the same figure. Esteban disagrees, stating that they are different

figures because they look different.

¥

Graph B

A. Give one mathematical argument to support Esteban’s thinking.

B. Give one mathematical argument to support Allie's thinking.

C. Communicate and Justify Who do you agree with? What argument can

you give to justify your reasoning?

How can the vertex form of a guadratic
? kR o gy PRl b ey g o)y function help you sketch the graph of the

function?

o Understand the Graph of g(x) = x2 + k

How does the graph of g(x) = x1-4 compare to that of fix) = w27

Graph the function g and the parent function f,

The vertex of the
graph of g is {0, —4).

The two graphs have
the same axis of
symmetry: x = 0.

Each paint (x, fix)) is
translated down 4 units
to the corresponding
point (x, glx)).

The value of k in g{x) = x? + k translates the graph of the parent function f,

vertically k units. The vertex of the graph of g is at {0, k), in this case (0, —4).

The value of k does not affect the axis of symmetry.

@ Try It! 1. How does the graph of each function compare to the graph

of fix) = x*7

a,htx} =x2 - 3
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OETIIEEY understand the Graph of g(x) = (x — h)?

How does the graph of g{x) = (x = 3)% compare to that of f{x) = x27

Graph the function g and the parent function f.

The axis of symmetry of
the graph of g is x = 3.

Each point (x, flx}) is
COMMON ERROR translated right 3 units

You may think that the graph s e T The vertex of the

of gix) = (x — 3)* would be a point {x, gix)). graph of g is (3, 0).
horizontal translation of the

graph of fix) = x? to the left in

Lﬁ:ﬂfﬁﬂfgﬁf?;ﬂ:‘fﬁ;& The value of hin gix} = (x — h)  translates the graph of the parent function
is to the right in the positive horizontally h units. The vertex of the graph of g is at (h, 0), in this case (3, 0).
direction. The value of h also translated the axis of symmetry horizontally.

@ Try It! 2. How does the graph of each function compare to the graph
of flx) = x2?

a. hix) = (x + 1)2 b. j(x} = (x — 5)2

CONCEPTUAL o By
UNDERSTANDING o ISINIIRED Understand the Graph of f{x) = a(x — h) 2 + k 3 desmos

A. What information do the values of h and k provide about the graph
of fx) = (x — h)? + k?

Graph several functions of the form fix) = (x — h)2 + k. Lock at the
location of the vertex of each graph.

y ¥ ¥
2 2
o A A

-1 \|lo] 2 -1 1o |2 Neso] | 2
USE PATTERNS AND s s P
STRUCTURE
Consider f(x) = (x — 1) - 3
riaerkhe i d=(-12-3  A)=(-12+2  A)=(c+22-1
flx) = alx — b)Y + k. What is the vertex: (1, —3) vertex: (1, 2) vertex: (-2, —1)

a-value of this function?
The values of h and k determine the location of the vertex and the axis of

symmetry of the parabala. The vertex of the graph of fix) = (x — k)2 + k
is at (h, k). The axis of symmetry is x = h.

CONTINUED ON THE MEXT PAGE
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STUDY TIP

Motice that when 0 < |a| < 1, the
shape of the parabola is wider
than the parent function. When
|a| = 1, the shape of the parabola
is narrower than the parent
function.

COMMON ERROR

Recall that vertex form

fix) = alx — h)2 + k indludes a
subtraction sign in the expression
“ix — h)". If a quadratic function
suchasfix) =3k + 72 = 6

has an addition sign within that
expression, then the value of k is

negative,

EXAMPLE 3 CONTINUED
B. How does the value of a affect the graph of fix) = alx — h)2 + k?

Graph each of the functions shown in part A. Then graph a new function
with a different value of a to see how it affects the graph.

fl)=(x— 112 -3 ) =(x— 1242 i) =(x+ 202 — 1
gix)=2(x—1)* -3 gl =0.25(x — 12 +2 glx)=-0.1(x+2)* -1
The value of a does not affect the location of the vertex. The sign of a

affects the direction of the parabola. The absolute value of a affects the
width of the parabola,

The function fix) = alx — h)¥ + k, where a £ 0 is called the vertex form of
a quadratic function. The vertex of the graph is (h, k). The graph of

f{x) = alx — h)2 + k is a translation of the function f{x) = ax? that is
translated h units horizontally and & units vertically.

@ Try It! 3.How does the graph of f{x) = —3(x — 5)2 + 7 compare to the
graph of the parent function?

o AN IGAES Graph Using Vertex Form

How can you use the vertex form of a quadratic function to sketch the
graph of the function? o
This is the same as

Graph flx) = =2(x + 1)% + 5. fin)= =20 — (=12 +5
h=-1and k = 5, so the vertex is (-1, 5), and the axis of symmetryisx=-1.
¥

1 Flot the vertex and
the axis of symmetry,

2 Evaluate the function
to find two other points.

3 Reflect the points across

the axis of symmetry. 4 Draw a parabola

through the points.

9 Try It! 4.Find the vertex and axis of symmetry, and sketch the graph of
the function.

a. gl =-3(x-22 +1 b. hix) =(x+ 1}2 - 4
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APPLICATION -h} N0 IRy Use Vertex Form to Solve Problems
——

Renata and Deshawn are playing soccer. Renata takes a shot on goal. Deshawn
is 3 ftin front of the goal and can reach the top of the 8-ft goal when standing
directly beneath it. Can he block the shot from his current position without
moving or jumping?

A%

Height (ft)

vertex (16, 11)

Formulate 4  You can describe the parabolic path of the soccer ball using a quadratic
function. The vertex of parabola is given, so write the function in vertex farm.

fix) =alx—h)® +k

fix) =alx—16)2 + 11 Substitute r = 16 and k = 11.

Compute # Use another point on the path of the ball to find the value of a.
The point {2, 1.2) represents the point where Renata’s foot makes contact
with the ball.
1.2 =a(2 =162 + 11 Substitute x = 2 and fix) =1.2.
1.2 =19%a + 1 Simplify.
~9.8 = 196a Simplify.
28 _1% Divide each side by 196.
a =-0.05
) = -0.05(x — 16)2 + 11 Substitute & = —0.05 into the function
Use the function to find the altitude of the ball at Deshawn's position.
Deshawn is 3 ft in front of the goal, so his position is 25 ft - 3 ft = 22 ft.
f22) = —0.05{22 — 16)2 + 11 Substitute x = 27 into the function.
= 9.2
Interpret 4 \When the ball reaches Deshawn it will be about 9.2 ft above the ground,

which is above his 8-ft reach.

Deshawn cannot block Renata’s shot from his current position without
jumping or moving.

@ Try It! 5. 1f Deshawn does not block Renata's shot, will it be a goal?
Explain.
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@ CONCEPT SUMMARY Vertex Form of a Quadratic Function

ALGEBRA ¥

flx) = alx — h)2 + k gix) = ax?
* The graph of fis the graph of g(x) = ax? translated fix) = alx — h)? + k
horizontally b units and vertically & units. th, k)
= The vertex is located at (h, k). k X

« The axis of symmetry is x = h.

NUMBERS

) = -2(x - 1)2 + 3
s The graph of fis the graph of gix) = —2x? translated
right 1 unit and up 3 units.

* The vertex is located at (1, 3). gix) = —2x

* The axis of symmetry isx = 1.

© Do You UNDERSTAND? Do You KNOW HOW?
1. How can the Graph each function.
vertex form of a quadratic function help you 5.glx) =52+ 5

sketch the graph of the function?
6. f(x) = (x - 2)°
2. Communicate and Justify A table of values
for the quadratic function g is shown. Do 7. hix) = -2(x + 4)* + 1
the graphs of the functions g and
f(x) = 2(x — 1)¢ + 2 have the same axis of
syrmmetry? Explain.

oo =

8. Write a function in vertex form for the
parabola shown below.

-4 | 8
a, 2
-2 | 3 (0, =1}
- {=1,-3)
3 .

3. Use Patterns and Structure How are the 9. The height of a ball thrown into the air
form and the graph of fx) = (x = h)? + k is a gquadratic function of time. The ball
similar to the form and graph of is thrown from a height of 6 ft above the
f{x) =|x — hl + k7 How are they different? ground, After 1 second, the ball reaches its

maximum height of 22 ft above the ground.
Write the equation of the function in
vertex form.

4, Error Analysis 5arah said the vertex of the
function f{x} = (x + 2)2 + 6 is (2, 6). Is she
correct? Explain your answer.
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(©) PRACTICE & PROBLEM SOLVING

How can you determine
the values of h and k
from the graph shown?

Write the function for

10. Analyze and Persevere
the parabola.
i

UNDERSTAND
¥
2
X
JER7EE

11. Communicate and Justify To graph the function
fix) = (x — 5)2 - 8, a student translates the
graph of the guadratic parent function
5 units right and 8 units down. Can a student
produce the graph of f{x} = 2{x + 3)2 -5
by simply translating the quadratic parent
function? Explain.

12. Error Analysis A student used the steps shown
to graph fix) = {x — 1)? + 6. Describe and
correct the student's error.

1. Plot the vertex at (-1, &).

2. Graph points at (-2, 15)
and (-3, 23).

3. Reflect the points across
the axis of symmetry x = -1.

4. Connect the points with
a parabola. X /

13. Mathematical Connections The graph shown
is a translation of the graph of fix) = 2x?. Write
the function for the graph in vertex form.

14. Higher Order Thinking The graph of h is the
graph of gi{x) = (¥ — 2)? + 6 translated
5 units left and 3 units down.
a. Describe the graph of h as a translation of
the graph of f{x) = x%.
b. Write the function h in vertex form.

Identify the vertex and the axis of symmetry for
each function. SEEEXAMPLES 1 AND 2

15. flx) =52 +2 16. fix}) = x2 - 5

17. gix) = x2 = 1 18. hix) =x2 + 0.5
19, flx) = x? - 2.25 20. fix) = x? + 50
21 hix) =x2 +7 22. glx) =(x - 1)2
23. g0 = (x + 2)? 24. f(x) = (x - 6)%
25. f{x) = (x — 0.5)2 26. g(x) = (x — 4)2

Each graph shown is a translation of the graph of
flx) = ¥2. Write each function in vertex form.
SEE EXAMPLE 3

27, ky 28.

Identify the vertex, axis of symmetry, and direction
of the graph of each function. Compare the width
of the graph to the width of the graph of flx) = 2,
SEE EXAMPLE 3

29. flx) = 20x + 1)? + 4

30. g(x) = (x - 3)2 - 3

31. glx) = -0.75(x -5} + 6

32. hix) = —3(x +2)2 -5

Sketch the graph of each function. see exampLe 2
B.AN=2c-117+4 34.gx)=-2x—0.52+1
35 fx)=05(x+2% +2 36. hix) =-2(x-2)2-2

Each graph represants a quadratic function. Write
each function in vertex form. SEE EXAMPLE 5
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() PRACTICE & PROBLEM SOLVING

APPLY @ ASSESSMENT PRACTICE

39. Analyze and Persevere A computer game 42. The function f{x) = 2{(x = 3)% + 9 is graphed
designer uses the function f(x} = 4{x - 2246 in the coordinate plane. Select all the true
to model the path of the fish. The horizontal statements. igy AR37

path of the squid intersects the path of the
fish. At what other point does the squid's path
intersect the path of the fish?

[J A. The graph is a parabola that opens
downward.

O B. The vertex of the graph is (=3, 9).
O C. The axis of symmetry of the graph is x = 3.
[0 D. The y-intercept of the graph is 9.
O E. The minimum of the function is 9,

43. SAT/ACT The graph of glx) = x2 is translated
right 2 units and down 10 units. Which of the
following is the function of the new graph?
& Rx) =(x+2)2 - 10
@ fix) =(x—2)2 - 10

© fix) =2x2 - 10
@ fix) = =2x% = 10
40. Apply Math Models Suppose a goalie kicks a ® Fix) = —2(x— 10)2
soccer ball. The ball travels in a parabolic path
from paint (0, 0) to (57, 0). 44. Performance Task An engineer is designing

a suspension bridge with a center cable.

The cable is shaped like a parabola and is
attached to stability towers on both ends

at the same height. For simplicity she

assumes a quadratic function, and uses

f(x) = 0.0006(x — 300)2 + 6 to model the cable
between the towers.

a. Consider a quadratic function in vertex form
for the path of the ball. Which values can you
determine? What values are you unable to
determine? Explain,

b. Technology Use a graphing calculator to
explore the undetermined values. Find a set
of values that generates a realistic graph.
Explain how the key features of the graph
correspond to the situation. B0 m

41. Communicate and Justify The function - T
f{x} = —{x - 1)? + 8 models the path of a
volleyball. The height of the net is 7 ft 4 in.

Height (ft)

Part A How high above the road surface is the
|ovvest point of the cable?

Part B How far apart are the two towers?
Explain.

4 & & 10
Distance (ft)

Will the ball go over if the player is 2 ft from
the net? 4 ft, from the net? Explain.
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7-3

Quadratic Functions
in Standard Form

| CAN... graph quadratic
functions using standard
form.

VOCABULARY

+ standard form of a
guadratic function

e MA, 912 4R.3,7-Given a table
efpualion or writlen description
ol i gusdratic lunction, grapk
that funciion, and detemmine and
imterpret its ey featums. Ao
AR.1.2, AR34
MA K12 MTR.3.1, MTR.A.1,
MTRE.1

CONCEPTUAL
JUNDERSTANDING

GENERALIZE

Consider the graphs of quadratic
functions with the same c-values
but different & and b-values from
those shown in the example.

¥ | EXPLORE & REASON

Three functions of the form fix) = ax? + bx are graphed fora =2
and different values of b.

1y
gix) = Il —|2x
X
-1 0O
—1
Bix) = 26 — ax
—3
=
—i
| fix)= 2x! — Bx

A. What do the graphs have in common? In what ways do they differ?

B. What do you notice about the x-intercepts of each graph? What do you
notice about the y-intercepts of each graph?

C. Use Patterns and Structure Look at the ratio g for each function and
compare it to its graph. What de you notice?

How is the standard form of a quadratic function
O L] iowis the standard form of a ¢
Prawverad il
OEDTEERD Relate c to the Graph of f(x) = ax 2 + bx + ¢ W desmos

What information does ¢ provide about the graph of fix) = ax® + bx + ¢7

Graph several functions of the form fix) = ax® + bx + ¢. Loock for a
connection between the graphs and the value of ¢ for each function.

¥ ¥ - ¥
0 1)
2 {0 —1 2 ; 2
el X X
(0, =3) O 3 :J 0 3
fix) = 22 + dx — 3 flx) = —2x2 4 4x - 1 flx) = —2x%2 4 4x + 1
C 3 C 1 c=1

The value of ¢ corresponds to the p-intercept of the graph
of flx) = ax? + bx + ¢.

@ Try It! 1.Evaluate f{x) = ax® + bx + ¢ for x = 0. How does f{0) relate to

the result in Example 17
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CHOOSE EFFICIENT
METHODS

Consider 5tep 3. Is there a
situation where following this
procedure would not yield two
points on the parabola?

CONCEPT Standard Form of a Quadratic Equation

The standard form of a quadratic function is f(x) = ax  + bx + ¢, where a # 0.
The value ¢ is the y-intercept of the graph. The axis of symmetry of the graph
is the line x = — and the x-coordinate of the vertex is — .

Graph a Quadratic Function in Standard Form

Graph fix) = 2x? + 4x + 3. What are the axis of symmetry, vertex, and
y-intercept of the function?

Step 1

Step 2

Step 3

Step 4

Step 5

272 TOPIC 7 Quadratic Functions

Find the axis of symmetry.

b 4 =
= = The x-coordinate of

- | the vertexis also 1,
The axis of symmetry is x = -1.
Plot the vertex.
Use the x-coordinate of the vertex to find the y-coordinate.
flx)=2x2 + 4x + 3
f-1)=2-1D2+A-1)+ 3 Substitute —1 for x,

=1 Simplify

The y-coordinate of the vertex is 1. 5o, plot the vertex (-1, 1).
Plot the y-intercept and its reflection.
fix)=2x +4x + 3 - The value of ¢ is the y-intercept.
Plot (0, 3) and its reflection .icum the axis of symmetry {;Z. 3).
Plot another point and its reflection.

Evaluate the function for another x-value. Forx =1, 1) = 9. The
reflection of (1, 9) across the axis of symmetry is (=3, 9). Plot (1, 9)
and (=3, 9).

Graph the parabola.

The axis of symmetry is x = 1.

vertex (-1, 1)

CONTINUED ON THE NEXT PAGE



EXAMPLE 2 CONTINUED

@ Try It! 2. Graph each function. What are the y-intercept, the axis of
symmetry, and the vertex of each function?

afi)=x?+2x+4 b. glx) = ~0.75x% 4+ 3x - 4

APPLICATION Write the Quadratic Function in Standard Form
—— £

The trajectory of the water from a fountain is represented by the graph and
the table of values. Find the quadratic function that represents trajectory of
the water.

on :

Step 1 Use the vertex formula to Step 2 Use the y-intercept, b = —2a,
relate a and b. and the point (3, 5) to solve
) for a.
Using symmetry, you can see
that the x-value of the i) = an? + b + ¢
vertex is 1. -t b+ 8
b _
CHECK FOR o s =axt - 2ax + 8
REASOMNABLENESS by _
Does it make sense thata = 0 ¢ )'”{hh i 5=a(3)? - 2a(3) + 8
when modeling the trajectory of b=-<2a S=9-6a+8
a water fountain with a quadratic
function? a=-1
Step 3 Use a to solve for b. Step 4 Substitute the values for a, b,
Eo.cln and ¢ into the standard form.
T flx) = ax? + bx + ¢
i =-1xl+2x+8
=—xy2x4+ 8

The function f(x) = —x? + 2x + 8 models the trajectory of the water from
the fountain.
CONTINUED ON THE NEXT PAGE
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EXAMPLE 3 CONTINUED

@ Try It! 3.Write a quadratic function to represent the values in each table.

. EIRIEREIEREE - BREREARE
|y BERERERERE B: ' 2 5

APPLICATION o AN IIN: S Analyze the Structure of Different Forms
LS ——

Mia tosses a ball to her 4y
dog. The function /\
fix)=-05(x - 2)2 + 8 67
represents the ball's path. . a/
-4 4
34

ght ()

Hei

A. What does the vertex
form of the function
tell you about the

situation?
X
= — Ry ] + + + 4 -
fix) =alx—-h)"+k 0 3 H - - P
fix)= —0.5(x —2)? + 8 Distance from Mia (ft)

a = —0.5. Since a < 0, the h=2andk =8, s0
parabola opens downward. the vertex is (2, 8).

The vertex form tells you the vertex of the graph of the function, which
is {2, 8). The ball reaches a maximum height of 8 ft above the ground,
2 ft away from where Mia releases it.

B. What does the standard form of a function tell you about the situation?

Rewrite the function in standard form.

Ax)=-05x—2)" + 8

=—05x%—dx+4)+8 Expand (x — 2)2,

CHECK FOR =—05x+2x + & Use the Distrbutive Property and simplify.
REASOMABLENESS
Think about the reasonablen ess flx) = ax? + bx + ¢ . .
of the domain and range when . The y-intercept is 6.
you graph the function. Do bath flae) = —0.56 + 2x 4+ B

iti d negative val .
E‘Elc;vsecrﬂ?mg Ve e The standard form tells you the y-intercept of the graph of the function,

which is (0, 6). The ball was & ft above the ground when Mia threw it.

@ Try It! 4. Suppose the path of the ball in Example 4 is
f(x) = =0.25(x - 1) + 6.25. Find the ball's initial and
maximum heights.
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ALGEBRA

y-intercept: ¢

Axis of symmetry: x = —2
2a
x-coordinate of the vertex: -

y-coordinate of the vertex: f[—-—}

vere: (5,1

LTI standard form: fix) = 2x% + 8x + 5.

y-intercept: 5

Ao T try: ¥ = — 8 =-2
xis of symmetry: x 23
-coordinate of the vertex: —— > = _

X-Coordinate o e vertex 29}

y-coordinate of the vertex: f{-2) = -3

Vertex: (-2, —3)

©) Do You UNDERSTAND?

standard form of a quadratic function
different from the vertex form?

2. Communicate and Justify How are the form
and graph of fix) = ax? &+ bx + ¢ similar to
the form and graph of gix) = ax? + bx? How
are they different?

3. Vocabulary How can you write a quadratic
function in standard form, given its vertex
form?

4, Error Analysis 5age began graphing
flx) = =2x%% + 4x + 9 by finding the axis
of symmetry x = —1. Explain the error
Sage made.

Standard form: fix) = ax? + bx + ¢, where a # 0.

@ CONCEPT SUMMARY Standard Form of a Quadratic Function

Vertex

y

Do You KNOW HOW?
Graph each function. For each, identify the
axis of symmetry, the y-intercept, and the
coordinates of the vertex.

5. flx) = %% + Bx - 1

6. flx) = —0.5x% + 2x + 3

7. flx)= =3x% -6k -5

8. flx) = 0.25x% - 0.5x - 6

9. A water balloon is tossed into the air.
The function hix) = —0.5(x — 4)? + 9 gives
the height, in feet, of the balloon from
the surface of a pool as a function of the
balloon’s horizontal distance from where
it was first tossed. Will the balloon hit the
ceiling 12 ft above the pool? Explain,
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@ PRACTICE & PROBLEM SOLVING

10. Analyze and Persevere The graph of the
function fix) = 2x? — bx — 6 is shown. What is
the value of b? Explain.

W

11. Communicate and Justify To identify the
y-intercept of a quadratic function, would
you choose to use vertex form or standard
form? Explain.

12. Error Analysis Describe and correct the error
a student made when writing the quadratic
function fix) = 2(x + 3)? - 4 in standard
form.

fix) = 2(x + 3)*-4

flx) = 26 + 6x+ 9 -4
X g

13. Choose Efficient Methods Estimate the
coordinates of the vertex of the graph of
fix) = 1.25x% — 2x — 1 below. Then explain how
to find the exact coordinates.

Y

14. Higher Order Thinking Points (2, =1), (-2, 7),
{1, =2, (0, =1), and (4, 7) lie on the graph of a
guadratic function.

a. What is the axis of symmetry of the graph?
b. What is the vertex?
€. What is the y-intercept?

d. Over what interval does the
function increase?

276 TOPIC 7 Quadratic Functions

What is the y-intercept of each function?

SEE EXAMPLE 1

15. fix) =2x2 —dx =6  16. f(x) = 0.3x% + 0.6x = 0.7
17.fix) = =2 = 8Bx =7 18. fix) = 3x? 4 6x+ 5

19, fix) = %2 —2x+3  20.f(x)=—05x2 + x4+ 2

Find the y-intercept, the axis of symmetry, and the
vertex of the graph of each function. see ExampLE 2

M. M) =2x2 +8x+2 22 flx)=-2x% + dx - 3
23, flx)=04x2 +16x 28 f(x)= -2 - 2x-5
25. fx) =5x% + 56+ 12 26.f(x) = 4x? + 122 +5
27, f(x) =x% — G412 2B. f(x) = -2x% 4 16x + 40

Write a quadratic function to represent the values

in each table. SEE EXAMPLE 3

-1 13 -4 10
0 3 -3 1
1 -3 -2 10
2 =5 =1 7
i -3 1] 2

Write a guadratic function to represent each
parabola. see ExampLE 3

3.
6 ¥ 32. ¥
2
4 x
? -4 7 0 2
o -
[ 2 4 6V

Write each function in standard form. SEE ExampLE 4
33. fl) =4(x +1)2-3

34. fix) =0.1(x - 2)2 - 0.1

35. fix) = -2(x - 9)2 + 15

36. ) =-(x+3)2+8



° PRACTICE & PROBLEM SOLVING

37. Analyze and Persevere Two balls are tossed

up into the air, and caught at the same
heights they were tossed from. The function
fix) = —4.9x% + 14.7x + 0.975 models the
path of Ball A, The path of Ball B over time
is shown in the table. Compare the ranges
of the two functions. Which ball reaches a
greater height? Explain how you can answer
without graphing either function.

H '-'HJI'!: |:|r:;

0 1.975
1 11.775
15 13

2 1.775
15 1.975

38. Represent and Connect The paosition of a ball

after it is kicked can be determined by using
the function flx) = —0.11x% + 2.2x +1, where y
is the height, in feet, above the ground and x is
the horizontal distance, in feet, of the ball from
the point at which it was kicked. What is the
height of the ball when it is kicked? What is the
highest point of the ball in the air?

Apply Math Models A banner is hung for

a party. The distance from a point on the
bottom edge of the banner to the floor

can be determined by using the function

flx) = 025x ? - x + 9.5, where x is the distance,
in feet, of the point from the left end of the
banner. How high above the floor is the

lowest point on the bottom edge of the
banner? Explain.

40,

a.

An object i launched at 64 ft per second
from an elevated platform. The quadratic
function shown in the table models its
trajectory f{x) over time, x. Select all the true
statements. i§) an3.7

0|1 |2 | 4
6 |54 1| 6

O A. The height of the platform is 6 ft.

[ B. The object reaches its maximum height
after 2 seconds.

O €. The maximum height of the object is 70 ft.

[ D. The object will be lower than 40 feet at
3 seconds.

0O E. The height of the object increases and
then decreases.

SAT/ACT What is the maximum value of
fix) = —4x? + 16x + 127

® 12 ®16 ©24 ©O28 E64

Performance Task Two models are used to
predict monthly revenue for a new sports drink.
In each mode|, x is the number of $1-price
increases from the original $2 per bottle price.

Model A fix) = —12.5x2 + 75x + 200

Model B

wol’

300
240

gix

60

J (4]
Part A Identify the price you would set for each
madel to maximize monthly revenue. Explain.

1#63\

Part B A third model includes the points
(9, 605), (8, 600), (10, 600), (7, 585), and
(11, 585). What price maximizes revenue
according to this model? Explain.
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7-4

Modeling With
Quadratic Functions

| CAN... use quadratic
functions to model real-world
situations.

VOCABULARY

= vertical motion model

e MA 9T 2 AR I 4-Write a

quadratic function 1o represent
the mlatianship behween tvn
quantifes fram a graph, 2 writhen
descriplion or & lable of values
within a mathematical or el
wirld cortext, Also 8R1 .1,
ARZA, F1.2

MAKIZ.MTR. 2.1, MTR.3.1,
MTR.7.1

APPLICATION
——.

REPRESENT AND CONMNECT
To write the function, think about
how the length of the pool is
related to its width, Then write
expressions for the length and
width of the rectangular area
that contains both the pool and
the deck,

&) MODEL & DISCUSS

The graphic shows the heights of a supply package
dropped from a helicopter hevering above ground.

A. Apply Math Models Would a linear

function be a good model for the data? Time ' Height

Explain. 0s & 350t
s 4 335t

B. Would a gquadratic function be a good mode| I
for the data? Explain. 2s i 283H
3s & 2061t

I

:
4s @ 9% ft

I

v

_ Ground
What kinds of real-world situations can be
? ESSENTIAL QUESTION modeled by quadratic functions?
o AN IR N Use Quadratic Functions to Model Area

A company offers rectangular pool
sizes with dimensions as shown. Each
pool includes a deck around it. If
Carolina wants a 15-ft wide pool with
a deck, how many square feet will she
need to have available in her yard?

A, Write a quadratic function to
represent the area of the pool
and deck.

Let x be the width of the pool.
flx) = (2% + 8)x + 8) Area = Length x Wiath
=2x? 4+ 24x + 64

The quadratic function f{x} = 2x? + 24x + 64 can be used to find the area
of the rectangular pool and the deck.

B. Find the area of the pool and the deck.

f15) = 2(15)? + 24(15) + 64 Substitute 15 for x
=874

Carolina needs 874 f1? to build a 15-ft wide pool with deck.

@ Try It! 1.Suppose the length of the pool in Example 1is 3 times the

width. How does the function that represents the combined
area of the pool and the deck change? Explain.
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CONCEPT Vertical Motion Model

The equation h(t) = —16t2 + vt + h, is the vertical motion model. The
variable h represents the height of an object, in feet, ¢ seconds after it is
launched into the air. The term v;; is the object's initial vertical velocity
and hy is its initial height,

CONCEPTUAL

JUNDERSTANDING YR AN iR Model Vertical Motion

A diver jumps off a high platform at an
initial vertical velocity of 16 ft/s.

A. What quadratic function represents the height
h of the diver after t seconds of the dive?

Use the vertical motion model
to write the quadratic function,

hit) = —16t2 + vt + hg

h{f) = —16¢% + 16t + 30

Initial vertical height of the
velocity is 16 ftfs, platform is 30 ft,

B. How many feet above the platform will the diver be at the highest
USE PATTERNS AND point of his dive?
STRUCTURE
What do you notice about the
structure of the vertical motion

Find the maximum value of the graph described by h(t) = —16t2 + 16¢ + 30.

h P ;
madel and the sisndard form of 8 t= 5 The maximum m?lup. is located at
gquadratic function? How are they 16 t-value of the axis of symmetry.
similar? t= 2i-16)
=1
2 , Substitute the f-value into the
ALY =—16(1Y +18(1) + 30 function to find Ait), the y-value
(z} {2} [‘2} of the vertex.
=34

The vertex is (3, 34).

The platform is at a height of 30 ft and the vertex is at 34 ft. 30 the
diver will be about 34 — 30, or 4 feet above the platform.

@ Try It! 2.Find the diver's maximum height above the water if he dives
from a 20-ft platform with an initial velocity of 8 ft/s.
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APPLICATION % ) EXAMPLE 3 Use Quadratic Functions to Model Revenue
e

For the past six years, ticket prices for a school play

have increased by $1. The table shows the average Price Rivenue
Increase fix)
revenue per show for the last four years based on .
the increases in the ticket prices. The director .
wants to determine how much she can raise the 3 964
ticket prices and still have the school earn at least . Eel
$800 in revenue. 5 1000
G M

A. Model the data using a quadratic function.
The vertex is at (5, 1000). Use vertex form.

Axl=alx - 2 +k

=alx - 5)% + 1000 Substitute (5, 1000} for (h, k).
991 =al6 - 5]2 + 1000 Use {6, 991) to solve for a.
991 =a+ 1000
a=-9

Substitute the values for a, h, and &k into vertex form. The function
fix) = —9(x — 5}¥ + 1000 models the data.

B. Graph the function and determine the greatest integer x-value with a
y-value greater than $800,

by
1000 PR
APPLY MATH MODELS e T B
There is another value that would = 800 P BENEEEEEEE
yield the same revenue as the 59 o 208 T
increase, What possible advantage 5 A\
might there be reducing the ticket 3 an i
price ta that level? e
200 >
K X

0 2 4 6 & 10 12 14 16
Ticket Price Increases ($)

An increase of 39 is the greatest increase that would still yield a
revenue above $800 per show.
C. Describe any constraints on the domain.

Because of the director's requirements on revenue a reasonable domain
would be {x | x is an integer and 1 £ x < 9].

@ Try It! 3. Jordan sells jewelry online. Monthly revenue varies as a function
of the single price that Jordan sets for all pieces. Use vertex
form to create a quadratic model for Jordon's monthly revenue.

| price(s) JREIRENRLERERG
| Revenue (5) [ERREC IR
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@ CONCEPT SUMMARY Modeling With Quadratic Functions

AREA
When the length and width of rectangle are each variable expressions,
a quadratic function can be used to model the rectangle’s area. ¥=1
= (3x + A)(x —
A=(3x+a)x - 2) ——yr
= 312 -2x-8
VERTICAL MOTION
The vertical motion model gives the height h, in feet, of an object t seconds after launch.
hif) = —1612 + vyt + hy
vy is the initial velocity fip is the initial height
© Do You UNDERSTAND? Do You KNOW HOW?

1. What Write a vertical motion model in the form
kinds of real-world situations can be hit) = —16¢2 + vyt + hy for each situation
modeled by quadratic functions? presented. For each situation, determine how

long, in seconds, it takes the thrown object to

2. Represent and Connect How is the reach maximum height.

function hit) = —16t2 + bt lated t . ) i
S e gt ST 5. Initial velocity: 32 fts: initial height: 20 ft
vertical motion?

6. Initial velocity: 120 ftfs; initial height: S0 ft
3. Vocabulary What does it mean in a i e

real-world situation when the initial 7. A rectangular patio has a length four times
velocity is 07 its width. It also has a 3-ft wide brick border
around it. Write a quadratic function to

& Ervor Anstysis Chien s determine the area of the patio and border.

h{t) = —16t2 4+ 6t 4 16 to determine the

height of a ball t seconds after it is thrown B. Write a quadratic function to represent the
at an initial velocity of 16 ft/s from an data in the table.
initial height of 6 ft. Describe the error
Chen made. -n
1 35
2 65
3 1
4 13
5 iy
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@ PRACTICE & PROBLEM SOLVING

UNDERSTAND PRACTICE

9. Analyze and Persevere For each vertical Use a guadratic function to model the area of
mation model, identify the maximum height each rectangle. Graph the function. Evaluate each
reached by the object and the amount of time function for x = 8. SEE EXAMPLE 1
for the object to reach the maximum height. 14 2 + 4 15 I =19
a. h{t) = —16t? + 200t + 25
b. hit) = =16t + 36t + 4 X+3 X+2

10. Choose Efficient Methods If a data set includes
the maximum or minimum value is it more
efficient to use vertex form or standard form to
find a quadratic model for the data? Explain.

Write a function h to model the vertical motion for
each situation, given h(t) = —=16t% + vgt + hy_Find
the maximum height. see exampLe2

11. Enor Anallysls Desaribe and correct the 16. initial vertical velocity: 32 fiis; initial height: 75 ft
error a student made when interpreting
the graph of the vertical motion model 17. initial vertical velocity: 200 fts; initial height: 0 ft

hit) = —at? + bt + c.
18. initial vertical velocity: 50 ft/s; initial height: 5 ft

T 19, initial vertical velocity: 48 ft's; initial height: & ft
The object reaches 50 i i i i
I Write a quadratic function to represent the data in
its maximum height each table. SEE EXAMPLE 3

after traveling a

distance of 4 feet 20 20, 21.
horizontally. gl Y
o< i n = 0 2 3 L)
Y, d 1 -3 — 5
x / 2 -6 -1 4
3 =7 0 1
4 -6 1 -4

12. Represent and Connect In the graph of a
vertical motion model shown, how is the initial

velocity related to the vertex of the parabola? 22, - 23 --
=3 27

3 49

4 55 -2 15
5 57 -1 11
& 55 0 15
7 449 1 27

24. Write a quadratic function to represent the
data in the graph. SEE EXAMPLE 3

1y
13. Higher Order Thinking The function .2 .
flx) = % + 3w — 10 models the area of p
a rectangle. . -
g . Ol 214 0%
a. Describe the length and width of the 13 )i
rectangle in terms of x.
L

k. What is a reasonable domain and range
for the situation? Explain.
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© PRACTICE & PROBLEM SOLVING

25. Apply Math Models A student drops a rock

over the edge of the well and hears it
splash into water after 3 seconds. Write a
function in the form h(t) = —1612 + vt + hy
to determine the height of the rock above
the bottom of the well t seconds after the

student drops the rock, What is the distance
from the surface of the water to the bottom
of the well?

26. Apply Math Models Becky tosses a ball up in

27.

the air. She releases it at a height of & ft above

the ground. Two seconds later, Becky catches it

at the same height, 6 ft.

a. Write a quadratic function to model the
height of the ball as a function of time.

b. What was the maximum height of the ball?

€. What was the average rate of change in
the height of the ball for the first half of
the toss?

d. What does average rate of change mean in
terms of the situation?

Mathematical Connections Dakota bought
120 ft of wire fencing at 50.50/ft to enclose

a rectangular playground. The playground
surface will be covered with mulch at a cost of
51.25/4t2 Write a quadratic function that can
be used to determine the total cost of fencing

and mulch for a playground with side length x.

What is the cost if one side is 20 ft7

() ASSESSMENT PRACTICE

28.

29.

30.

The function h{t) = =16t + 96t + 10 models
the path of a projectile. Select all the true
statements. i) aR3E

O A. The initial height of the projectile is 10 ft
because h(0) = 10.

[ B. The initial height of the projectile is 90 ft
because h(0) = 90.

O C. The projectile reaches a maximum height
at time 3 s,

[ D. The projectile reaches a maximum height
at time 6 5,

[0 E. The maximum height of the projectile is
F(3).

SAT/ACT A basketball is thrown straight up

into the air from a height of 2.1 ft with an

initial velocity of 7 fus. Which function models

the height of the ball after t seconds?

® hith=-16t2+ 2.1t + 7

B h(t)=-16t2 =21t +7

©h(t)=-1612+2.1t-7

@ hit) =—16t2 + 7t + 2.1

® hif) =-16t2 - 7t + 2.1

Performance Task A baseball player is standing

1.5 ft away from the edge of the upper deck that
is 20 ft above the baseball field. He throws a ball
inta the air for the fans sitting in the upper deck,

Part A Write a quadratic function that can be
used to determine the height of the ball if it
is thrown at an initial velocity of 35 ft/s from a
height of & ft. Graph the function.

Part B The seats for the upper deck start 2 ft
fram the edge. Will the ball travel high enough
to land on the upper deck?
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MATHEMATICAL
MODELING

IN 3 ACTS

CC,

e M 912.AR.3 B-50hte and graph
= mathematical and real-warld
problems that are medebad with
guadratic furctioes. Interpred key
features and determine constrants
in terms of the conkest,
Also &R.3.4

MAKT2MTR.2.1

© The Long Shot

Have you ever been to a basketball game where they hold contests at
halftime? A popular contest is one where the contestant needs to make a
basket from half court to win a prize. Contestants often shoot the ball in
different ways. They might take a regular basketball shot, a hook shot,
er an underhand toss,

What is the best way to shoot the basketball to make a basket? Think about
this during this Mathematical Modeling in 3 Acts lesson.

1. What is the first question that comes to mind after watching the video?
2. Write down the Main Question you will answer,
3. Make an initial conjecture that answers this Main Question.

4. Explain how you arrived at your conjecture,

ACT 2 Develop a Model

5. Use the math that you have learned in the topic to refine your
conjecture.

Liss gl Interpret the Results

6. Did your refined conjecture match the actual answer exactly? If not,
what might explain the difference?
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7- 5 &) MODEL & DISCUSS

7 E Jacy and Emma use different functions to model T o
Comparlng Linear, the value of a bike x years after it is purchased.

Exponential, and Each function models the data in the table. 0 =00.00

uadratic Functions
Q Jacy's function: fix) = —14.20x + 500 L ——
2 472.13
¥, H " — X
Emma’s function: fix) = 500(0.85) 3 461.00
| CAN... determine whether 4 452.10

a linear, exponential, or
guadratic function best

Shachils & eiats Gl A. Analyze and Persevere Why did lacy and Emma not choose a quadratic

function to model the data?

; _— . :
e T o R, B. Whose function do you think is a better model? Explain.

a knear, quadratic or exporential - - T .
Aonctiun st ool given sl C Do you agree with this statement? Explain why or why not.

S S e To ensure that you are finding the best model for a table of
M K12 MTRA.1, MTR.S.1,

MTR.7.1 data, you need to find the values of the functions for the same
values of x.

How can you determine whether a linear,
‘? RN RNl k(o) B exponential, or quadratic function best
2 maodels data?

CONCEPTUAL
UNDERSTANDING o |3V IZA: R Determine Which Function Type Represents Data

A. How can you determine whether the data in the table can be modeled
by a linear function?

Recall that linear functions have a constant rate of change. Confirm that
the data has a constant amount of change per unit interval,

Change in
¥ y-values

COMMUNICATE AND _3 _3
JUSTIFY +3‘; :]I
ls a constant change in the 0 7 ET=-(=-2)=8
y-values sufficient to show that +3(. 3 16 :) 165=7=9
inear?
data are linear? +3{: 6 25 3' 25 _16=10
+3( g 34 3'34_15-1.

The y-values increase by 9 units for every 3 units of increase of the
x-values, The data shows a constant amount of change per interval,
50 a linear function models this data.

CONTINUED ON THE NEXT PAGE
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COMMOMN ERROR

Both quadratic and exponential
functions may model nonlinear
data, however quadratic functions
do not model data with a
constant percent change per

unit interval.

LEARN TOGETHER
How do you listen actively as
others share ideas?

EXAMPLE 1 CONTINUED
B. How can you determine whether the data in the table can be modeled

by an exponential function?

Exponential data grows or decays by a constant ratio or a constant
percent per unit interval.

x|y | Ratios | _Percent Change |
1 400

a56 _ 856 =000 _ n 14, 140
2 456 m_Hfl A =0.14; 14%

3 520 jisgm.m “—[f%-"ﬁzu.u;uw

593 593 - 540 140
4 593 g 1.14 53 = 0.14; 14%

676 676 — 593 L 1A
5 676 5 114 —&m = 0.4, 14%

The data shows approximately equal ratios and percent changes between
consecutive p-values. An exponential function best models the data.

C. How can you determine if data is more appropriately modeled by a

quadratic function rather than a linear or exponential function?

Determine if the data changes from increasing to decreasing or
decreasing to increasing.

1 1002 The yvalues are decreasing
2 | B3s
Ll The y-values are increasing.
4 151
5 | 2366

The y-values appear to decrease to a minimum and then increase,
A guadratic function is an appropriate model.

When data values increase to a maximum then decrease, or when they
decrease to a minimum and then increase, a quadratic function is more
appropriate than a linear ar exponential function,

Quadratic functions may also model other strictly increasing or strictly
decreasing situations where the data do not have a constant amount
change per unit interval or a constant percent change per unit interval.

@ Tr}r It! 1. Doesa linear, guadratic, or expanential function best model
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the data? Explain.

-2 - 0 1 2
4 12 36 108 324

- 1|2 |3 |4a]s
16 & | & |10 | 20
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APPLICATION YRS 7N iR ¥ Choose a Function Type for Real-World Data
i

Determine whether a linear, quadratic or exponential function best models
each situation.

A. Emaan runs a fruit smoothie stand and tracks the revenue from January
to December. Emaan finds that revenue increases from the beginning
of the year into the summer months and then decreases as the weather
gets colder towards the end of the year.

Revenue increases and then decreases.
A guadratic function best models the situation. o el

B. Luis is training to cycle at a
consistent pace. He uses an app
to track the distance he covers
on his training ride. Luis checks
his distance every 5 minutes
during a 20 minute ride.

APPLY MATH MODELS
If Luis checked his total distance
at 8,12, 14, and 20 minutes
would the data still appear linear? The unit interval is 5 minutes,
and the total distance Luis
rides will increase by a constant
amount because of his steady
pace over each interval.
A linear function best models
the situation.

10 min

C. Raul's social media account had 842 followers. Over the course of two
months there was a 12% increase in the number of followers each week.

The unitinterval is 1 week, there is a constant percent change in followers
per unit interval so an exponential function best models the situation,

@ Try It! 2. Determine whether a linear, quadratic or exponential function
best models each situation.

a. Noemi earns 216 per hour at her job. 5he works 40 hours per
week, Noemi tracks her total income over the first 6 weeks
of her emplayment.

b. Ines gives surfing lessons. Over the course of several years
she tracks her revenue based on different rates for private
lessons. Ines finds that she earns the most revenue if she
charges $65 per hour for a lesson. Ines earns less revenue if
she charges either more or less than 565 per hour,
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L PR3N AR Compare Linear, Exponential, and Quadratic Growth

USE PATTERNS AND
STRUCTURE

Look at the structure of each of
the graphs. Notice that a quantity
that increases exponentially

will eventually exceed a guantity
that increases linearly or
quadratically.

The graph shows population models City A
for three cities, based on data over a fix) = 3.2x
five-year period. If the populations
continue to increase in the same ways, 2 5
when will the population of City C -]
exceed the populations of the other E 4
two cities? £
z 3
Method 1 Use the table of values. E 2
-
= T Lo | oo IS
4 128 | 40 0.5 0
0 1 2 3 4 5
) 160 | 85 1 Time in Years
6 192 | 90 2
7 224 11225 4
] 256 | 160 &
9 288 | 2025 | 16 The population of City C is
10 2O /0| B2 greater than those of City A
and City B.

1" | 352 3025 64

Method 2 Use a graphing calculator to determine the points of intersection.

Use your calculator to find
the point where function
exceeds functions £ and g.

x scale: 10y scale: 32

After 10 years, the population of City C will exceed the populations of City A
and City B. It will continue to outgrow the other cities because it is growing
exponentially.

@ Try It! 3.Compare the functions f(x) = 3x + 2, g(x} = 2x* + 3, and
hix) = 2%. Show that as x increases, hix) will eventually exceed
fix) and gix).
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@) CONCEPT SUMMARY Linear, Quadratic, and Exponential Functions

Linear

The rate of change is
constant.

Quadratic

The y-values increase to a
maximum then decrease, or
they decrease to a minimurm
then increase.

Exponential

The percent growth or
decay is constant.

TABLES fix) = 0.5¢ 4+ 1 fix) =05x%=dx + 5 fix) = 2{1.5*
X ¥ Behavior
0 1 il 5 0 2
2 | 2 | 1=l=05 LA2 | sy 1| 3| 32-0550%
A= 2 1 minimum
45-3 L Ef
4 | 3 | 3=5=05 3 2 increasing 2 | 45 | 273=05,50%
5 4 ;:i =05 3 |67 5.13.5 85 _ 05 50%
GRAPHS ¥ ¥ by
. 8
1 4 6
4 7 4
2 x 2
Dl 1.4 8
X X
00 2 4 6 B ﬂ“ 2 4 B B

© Do You UNDERSTAND?

1. ‘?' ESSENTIAL QUESTION JNa[«IWO0&T, BRI

determine whether a linear, exponential,
or guadratic function best models data?

Do You KNOW HOW?

Determine whether the data are best modeled by a
linear, quadratic, or exponential function.

o« KRERERERE
1515«1135 2

ol -2 | - 0 1 2
2 | T 12|17 |2
6. A company's profit from a certain product is
represented by Plx) = —5x? 4 1,125x — 5,000,
where ¥ is the price of the product. Campare

the growth in profits from x = 120 to x = 140
and from x = 140 to x = 160, What do you notice?

2. Check for Reasonableness The average rate
of change of a function is less fromx =110
x =4 than from x =5 to x = 8. What type of
function could it be? Explain.

3. Error Analysis Kiyo states that data that
decreases can only be modeled using an
exponential decay function. Explain the error
Kiyo made.
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND PRACTICE

7. Choose Efficient Methods Create a flow chart Determine whether a linear, guadratic, or

to show the process to determine whether
a given data set represents a function that
is linear, guadratic, exponential, or none
of these.

. Generalize For linear functions the differences
between consecutive y-values, or the
1st differences, are constant.

a. Copy and complete the table for the 15t and
2nd differences of the guadratic function
fix)=3x2+ x + 5.

b. Find the 1st and 2nd differences using the
same x-values for fix) = 2x? + 3x + 7.
€. Make a conjecture about the 15t and 2nd

differences of the y-values for consecutive
values of quadratic functions.

fix) =32 x +5

1st Differences | 2nd Differences

a 5

1 9 §9-5=4

Fs 19 19-9=10 10-4=6
3 | 35 B-19=16 16—-10=86
4 | 57 ] =

5 | 8 u =

9. Error Analysis What is the error in the student's

reasoning below? Describe how to correct the
statement.

The data can be x|y
madeled with a 3| -8
linear function T—_l
because the —
y-values increase L
by a constant 1110

amount. 3 |16 X /

10. Higher Order Thinking A savings account has a

balance of $1. Savings Plan A will add $1,000 to
an account each month, and Plan B will double
the amount each month.

a. Which plan is better in the short run? For
how long? Explain.

b. Which plan is better in the long run? Explain.

TOPIC 7 Quadratic Functions

exponential function is the best model for the
data in each table. see exampLE 1

X ¥
0 1 1 13
1 3 Fi 16
i 9 3 13
3 21 4 4
4 #1 5 =11

56 1] -b
1 57 1 -3
Z 50 2 0
3 35 3 3
4 12 4 &

Determine whether a linear, guadratic or
exponential function best models each
situation. SEE EXAMPLE 2

15. The first year Denzel started his company he
had sales of about $26,000. Over the past 4
years sales have increased by 17% each year.

16. Murphy measures the air temperature over a
24-hour period. Starting at 4 an., he sees that
the temperature rises to a high in the early
afternoon, befare it begins dropping over the
rest of the day.

17. Use the functions shown. SEE EXAMPLE 3

¥ fix) = 0.75x
3 hix) = 1.25*
5 gix) = 0.09375x
1
o L4 3

0 1 2 3 4
a. Evaluate each function for x =6, x =8 and
= 12.

b. When will function h exceed function
and function g?



(©) PRACTICE & PROBLEM SOLVING

18. Apply Math Models Emery, Deondra, and

19,

Kelley run an airboat tour company. They are
studying their revenues from the past 5 years
and want to predict their future revenues.

Year Revenue n 4
hics {thousands %) 1: 8
o
1 21 E 6 ]
2 32 g, Z
3 44 E .
4 5.9 z 2
[+ =
5 5.5 o x

Year
The team creates the following models from
their data:

Emery: fix) = 0.9x + 1.3
Deondra: gix) = 1.4(1.38/*
Kelley: hix) = —0.24x? + 2.3x — 0.10

a. Whose model would you expect to be the
most cptimistic? Whose model would you
expect to be the least optimistic? Explain.

Graph the revenue data and the three

models on the same coordinate arid.

¢. What are the predicted revenues for the
upcoming year in each mode|?

d. Whose model do you think is the mast
realistic? Explain,

Communicate and Justify Carmen is considering

two plans to pay off a 510,000 loan. The tables

show the amount remaining on the loan after
X years,

ETEE ETTEE

Amount Amount
Year Remaining Year Remaining
0 10,000 a 10,000
1 9,000 1 3,500
2 8,100 2 9,000
3 7,290 3 8,500
4 6,561 4 8,000

Which plan should Carmen use to pay off the
loan as soon as possible? Justify your answer
using a function model.

LESSON 7-5 Linear, Exponential, and Quadratic Models

() ASSESSMENT PRACTICE

20. Function f represents the population, in

21.

22,

millions, of Franklin x years from now.
Exponential function g represents the
population, in millions, of Georgetown x years
from now. If the patterns shown in the table
continue, will Franklin always have a greater
population than Georgetown? Explaing) £1.5

0|1 rJ0 I
34 |56 | 78 10,0
i4 | 36 | 54 | B

SAT/ACT Atwhat point will fix) = 3* exceed
glx) = 2x + 5 and h(x) = x* + 47

@(1,7)
B (1.8, 7.3)
©1(2,9)
B (2.4, 9.8)

Performance Task Ella is studying the
population trends of three neighboring towns.
Five years ago each town had a population of
about 20,000 people. Ella recorded the percent
changes in the population for each town.

Town A Town B Town C
Population Population Population
w | Percent | Percent | Percent
Year Year _ Year
change change change
1 b6.25% 1 3.75 1 4.00
2 5.88 2 120 2 399
3 5.56 3 =119 3 4.02
4 5.26 4 -3.61 4 4.00
5 5.00 5 -6.25 5 397

Part A Based on the percent changes in
population which towns have increasing
populations? Which towns have decreasing
populations?

Part B What type of function would best model
the population data for each town?

Part C Use the percent changes to determine
the approximate populations for the three
towns over the S-year period.
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Vocabulary Review

Choose the correct term to complete each sentence.

2. The graph of a quadratic function is a(n)

3. The function fix) = x? is called the

4. To model the height of an object launched into the air t seconds

after it is launched, you can use the _

5. The is fix) = ax? + bx + .

Concepts & Skills Review

Topic Review

‘? TOPIC ESSENTIAL QUESTION

1. How can you use sketches and equations of quadratic functions to model
situations and make predictions?

* parabola
+* guadratic parent
function

+ standard form of a
quadratic function

= yertex form of a
quadratic function

= yertical motion model

LESSON 7-1 Key Features of Quadratic Functions

Practice and Problem Solving

Compare the graph of each function with the
graph of fix) = xZ.

Quick Review
2

The graph of fix) = ax* is a parabola with vertex

(0, 0) and axis of symmetry x = 0. When a > 0,
the parabola opens upward and the function
has a minimum at the vertex. When a < 0, the

parabola opens downward and the function has

a maximum at the vertex.

Example
Compare the graph of glx) = —0.2x?
with the graph of fix) = x2,
The graph of g opens
downward and is

wider than the graph

of f. For both graphs,

the axis of symmetry

isx = 0 and the

vertex is (0, 0).
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6.

glx) = 1.5x2 7. hix) = -9x%

Owver what interval is each function increasing
and ever what interval is each function
decreasing?

8.

flx) = —2.5x2 9, fix) = 6x?

10. Communicate and Justify Explain how you

1.

can you tell whether a function of the form
fix) = ax? has a minimum or a maximum
value and what that value is.

Apply Math Models Artificial turf costs
£15/%q ft to install, and sod costs $0.15/kq ft
to install. Write a quadratic function that
represents the cost of installing artificial
turf on a square plot with a side length of x
feet, and a second quadratic function that
represents the cost of installing sod on the
same plot. How do the graphs of the two
functions differ?



LESSON 7-2 Quadratic Functions in Vertex Form

Quick Review Practice and Problem Solving

The vertex form of a quadratic function s 12. Use Patterns and Structure Graph the

f(x) = a(x - h)? + k. The vertex of the graph is at functions below. How are the graphs alike?

(h, k) and the axis of symmetry is x = h. How are the graphs different from each
other?

Example fix) = =5(x - 3)? + 2

Graph the function fix) = (x + 1)2 =1, gl =-20x-312+2

The vertex is (-1, -1) and
the axis of symmetry is x = 1.

Identify the vertex and axis of symmetry of the
graph of each function.

13. gil=(x+8%+1 14 hx)=(x-57-2

15. Apply Math Models An astronaut on the
moon throws a moon rock into the air. The
rock’s height, in meters, above the moon’s
surface x seconds after it is thrown can be
determined by the function
hix) = -1.60c — 2.5)? + 15. What is the
maximum height of the rock above the
moon's surface? How many seconds after
being thrown does the rock reach this height?

LESSON 7-3 Quadratic Functions in Standard Form

Use the paints (0, 0) and

(1. 3) to find two other points.
Reflect each point across the
axis of symmetry

Quick Review Practice and Problem Solving
The standard form of a quadratic function is Identify the y-intercept, axis of symmetry, and
fix) = ax® + bx + ¢, where a £ 0. The p-intercept vertex of the graph of each function.
is ¢ and Ithe axis of wmme'trly. whlchbns also the 16. g) =3 +4x+5 17. M) ==+ 7x 41
x-coordinate of the vertex, is x = ~3a"

18. Graph the function fix) = -3x? 4+ 12x + 5.
Example 19. Write the quadratic function in standard form
Graph the function P that represents the table of values.

fix)=3xT - 6x+ 2.
The y-intercept is 2,

. PR
Em: @ : o

20. Use Patterns and Structure When given
a function in standard form, how can you
determine if the parabola has a minimum or
maximum value?

- (0,22
Find the axis of symmetry. '™

== 1

2a - 203)
Find the y-coordinate of
the vértex.

1) =3(1)2 = 6(1) 42 = =1 ¥(1, =1)

21. Represent and Connect A ball is tossed into
the air. The function fix) = —16x° + 4x + 5

Plot the vertex (1, — 1) and identify the axis represents the height in feet of the ball x
of symmetry. seconds after it is thrown. At what height was
Plot the y-intercept (0, 2). Reflect that point the ball tossed into the air?

across the axis of symmetry.

TOPIC 7 Topic Review 293




Modeling With Quadratic Functions

Quick Review

Quadratic functions can model situations.
For example, the vertical motion model
h{t) = -1622 + vyt + hy is a quadratic function,

Example

Alberto launches an emergency flare at an initial
velocity of 64 ft/s from an initial height of 6 ft.
The flare must reach a height of 100 ft to be seen
by a rescue team, Is Alberto’s launch successful 7

Substitute &4 for v, and & for hy in the vertical
motion model.

ht) = 1612 + vpt + hg
=-16t2 + 641+ 6
Find the vertex (t, h{).

__Mb
{= 2a
___64
2116)
=/
h(2) = -16(2)2 + 64(2) + 6
= 70

The vertex is (2, 70).

The flare will reach a maximum height of 70 ft,
so Alberto's launch is not successful,
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Practice and Problem Solving
Write a function b to model the vertical maotion
for each situation, given h(t) = -16t2 + vyt + hy,.
Find the maximum height.
22. initial velocity: 54 ftfs

initial height: 7 ft
23. initial velocity: 18 ft/s

initial height: 9 ft

Write a guadratic function to represent the area
of each rectangle. Graph the function. Interpret
the vertex and intercepts. ldentify a reasonable
domain and range.

24. X+5 25. -3

26. A company tracks their monthly revenue
based on the price they charge for their
product. It is reasonable to conclude from the
data that the company makes a maximum
revenue when the product sells for $24.

20 3220
iz 3580
4 3700
b 3580
28 3550

a. Find a gquadratic model for the monthly
revenue based on the price of the
product,

b. If the company puts their product on sale
for $18 how much revenue would they
expect to ganerate?

27. Analyze and Persevere Given a vertical
motion model, how can you identify the
amount of time an object is in the air before
it reaches the ground?



Linear, Exponential, and Quadratic Models

Quick Review

To determine whether a linear, quadratic, or
exponential function best models a real-world
situation consider how the data changes per unit
interval,

A linear function best models the data when
values change by a constant amount per unit
interval.

An exponential function best models the data
when values grow or decay by a constant percent
per unit interval,

When data values increase to a maximum then
decrease, or when they decrease to a minimum
and then increase, a quadratic function is
more appropriate than a linear or exponential
function.

Quadratic functions may model other strictly
increasing or strictly decreasing situations where
the data do not have a constant amount change
per unit interval or a constant percent change
per unit interval.

Example
Determine whether the function below is linear,
quadratic, or exponential.

Percent Change

Since the y-values are increasing by a constant
percent per unit interval the function is
exponential.

Practice and Problem Solving

28. Analyze Sense and Persevere What is the
first step in determining whether a table
shows a linear, quadratic, or exponential
function?

Determine whether the data in the tables
represent a linear, quadratic, or exponential
function.

“HER “Hm
¥
7 4 -4 | =20

a -1 0 -6
9 — . i

10 -5 4 i1
1 — 6 36

Determine whether a linear, quadratic or
exponential function best models each situation,

31. Esteban’s family buys a new car. For the next
five years, the car's value decreases by about
20% each year.

32. Abby plans on renting a jet skifor 1 1o 4
hours. Jet ski rentals cost 380 per hour.

33. A local coffee shop adjusts the price of a
medium coffee as demand changes. In the
early season, when demand is low, they
charge less. During peak season, the shop
increases the price of a coffee to a maximum.
As demand drops off, the shop lowers their
coffee price. The coffee shop owner wants to
model price as a function of time.
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Solving Quadratic
Equations

‘? TOPIC ESSENTIAL QUESTION

How do you use quadratic equations to model situations and
solve problems?

a Topic Overview Topic Vocabulary
enVision™ STEM Project: * completing the square
Designing a T-5hirt Launcher « discriminant

' , ) * gquadratic equation
8-1 Solving Quadratic Equations Using Graphs and Tables it s

AR.3.6, AR.3.7. AR.3.8, MTR.1.1, MTR.4.1, MTR.5.1 * guadratic formula
B-2 Solving Quadratic Equations by Factoring * roct

AR1.2, AR3A, ARDS, ARG ARDT, AR3E, MTR.2.1, MTRS.1, MTR.7.1 « standard form of a
8-3 Solving Quadratic Equations Using Square Roots quadratic equation

ARZ 1, MTR.1.1, MTR.5.1,. MTR.6.1 - ZE'TD"FIrﬂdUCt PI'DpEI’U_.f
8-4 Completing the Square « zeros of & function

AR AREL AR ARZE MTRZ A, MTR.4.1, MTR.5.1

B-5 The Quadratic Formula and the Discriminant
AR.3.1, AR.3.6, MTR.1.1, MTR.3.1, MTRS.1
Mathematical Modeling in 3 Acts:

Unwrapping Change
ARZE MTRTA

P Digital Experience

INTERACTIVE STUDENT EDITION
Access online or offline.

FAMILY ENGAGEMENT
Invalve family in your learning.

ACTIVITIES Complete Explore & Reason,
Model & Discuss, and Critigue & Explain
activities. Interact with Examples and Try Its.
ANIMATION View and interact with
real-world applications.

PRACTICE Practice what
you've [2arned.

6 -
nl—'—l
n'-l
e

i = v

@0 006

E Go online | SavvasRealize.com
— —
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r— MATHEMATICAL MODELING IN 3 ACTS

.

0 Unwrapping Change

When you arrange a group of objects in different ways, it seems like the
space they take up has changed. But, the number of objects didn't change!

We use coin wrappers to store coins in an efficient way. How much
more efficient is it than the alternative? Think about this during the
Mathematical Modeling in 3 Acts lessan.

006 0

ASSESSMENT Show what
you've learned.

TUTORIALS Get help from
Virtuwal Nerd, right when you need it.

MATH TOOLS Explore math
with digital tools and manipulatives.

DESMOS Use Anytime and as embedded
Interactives in Lesson content.

QR CODES 5can with your mobile device
far Virtwal Nerd Video Tutorials and Math
Modeling Lessons.

VIDEOS Watch clips to support
Mathematical Modeling in 3 Acts Lessons
and enVision™ STEM Projects.

ADAPTIVE PRACTICE Practice that is
just right and just for you.

GLOSSARY Read and listen to
English and Spanish definitions.
CONCEPT SUMMARY Review
key lesson content through
multiple representations.

HEQ0EO
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TOPICS  PROJECT énVision ‘:JT E[

Did You Know?

Objects launched or thrown into the air The weaker the gravity, the higher an object

follow a parabolic path. The force of will fly and the loanger it will remain airbarn.
gravity and the horizontal and vertical
velocities determine a guadratic function

for an object's path

Gravity
Earth:
9.8 mfs?

Baseball hit an Earth

Mars /_\ {
3.7 mis? | \ Same
Moon [ 'I.II baseball
1.6 mis? |4 \ on Mars
v v
@O
00 B

T-shirt launchers are used at sporting events
to send shirts to fans high in the stands.
Some t-shirts can travel as far as 400 feet.

© Your Task: Designing a
T-Shirt Launcher

You and your classmates will design a t-shirt launcher and
determine passible heights and distamces on Earth and
other planets.
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%) EXPLORE & REASON

8-1

) p The path of a golf ball hit from the ground resembles the shape
Solving Quadratic of a parabola.

Equations Using
Graphs and Tables

| CAN... use graphs and
tables to find solutions of
guadratic equations.

VOCABULARY

* guadratic equation
+ zeros of a function

A. What point represents the golf ball before it is hit off the ground?

e MA. 817 AR E~Given an B. What point represents the golf ball when it lands on the ground?
REPEESSION OF equation rmepresenting = : 5
& quadratic furction, determine the C. Use Patterns and Structure Explain how the points in Part A and B are
wertex and zers and intemeet them related to the ball's distance from the ground.

im temms of a wal-world conteat
Blwo ARET ARLAE

MAKT2ZMTR.1.1, MTR.4.1,

MTRS.1
Q ESSENTIAL QUESTION How can grmhsi and tables help you solve
) guadratic equations?

o AN IJABE Recognize Solutions of Quadratic Equations
CONCEPTUAL
JUNDERSTANDING Why are the x-intercepts of the graph of a quadratic function important to

the solution of a related equation?

A. Find the solutions of the quadratic equation x2 — 16 = 0.

A guadratic equation is an equation of the second degree. The related
function of a quadratic equation with 0 on one side is the quadratic
expression given on the other side.

COMMUNICATE AND Graph the related function, fix) = x2 = 16.

JUSTIFY 1

Think about the connection The solutions of a The x—int]ercepu of focour
between the graph of the quadratic equation are wherex® = 16 = I].anu:l
function and the solutions to the value or values that l‘EpI'ESEfIIlﬂ'IE solutions of
the quadratic equation. What make the equation true. the equation.

evidence can you give that the
x-intercept is the solution of the
quadratic equation?

The graph of the function has two x-intercepts, so the equation has two
real solutions. The solutions of the equation x? — 16 = 0 are x = -4 and
x = 4. Solutions to an equation of the form f{x) = 0, are called the zeros
of a function. The zeros of a function correspond to the x-intercepts of
the function.

COMNTINUED ON THE NEXT PAGE
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EXAMPLE 1 CONTINUED
B. Find the solutions of 2 — 14x + 49 = 0.

Graph the related function f{x) = x? — 14x + 49.

1o]?

8

6

4

1
The graph touches - + * j—
the x-axis but does ! _ il BN There is only one
not cross it. {7,0) x-intercept.

The graph of the function has only one x-intercept, so the equation has
only one real solution, x=7.

C. Find the solutions of ¥ + 3x + 7 = 0.

Graph the related function flx) = x* + 3w + 7.
STUDY TIF
A quadratic equation can have 0,
1, or 2 real solutions.

The graph of the function has no x-intercepts, so the equation has no
real solutions.

The graph does not
cross the x-axis.

'@ Try It! 1.What are the solutions of each equation?
a.x2-36=0 b.x2+6x+9=0

o A EN IR Solve Quadratic Equations Using Tables

A. How can you use a table to find the solutions of x2 — 7x + 6 = 07

Enter the function y = ¥? — 7x + 6 into a graphing calculator.

USE PATTERNS AND " Plot1 Ptz Plod

STRUCTURE Oy 2T+ 6

How would the salutions of :"“ !-;EE :1_19. IT:JIE;D
this quadratic equation appear m = I I fl?r'l Ifﬁfh e 'n'_ EES
in a graph? We = of x when y = 0.

W =

There are two real solutions, x = 1 and x = 6. e
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EXAMPLE 2 CONTINUED
B. How can you use a table to estimate the solutions of 3x2 + 5x — 2 = 07

Enter the function

CHOOSE EFFICIENT y= x4+ S5x — 2 into The other solution occurs
METHODS a graphing calculataor. =L . where the signs of the
The solution may nat always { E T y-values change from
appear in a table when y = 0. The table shows one 3 % negative to positive or
Would a graph be more useful solution, x = -2. positive to negative,

in finding the salution for this
quadratic equation?
Refine the table settings to find the other solution of the equation.

Change the table settings to show steps of 0.25.
The other solution is between 0.25 and 0.5,

Using a table has

limitations. When the Approximate the solution
corresponding x-values ! by the value of y when x
for y = 0 are not shown vl i goes from 0.25 to 0.5.

in the table, you can
estimate the solution.

@ Try It! 2.Find the solutions for 4x? + 3x — 7 = 0 using a table. If
approximating, give the answer to the nearest tenth.

APPLICATION YRS AN i GREE Use Approximate Solutions
—

Tama hits her golf ball off
the tee. The height of the
golf ball is modeled by the
function fix) = —5x% + 25x + 1, o Oihen
where x is the number of the ball lands.
seconds after the golf ball is -
hit. How long is the golf
ball in the air?

Graph fix) = —54% + 25x + 1 to
find when y = 0.

The graph of the function

COMMUNICATE AND sh ows the x-intercept at 5.04. 32t¥ Trace the graph
JUSTIEY This means the golf ball was . on your screen 1o
What are the benefits of using in the air about 5 seconds 2u see when y =0,
a graph to approximate a before it hit the ground. <
solution? When is a table more E » y = 0 when

seful than a graph? = -
usefu grap ol x=504

. X

a 1 2 3 q 5
Time (seconds)

@ Try It! 3. At the next tee, a golf ball was hit and modeled by
—16x2 + 11x + 6 = 0. When will the golf ball hit the ground?
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e CONCEPT SUMMARY Solving Quadratic Equations Using Graphs and Tables

m A quadratic equation can be written in standard form ax? + bx 4+ ¢ = 0,

where a £ 0.

A quadratic equation can have 0, 1, or 2 real solutions,

Zeros of the function related to a quadratic equation are the solutions of the equation.

ARSI «* +5x+4=0 The solutions are ¥ = —4 and x = -1.

G SURESERY

The x-intercepts are
the solutions of the
equation.

© Do You UNDERSTAND?

RO essenmias question JTE
graphs and tables help you solve quadratic
equations?

2. Choose Efficient Methods In a table that
shows no exact solutions, how do yvou know
if there are any solutions? How can you find
an approximate solution?

3. Error Analysis Eli says that the solutions to
%% + 100 = 0 are —10 and 10 because 107 is
100. What is the error that Eli made?
Explain.

4, Check for Reasonableness When
you graph a quadratic function, the
y-intercept appears to be 1, and the
x-intercepts appear to be -4 and 2.5.
Which values represent the solution(s)
to the related quadratic equation of the
function? How can you verify this? Explain.
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TABLE

X ¥
-5 4
=4 0

3 2 The solutions are the
— x-values when the
=1 | -2 y-values are 0.
-1 0

Do You KNOW HOW?

Use each graph ta find the solution of the

eguation.
5. —x24+2x—-1=0 B.xX4+x—-6=0
2|¥ 21!
X X
-1 o) 4 -4 L2 o
-2
q -4
B

Solve each guadratic equation by graphing the
related function.

7.x2_2x-3=0 Bl 4x4+1=0

Find the solutions of each equation using a table.
Round approximate solutions to the nearest tenth.

9.5 +3x-4=0 10.3x2 - 2x+1=0
11. What are the solutions of

—5x2 + 10x + 2 = 0? Round approximate
solutions to the nearest tenth.



(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

12. Analyze and Persevere Consider the quadratic
equation W y2x-24=0

a. How could you solve the equation using a
graph? Explain.

b. How could you solve the equation using a
table? Explain.

13. Generalize For an eguation of the form
ax? + bx + ¢ = 0, where the graph crosses the
y-axis once and does not intersect the x-axis.
Describe the solution(s) of the equation.

14. Error Analysis Describe and correct the
error a student made in stating the
number of solutions of a quadratic
equation, Explain,

A guadratic equation has erther

two solutions or no solution. X /

15. Higher Order Thinking Infinitely many quadratic
equations of the form ax? 4 bx + ¢ = 0 can have
the same two solutions. Sketch the graphs of
two quadratic functions on the same grid to
show how this could be true.

16. Use Patterns and Structure How many zeros
does the quadratic function shown have?
Explain.

F=

17. Mathematical Connections If a quadratic
function has a maximum value that is greater
than 0, how many zeros does the function
have? Explain.

Use each graph to find the solution of the related
equation. SEE EXAMPLE 1

1B.x2-2x+2=0

v

=

2 0 4
=3
Solve each guadratic equation by graphing the

related function. Round approximate solutions to
the nearest tenth. SEE EXAMPLES 1 AND 3

20.x°-121=0 2.7 —dx+4=0

22.x2+3x+7=0 23. %2 —Sx=0

24, —x2 4+ 6x+T7 =0 25 —xi+8x—7=0

26.x2-2=0 27.2x% —11x+12=0

28, -3x2 +5x+7=0 29.-16x2+70=0

Find the solutions for each equation using a table.
Round approximate solutions to the nearest

tenth. SEEEXAMPLE 2
30.x2-16=0 a2 +8x+16=0

32.x2+3x+1=0 3.0 +4x+6=0
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© PRACTICE & PROBLEM SOLVING

34. Apply Math Models A small company shows

) ASSESSMENT PRACTICE

37. select all the solutions of the quadratic

the profits from their business with the
function P{x) = —0.01x% + 60x + 500, where x is

eguation 0 = 2% + 5x. @ AR.3.1

the number of units they sell and Pis the profit Ll Bt 10
in dollars. OB.x=-25
OCx=0
a. How many units are sold by the company to -3
earn the maximum profit? OD.x=25
OEx=10

b. How many units are sold when the company
starts showing a loss?

38. SAT/ACT What are the solutions of

x% 4 2x - 15 = 0 using the graph shown?

35. Analyze and Persevere A pattern of triangular Lt
numbers is shown. The first is 1, the second is 3,
the third is 6, and 5o on. 8
s ;]
-8 o 4 g
A\ I
. A
1 3 [ 10 15 L
The formula 0.5 + 0.5n can be used to find ® -3 3 ® _5 3
the nth triangular number. ks 50 a triangular © -85 ® _16,0

36.

number? Explain.

Analyze and Persevere The equation

—16x2 + 10x + 15 = 0 represents the height,
in feet, of a flotation device abowve the water
after x seconds. The coefficient of the linear
term represents the initial velocity. The
constant term represents the initial height.

a. If the initial velocity is 0, when should the
flotation device land in the water?

b. If the initial height is 0, when does the
flotation device land in the water?
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. Performance Task A human catapult is used

to launch a persen into a lake. The height, in
feet, of the person is modeled as shown, where
X is the time in seconds from the launch.

{‘" foe) = —16x2 + 508 + 20

Part A What equation can you use to find when
the person touches the lake? Find the solution.

Part B Are both solutions to the quadratic
equation valid solutions to the lake problem?
Explain.

Part C What is the greatest height reached?



8- 2 *:l MODEL & DISCUSS

3 An artist has started a i " '
Solvi ng maosaic tile design on a i E
Quadratic Equations wall. She needs to cover : ) 5
h}f Factori ng the entire wall. i :
[ ' It i
I i ]
R a5} =
1 w ]
I CAN... find the solution 4 BEEEEEEEH T :
of a quadratic equation by L - ]
i a ]
factering. & _,: ]
* ]
VOCABULARY e N ;
& & TN
+ standard form of a | aft |
guadratic equation
# Zero-Product Property A. Write expressions to represent the length of the wall and width of the wall.
o B. Use Patterns and Structure What expression represents the area of the
MA.912.4R.3.1-Civen a 3 .
mathermatical ar real-world contex entire wall? EIplall'l.
:E,;ﬁﬁ;rﬂ ::?;2 real €. How can you determine the area of the part of the wall that the artist
mumber system has not yet covered?
Also AR1.2, AR.L5, AR.2.6
AR.3.7, AR 3.8

MA K12 MTR.2.1, MTR.5.1

WIAE) O et D How does factaring help you solve
» guadratic equations?
OETNEEYD use the zero-Product Property

How can you find the solution of the equation (x — 9)(5x + 2) = 07

The Zero-Product Property states that for all real numbers a and b,

if ab =0, then eithera=00rb = 0.
USE PATTERNS AND

STRUCTURE Set each factor of the equation equal to zero to find the solution.
Think about solving this equation
using a table and graph. How
would the solutions appear in a x=9
table? In a graph?

x-9)=0 ar (5x+2)=0
Either (x — 9) or (5x + 2) is x= -2
equal to 0 according to the

Zero-Product Property.

Check each solution.

Substitute 9 for x. Substitute —% for x.
(9-9)5% +2)=0 {_—i -9 ](5{—%} +2)=
(0)(a7) =0 (-9¢)@=0
0=0v 0=0v

The solutions of (x —9)5x + 2) =0arex=9 and x = —i_

@ Try It! 1.5clve each equation.
a. {2 - 1Hx+3)=0 b. (2x+ 3)(3x-1) =0
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CONCEPTUAL

UNDERSTANDING () JETRISREP Solve by Factoring

How can you use factoring to solve x? + 9x = =207

The standard form of a quadratic equation is ax? + bx + c = 0, where a £ 0.
Step 1 Write the equation in standard form.

2 N
*<+ 5% = -20 When solving a quadratic equation by factaring, begin
¥+ 9% +20=0 vy writing the equation in standard form.

Step 2 Make a table to find the set of factors to solve x2 + 9x + 20 = 0. The
set of factors that have a product of 20 and a sum of 9 can be used
to solve the equation,

1,20 |

The factars 4 and 5
2,10 12 have a product of 20
| 4,5 g ] and a surm of 9.
STUDY TIP Step 3 Rewrite the standard form of the equation in factored form.
If you can factor the standard (x+a)x+5)=0
form of the equation then you can
find the solution. Step 4 Use the Zero-Product Property to solve the equation.
x+3=0 ar x+5)=0
x=-4 x=-5

The solutions of x2 + 9% 4+ 20 =0 are x = —4 and x = —5.

'@ Try It! 2.Solve each equation by factoring.
a.x*+16x+64=0 b.x? - 12x =64

APPLICATION o AN IR Use Factoring to Solve a Real-World Problem
—

A museum vault has an outer steel wall
with a uniform width of x. The area of the
museum vault ceiling and the outer steel
wall is 1,664 ft2. What is the width of the
outer steel wall?

Formulate 4 Write an equation to represent the area of
the vault.

(2x + 200{2x + 40) = 1,664 length x width = area

Compute < Use the Distributive Property. Write the equation in standard form.

(2x + 20)(2x + 40) = 1,664
4x? + 120x — 864 =0

4x? | 120x 864 _ 0 Divide each term by 4 to simplify
4 4 4 4 the equation.
x?+30x-216=0
{2 —6)x+36) =0

CONTINUED OMN THE MEXT PAGE
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EXAMPLE 3 CONTINUED
Interpret 4 The solutions of the equation are x =6 and x = -36.

The length of the wall cannot be negative. Therefore —36 cannot be a
solution, The width of the wall is 6 ft,

Check the solution.
Substitute 6 for x in the original equation.
[2i6) + 20] [2(B) + 40] = 1,664
(32)(52) = 1,664

@ Try It! 3. A picture inside a frame has an area of 375 cm2.

What is the width
of the frame?

30 cm

20 cm

-h' 1R VISR Use Factored Form to Graph a Quadratic Function

How can you use factoring to graph the function f{x) = x% — 2x — 87
Step 1 Factor the related quadratic equation.

X -2x-8=0

(x+2)x-4)=0

Step 2 Determine the solutions of the equation.
(x+2)=0 or (x-4)=0

X == =4
Step 3 Find the coordinates of the vertex. Find the average of the
STUDY TIP .
. ) x-intercepts 4 and —2.
A parabola is symmetrical so the 44+(-2)
wertex is halfway between the =1
two x-intercepts. The x-coordinate of the vertex is 1. Substitute the x-coordinate
Find the y-coordinate of the vertex. in the quadratic function.
) =(1)2 - 2(1) - 8=-9 ¥
. X
The vertex is (1, —9). 1 o) 7

Step 4 Plot the vertex and the x-intercepts.

Use the vertex and x-intercepts to sketch
the graph.

@ Try It! 4. Use factoring to graph the function f(x) = 2%% + Sk — 3.
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COMMON ERROR

There are an infinite number of
parabalas that pass thraugh

(=5, 0) and (1, 0). Be sure to
determine the value of a to find
the one parabola that also passes
through (-2, —9).

o NN Write the Factored Form of a Quadratic Function

How can you write the factored form of the guadratic function related to
a graph?

1

Step 1 Find the x-intercepts.

The x-intercepts are -5 and 1.

Step 2 \Write a quadratic equation in factored form.

Use the x-intercepts, which are also the solutions of the guadratic
equation, as the factors,

alx=pilx-q)=0
alx—{(-S)[x-(11=0 Substitute the x-intercepts
alx+S)x -1 =0 for p and g.
Step 3 Write the function in factored form.
Use a third point to solve for a.

flx) = alx + 5ix - 1) Lse the vertex, Substitute 2
9 =af-2 + 5)}{-2 = 1) for x and 9 for fx).

am

The factored form of the quadratic function is fix) = 1{x + S}{x - 1) ar
flx) = (x + 5Hx = 1).

1 5.What is the factored form of the function?
It! hat is the f d f f the f i
¥

Lo *]
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o | AN Use Factored Form of a Quadratic Function

Malcom has 80 ft of fencing to enclose a rectangular area for his
garden plot.

HAVE A GROWTH MINDSET A. Write a function for the area of the garden in terms of the width.
After receiving constructive

feadback, how do you use it as an Write an equation for the length in terms of the width.

opportunity to improve? 2F 4+ 2w=P
2¢ + 2w =EB0

20 =80-2w

£=40-w

Then write the area function.

A=rfw
Substitute the expresson for
= (40 —
length in terms of width.
Alw) = w40 — w)

B. Graph the function for the area and determine any constraints on the
domain and range in terms of the context.

The function is written in factored form, so the x-intercepts are w =0
and w = 40. The vertex is midway between them at w = 20. A(20) = 400.
The vertex is located at (20, 400).

LAWw)
The garden plot needs to have a width 400 (20, 400)
greater than 0, However, a width of 40
would use all of the fencing for two 300
sides, leaving no fencing for the other
two sides. 200
A reasonable domain given the context 100
is 0 < w40, (0, 0) (40,00} w

o 10 20 30
The range for the function is

0 < Afw) < 400.

C. What dimensions would give Malcom the greatest area
for his garden? Explain.

Because the parabola is opening downward, the y-value of the vertex is
the maximum value of the function,

The greatest area rectangular plot Malcom can enclose with BO ft of
fencing is 400 ft%, which corresponds to a width of 20 feet. Using the
equation ¢ = 40 — w, the length is also 20 ft.

@ Try It! 6. Suppose Malcom had 144 feet of fencing.

a. Write the function for the area in terms of the length
of the plot.

b. What dimensions would give Malcom the greatest area for
his garden?
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e CONCEPT SUMMARY Solving Quadratic Equations by Factoring

L1V The Zero-Product Property states that for all real numbers a and b, if ab = 0, then either
a =0or b= 0. You can apply the Zero-Product Property to a factored quadratic equation
to help you find the x-intercepts of the graph of the related function.

ALGEERA FEES ISy ¥ 4+2x-8=0

Write the equatian in

(x+4)x—-2)=0 standard form and factor,
x+d4)=0 ar (x-2)=0
X ==4 X=2

The solutions of the quadratic equation are ¥ = —4 and x = 2.

BT -2+ 2 -

4
The x-intercepts of the
The x-intercepts graph correspond to the
are —4 and 2. zoros of the fundtion.
©) Do You UNDERSTAND? Do You KNOW HOW?
1. How does Solve each equation.
factoring help you solve quadratic 5 (x— 10){x +20) =0 6. (3x+A)x-MN=0
equations? X )
Solve each equation by factoring.
2. Use Patterns and Structure Compare the 7. x2 4 18x432=0 B.x?—dx—21=0
solutions of 2x2 + 5x — 7 = 0 and )
4x2 4+ 10x - 14 = 0. What do you notice? Solve each equation.
Explain. 9, x4 2x=-1 10.x2-8x=19
3. Vocabulary What is the Zero-Product 1. 2% +x=15 12. 5x% — 19x =18
Property? When can you use it to solve a 13. Write a quadratic ¥
quadratic equation? Explain. equation, in 16
4. Generalize If a perfect-square trinomial :I:mmd fﬂm 8
has a value of 0, how many solutions does memdmi . x
the equation have? Explain. o - g -4 4 J8

w-intercepts of the
quadratic function
shown at the right. 16

14. Factor the
equation x? — 6x + 5 = 0. Find the coordinates
of the vertex of the related function, and graph
the function y = x? — 6x + 5.
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

15. Represent and Connect One solution of a
guadratic equation is 8. What do you know
about the quadratic equation? What are two
ways you would know if a quadratic equation
could have this solution?

16. Communicate and Justify Write a guadratic
equation for each condition below. Explain
Yyour reasoning.

a. The equation has solutions that are opposites.

b. The equation has one solution.

17. Error Analysis Describe and correct the error a
student made in factoring.

xa4+2x—-3=5
x=1]x+3) =5

x-l='5m‘x+3=5x
i=6orx=2

18. Analyze and Persevere Explain how you would
factor 2x% + 8x + 6 = 0.

19. Higher Order Thinking Both parabaolas are
graphs of quadratic functions.

¥

9

[¥] WE
14

a. Write the factored form of the equation
related to one of the functions. Which curve
is related to your function?

b. Use a constant factor to find the equation
related to the other function.

€. What relationship do you see between the
two functions? How are these reflected in
the constant?

Solve each equation. SEE EXAMPLE 1
20. (x - 5)x+2)=0 21 (2x - 5)(Tx+ 2) =0

22.3x+Dx-2)=0 23.(3xk-B)¥ =0

Solve each equation by factoring.
SEE EXAMPLES 2 AND 3

2.5 + 2 +1=0 25. 42 - 5x-14=0

26.x2+7x=0 27. 22 —5x+2=0

2B. 2x' + Ix =5 29. 5x% + 16x= -3

30. Write an equation to represent the shaded
area. Then find the value of x. sEe ExampLE 3

Total area = 198 em?

16 cm

Factor, find the coordinates of the vertex of the
related function, then graph. SEE EXAMPLE 4

3.x2 -2x-63=0 32.x% + 6%+ 63 =0
Write the factored form for the gquadratic
function. SEE EXAMPLE 5

33.
121"

f

2 0 2/ 4

34. Write the function A(x} for the unshaded area
of the figure below. Describe any constraints on
the domain. SEE EXAMPLE &

24 in.

tx

12 in. Imside area = 189 in.2 B
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° PRACTICE & PROBLEM SOLVING

35. Mathematical Connections A streamer is

_} ASSESSMENT PRACTICE

[wf

37.

launched 3 s after a fuse is lit and lands 85
after it is lit.

Select all equations that you can solve easily by
factoring. @ AR3.

OAx2+6x=-8

100" OB23+x=5
s 80 OcCx?+2x=8
o=
E 80 O D.2x* +5x=10
£ w0 OE 22 -1x=-12

20 38. SAT/ACT A quadratic equation of the form
5 x? + bx + ¢ = 0 has a solution of 2. Its related
% — function has a vertex at (2.5, —20.25). What is the
Time {s) other solution to the equation?

a. What is a quadratic equation in factored ®-n

form that models the situation? ®-a5
b. What is the vertex of the function related to ©os

your equation? How does this compare with ®7

the vertex of the graph? ®9
¢ What can you multiply your factored form 39. Performance Task An engineer is designing a

by to get the function for the graph? Explain
your answer.

36. Apply Math Models A 15 ft long cable is

connected from a hook to the top of a pole
that has an unknown height. The distance from
the hook to the base of the pole is 3 ft shorter
than the height of the pole.

a. What can you use to find the height of
the pole?

b. Write and solve a quadratic equation to find
the height of the pole.

¢ How far is the hook from the base of
the pole?

TOPIC 8 Solving Quadratic Equations

water fountain that starts 1 ft off of

the edge of a 10 ft wide pool. The water

from the fountain needs to project into the
center of the pool. The path of the water from
the fountain is in the shape of a parabola.

Part A Let the the point (1, 0) be the location
of the starting point of the water. Write a
quadratic equation to model the path of

the water.

Part B What is the maximum height of the
water? Use your equation from Part A,

Part C What is the equation for the path of
the water if the maximum height of the water
must be 4 ft?



&) EXPLORE & REASON

8-3

A developer is building three square

Solving Quadratic recreation areas on a parcel of land.
Equations Using He has not decided what to do with
Square Roots the enclosed triangular area in the

center.

| CAN... solve quadratic

o taki .
equations by taking square A. How can you determine the

roots. .
side lengths of the enclosed
e triangle?
MA_S12_AR T, 1-Given 8
mathematcal o real weorkl comtet, '
T B. Wh..at relationships do you
quadhalic squation owed the sal notice among the areas of the
urrlser Spterm sq1_.|ares?
MAKTLMTR.1.1, MTR.5.1
MTELE.1 C. Use Patterns and Structure How can the developer adjust this plan so

that each recreation area covers less area but still has a similar triangular
section in the middle? Explain.

How can square roots be used to solve

‘? ESSENTIAL QUESTION quadratic equations?

YRS TNNIZA: B Solve Equations of the Form x? = a

A. What are the solutions of the equation x? = 497
COMMOMN ERROR
When taking a square root of
both sides of an equation, abways X =49 Remember that 49 is the
consider the positive and negative square of 7 and =7.
square root solutions.

solve by inspection.

X=4]
The solutions of the equation are 7 and -7,
B. What are the solutions of the equation x? = —1217
Solve by inspection.
x =121
I = =124

The solutions to the equation are not real numbers. There is no real
number that can be multiplied by itself to produce a negative number.
A negative radicand indicates that there is no real solution to an
equation of the form x = Ja.

@ Try It! 1. 5olve each equation by inspection,
a. x? =169 b.x?=-16
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o 34N 1A 8B Solve Equations of the Form ax? = ¢

A. What are the solutions of the equation 7x2 = 1127

lsolate the variable using properties of equality.

x =112
Ix2 _112
7T " 7
x2 =16 16 is a perfect
2 = JiE square.
xXx=+4

B. What are the solutions of the equation —3x2 = 247

lsolate the variable using properties of equality.
CHOOSE EFFICIENT

METHODS -2 =-24

You could rewrite + /8 as 3 24

+242. What i the advantage = =%

of using =+ 87 What would ¥i—§ Take the square root of
he the advantage of using both sides to solve for x.
+2427 x= 1B

@ Try It! 2.What are the solutions for each equation? If the solution
is not an integer, state what two integers the solution
is between.

a. 5x% =125 b. -

CONCEPTUAL )
UNDERSTANDING o €N IdN: RN Solve Equations of the Form ax2 + b=«¢

How can you solve the quadratic equation 3x2 — 5 = 227
2

Rewrite the equation in the form x* = a,

I —5=22
USE PATTERNS AND
STRUCTURE =27
o th to sol .
ql‘j;ndl::rtlec E;L:;z; 0 ;10;;11; ¥2=19 Write in the form x* = a, where 2 is a real number,
solving a linear equation. How are W =3 Take the square root of each side of the equation.
the steps similar? How are they
different? x=x3

You can use the properties of equality to write the equation Ix?-5=22in
the form x? = a. Since a is a perfect square there are two integer answers.
The solutions of this quadratic equation are —3 and 3.

@ Try It! 3.5olve the quadratic equations.
a. -5x% — 19 =144 b. 3x% + 17 = 209
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APPLICATION IR AAN NS Determine a Reasonable Solution
[ R ———

A cell phone tower has a guy-wire for support as shown. The height of the
tower and the distance from the tower to where the guy-wire is secured on

the ground are the same distance. What is the height of the tower?

guy-wire
200 ft long

same distance

Formulate 4 ‘Write an equation that relates the lengths of the sides of the triangle
formed by the guy-wire, the tower, and the distance on the ground from
the tower to where the guy-wire is secured.

Let x represent the height of the tower
and the distance on the ground.

x? + x2 = 2002 —_— Use x in the Pythagorean Theorem

for the side lengths since the two
Compute 4 Solve the equation for x.  lengths are the same.

x?+x? = 2007
2x? = 40,000
x% = 20,000
Jx? = 20,000 -

x=+3.100.100 = Rewrite 20,000 using 100 as a factor.

of

x = +10042

Interpret 4 The height of the tower must be positive, so the solution is 10042 = 141,
The height of the cell phone tower is approximately 141 ft.

@ Try It! 4, Find the distance from
the base of the tower
to the midpoint of the
guy-wire.

. quy-wire
200 ft long

| same distance
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e CONCEPT SUMMARY Solving Quadratic Equations Using Square Roots

m To solve a guadratic equation using square roots, isolate the variable, and
take the square root of both sides of the equation.

| NUMBERS Jailh 5x2 -8 =12 22 +9=1
X = 15 5-0"-!'5! hl-ll in;peﬂigh_ SKZ = 20 2.‘5’2 = —3
Remember that 25
is the square of 5 xl=4 x=-4 )
anid —5. A negative
¥ =4 2 = -4 — radicand
indicates no
X =42 [ solution.
Use + to indicate -
there are two No solution
solutions, one positive
and one negative.
© Do You UNDERSTAND? Do You KNOW HOW?
1. "? ESSENTIAL QUESTION JMalsI'UR«TsR3=[VE]{=] Solve each equation by inspection.
roots be used to solve quadratic equations? 6. x% = 400 7.x*=-25
2. Generalize How many solutions does Solve each equation.
2 _ a a & 2
ax‘=c have if a and ¢ have different signs? 8. 3x? = 400 9. _15x2 = _90
Explain.
10. 2x% +7 = 31 1M.2¢*-7=38
3. Use Patterns and Structure How do you x o
decide when to use the + symbol when 12 —dx? — 1= 48 13. —d4x + 50 =1
solving a quadratic equation?
14. 3x% + 2x% = 150 15. 3x? + 18 = 5x°
4. Error Analysis Trey solved 2x? = 98 and said
that the solution is 7. Is he correct? Why or Solve for x.
why not? 16. .
5. Communicate and Justify How is salving T 3Tm
an equation in the form ax® = c similar to 12m e
solving an equation in the form ax? + b = ¢? Y
How are they different? [ T
Sxm
17. N
b
h
" 50 em
S cm e
b LY
il LY
-
5x cm
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(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

18. Analyze and Persevere Where will the
parabeola intersect the line? What equation did
you solve to find the intersection?

- i -
6
4
.
e X
- -1 0 1 2

19. Check for Reasonableness When solving an
equation of the form ax? + b= c, what does
the error message indicate? What situation may
cause this error?

RR: NONREAL ANS

20. Generalize When does solving a quadratic
equation of the form ax? = ¢ yield the given
result?

a. arational salution
b. an irrational solution
€. one real solution

d. non-real solutions

21. Error Analysis Describe and correct the errors a
student made in solving 4 +19=3.

—4xl 4+ 19=3
x4+ 19-19=3-19
—4xi =16

PR v

22. Higher Order Thinking
a. Solve (x — 5) — 100 = 0. Show the steps for
your selution.

b. Explain how you could solve an equation
of the farm (x — d)2 — ¢ = 0 for x.

Solve each equation by inspection. SEE EXAMPLE 1

23, x? = 258 24, x? =144
25.x2 = _20 26. x% = _27
27.x2 =9 28.x2 =025

Solve each equation. SEE EXAMPLE 2

29, 12x2 = 300 30. —x2=0
31.0.1x% = 100 32. 227x% = 1,816
33. —36x" = -36 34, —16x" = 200

Solve each equation, SEE EXAMPLE 3

35. x? + 65 =90 36. 42 — 65 =490
37.3x2+ 8 =56 38. 3x2 — B = 56
39 4x’ + 10 g 40 &i_@_ﬂu
S R

Solve each equation. Approximate irrational
solutions to the nearest hundredth. see exameLe a

4. 6x? + 2x% = 8D 42, 6x? + (2x)? = BO

Solve for x. Then find the side lengths of each
triangle to the nearest tenth. SEE ExAMPLE 4

43. 200 ft a4, 6o ft
e ft it

G ft 200 ft

45, Use two methods to solve x2 — 900 = 0.
Explain.

46. At a certain time of day, the sun shineson a
large flagpole causing a shadow that is twice as
long as the flagpole is tall. What is the height
of the flagpole to the nearest tenth of a foot?
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) PRACTICE & PROBLEM SOLVING

47. Apply Math Models A test weight is dropped
from the top of a fire department training
tower onto a net three feet off of the ground.
Use — 16t for the change in height per second.

a. Write an equation to determine the time
it takes for the test weight to drop on to
the net.

b. How long does it take before the test weight

is caught by the net? Explain.

48. Analyze and Persevere Calculate the distance
in miles between the two points shown on
the map.

) J

49. Analyze and Persevere The evacuation slide
from an aircraft is shown, If the slide is 73 feet
long, what is its height at the top in feet?

18

TOPIC 8 Solving Quadratic Equations

) ASSESSMENT PRACTICE

50. Find the solutions of the equation
2,900 - 5x% = B40. i@ a3

51. SAT/ACT A park has an area of 280 m?2,
A rectangular region with a length three times
its width will be added to give the park a total
area of 435 m2. Which equation can be solved
to find the width of the region?
& x + 3x 4+ 280 = 435
@ (¥« 3x) + 280 = 435
© (x2 + 3x) + 280 = 435
0 x? + (3x)? + 280 = 435

52. Performance Task A CEO flies to three different
company locations. The flight times for two of
her legs are shown.

“=:,J
cigA (9L 4

- e

':.Eiw(l.

-
b

Part A The plane travels at an average speed
of 120 mph. Find the distance between City
A and City B and the distance between City B
and City C.

Part B Write and solve a quadratic equation
that can be used to find the distance between
City A and City C,

Part C How long will the flight between City C
and City A last?



3-4

Enrique and Nadeem used different methods to solve the equation

Completing the X2 — 6x +9 = 16.
Square
Enrigue Nadeem
¥-6x+9=16 ogx+9=16
X'=-G=-7=0 x-3)2=16
| CAN... use completing k-7x+1) =0 N-3=zx4
the square to solve quadratic x-7=00Rx+1=0 x-3=4 ORx-3=-4
equations. ¥ =7 OR ¥ = =1 / xr=70R x=-1 /
The solutions are 7 and -1. The solutions are 7 and -1.
VOCABULARY
* comgpleting the square A. Critigue Enrigue’s work. If his method is valid, explain the reasoning he

used. If his method is not valid, explain why not.
e WA 512 AR 1—Given a 5

mathematical or real woeld context . Critigue Nadeem's work. If his method is valid, explain the reasoning he

ity W sk ane-mealy used. If his method is not valid, explain why not.

quadratic equations over the real

;ﬂ": :';';"; e C. Use Patterns and Structure Can you use either Enrigue’s or Nadeem's
WAL K2 BATRD. 1 TR method to solve the equation x? + 10x + 25 = 37 Explain.

MTR.5.1

How is the technigue of completing the square
‘? ESSENTIAL QUESTION helpful for analyzing quadratic functions?
OETEELD complete the square

What value of ¢ makes x2 + 6x + ¢ a perfect-square trinomial?
Step 1 Use algebra tiles to model the trinomial.

x? + B

Rearrange the tiles.

USE PATTERNS AND . Sinceﬁzlthﬁeare three x tiles
STRUCTURE # on each side of the x2 tile,
How would the algebra tiles

be rearranged if the coefficient 3 I
of x were 127

Step 2 Add 1-tiles to complete the square of algebra tiles.

x4+ Bx+9
CHECK FOR
REASOMNABLEMNESS xl .III Ix 6
In the expression X6+, . Since e Jand3i=9,
consider the possible values for . Ix I there are nine 1-tiles,
Can ¢ have a negative value in a — |

- inomial?
PArc-iguare binoaia MWotice that the number of 1-tiles added to the sq ugre, 9, is equal

to the square of half of the coefficient of x, or [%”,I '

CONTINUED ON THE NEXT PAGE
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EXAMPLE 1 CONTINUED

& 2 " '
COMMON ERROR Step 3 Write x© + 6x + 9 as a binomial squared.

Make sure you inchude the sign of ¥ 4 6x+9=(x+ 32
the x-term when finding the value
that completes the square.

The constant termn, 3, of the binamial
is half the coefficient, &, of the x-term.
The value of ¢ that makes 52 + 6x + ¢ a perfect-square trinomial is 9.

fhY 2
The process of adding ig} ta xZ 4 hx to form a perfectsguare trinomial is
called completing the square. Completing the square is useful when a guadratic
expression is not factorable and can be used with any quadratic expression,

@ Try It! 1.What value of ¢ completes the square?

a.xt+12x+c b.x% + 8x+c

OEDEIEEY sovex? + bx+c=0

How can you find the solutions of x2 — 14x + 16 = 07
Step 1 Write the equation in the form ax? + bx=d.
¥ -1k +16=0

x? —14x=-16
Step 2 Complete the square.
X2 — 14x + 49 = —16 + 49 Use (14)” = 49 and
o — 14x 4+ 49 = 33 add 49 to each side.

Step 3 Write the trinomial as a binomial squared.
¥ - 1ax+ 49 = (x - 7)1 =133
LEARMN TOGETHER
How can you respectfully disagree Step 4 Solve for x.
7 B
and manage your emaotions] -
x=7+433

The solutions are x =7 + J33 and x = 7 — J33.

@ Try It! 2.What are the solutions of each quadratic equation? Solve by
completing the square.

axi+10x—9=0 b.x2_8Bx—6=0
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APPLICATION o I €N RSy Complete the Sguare When a £ 1 Initially
e

The hedge maze has a 2-yard wide walkway around it. What are the
dimensions of the maze?

The length of the hedge maze
is twice as bong as the width.

-

The tatal area of the maze
and the walkway is 5,616 yd?.

Formulate 4 Let x be the width of the maze. 5o, (x + 4} is the width of the maze and
walkway, and (2x + 4) is the length of the maze and walkway.
ength x width = area
(2x 4+ 4)x{x + 4 =5616 ) )
Use completing the square since
Compute 4 (2x + dix + 4} = 5,616 the quadratic is not factorable

2x® + 12 + 16 =5,616
2x2 + 12x = 5,600 Put the equation in the form x2 4 bx = d
x? + 6x = 2.800 by dividing each side by 2.
X2 4 6y +9=2800+9

AL ,
(x + 3)2 = 2,809 Add: ($)" =9 to each side.

2+ 3=2/2809
x=-3+ 2,808 or x=-3- /2,808
—-3+53 --3-53
=50 = -56

Interpret M The negative solution does not make sense in this situation, so x = 50,

The width of the maze is 50 yd. and the length of the maze is 100 yd. With
the walkway, the total width is 54 yd, and the total length is 104 yd.

@ Try It! 3. A maze and walkway with the same total area of 5,616 square
yards has a walkway that is one yard wide, What are the
dimensions of this maze?
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CONCEPTUAL
UNDERSTANDING o AN ER Use Completing the Square to Write a
Quadratic Function In Vertex Form

How can you use completing the square to rewrite the quadratic function
y = x2 — 8x + 11 in vertex form?

Recall that the vertex form of a quadratic function is y = a(x = h)? + k, where
(h, k) is the vertex. Completing the square is useful in order to identify (x )2,

y=x2 - 8+ 11
y—11=x2 _ Ry lsolate x? 4 .
¥y—-11+16 =x2-8x+16 Complete the square
y+5=(x-4)?
y=x-42-5

The vertex form of the quadratic function is y = (x — 4)2 — 5.

@ Try It! 4.What is the vertex form of each function?
a.y=x’-2x+3 b.y=x*+6x+25

appLcATION  (OJETANIRED Write Vertex Form When a # 1
————

Astronauts train for flying in
zero gravity using a special 4
plane that flies in parabolic f
arcs. The graph shown
approximates the altitude
a, in meters, of a plane in
relation to the time t, in
seconds during a training
session.

Altitude (meters)

a = 5t 80t + 9000

Maneuver Time (seconds)

What is the maximum altitude reached by the plane? At what time does the
plane reach its maximum altitude?

a = -5t° + 80t + 9,000

a — 9,000 = -5t + 80t Factor out -5 so the expression in

COMMOMN ERROR

When you complete the square a-9000= E{tz 16t) parentheses has the form 4 bt
inside the parentheses an the 2

right side, add the product of ASSMES e — ATT (- ”'}? = 64 1o complete
—5(6d) to the other side of a-9320=-5(t - E}E h FJ o
the equation. the scuare.

a=-5(t - 8)2 + 9,320

The vertex is (8, 9,320). The maximum altitude of the plane is 9,320 m.
That altitude is reached after 8 <.

@ Try It! 5.Find the minimum value of the function y = 7x? + 168x + 105.
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@ CONCEPT SUMMARY Completing the Square

[+ To complete the square, add the square of half of the coefficient of x to both sides
of a quadratic equation.

Completing the square is useful for changing ax? + bx + ¢ to the form alx — h)? + k.

x4 bx = x2 + bx + (£)° b
=(X+EJ|2 X 2
2
{
4 ¢ )
4 A
Solve x2 + 14x + 19 =10. Write y = 3x2 — 24x + 2 in vertex form.
x4+ 14x=-19 y=3x2—24x +2
x2+14x+19-19=0-19 y-2=3x%- 24«
x% 4 18x + 49 = —19 4+ 49 y—2=3x?-8x
(x+7?=30 y — 2 + 3(16) = 3({x? — 8x + 16)
x +7=/30 ¥+ 46 =3(x - 4)?
x=-7+30 y=3x-a4)2 46

x=-7+J30 andx=-7 —J30

© Do You UNDERSTAND? Do You KNOW HOW?

1 How is the Find the value of ¢ that makes each expression
technigue of completing the square helpful a perfect-square trinomial.
for analyzing quadratic functions? 6. X2+ 26X+ ¢

2. Vocabulary Why does it make sense . x2 b s
to describe adding 25 to x2 + 10x as
completing the square? 8.x7+18x+¢

3. Error Analysis A student began solving Selve each equation.
x2+8.x=5byrmitingx2+ﬁx+1ﬁ=5. 9, x? 4+ Bx =—1

Explain the error the student made.
10. 2x2 - 24x -4 =0
4, Communicate and Justify How is changing
a quadratic function from standard form M.x?-ax=7
to vertex form like solving a quadratic
equation by completing the square? How is
it different? 12.y=x*+4x-5

Write each function in vertex form.

5. Choose Efficient Methods Why is it helpful 13.y=5¢ - 10x+7
to factor out the coefficient of 2 before

... | B
completing the square? 18 y=a” +8x-15

LESSON 8-4 Completing the Square 323



) PRACTICE & PROBLEM SOLVING

UNDERSTAND

15. Use Patterns and Structure What value of
¢ completes the square for each area model
below? Represent the area model as a perfect-
square trinomial and as a binomial squared.
a. X i |

X

I - KA

16. Choose Efficient Methods To solve the
equation x* — 7x — 9 =0, would you use
graphing, factoring, or completing the square
if you want exact solutions? Explain.

17. Error Analysis Describe and correct the error a
student made in writing the quadratic function
¥ =2x% + 12x + 1 in vertex form.

y=2x1 4 12x 4+ 1
y=202+6x) + 1
y+9 =20 +6x+9)+1
y+9=2x+3"+1

y=2x+ 3> -8

18. Communicate and Justify Find the solution
to the equation x2 + 4x = —12. Explain your
reasoning,

19. Mathematical Connections Use the graph of
fix) = x% — 2x — 1 to estimate the solutions of
flx) = 5. Then find the exact solutions.

6l¥

I_?\j 4
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Find the value of ¢ that makes each expression a
perfect-square trinomial. Write each expression as
a binomial squared. see ExaMPLE 1

20, 5% + 165+ ¢ 2. 22+ 22x+ ¢
22.p2-30p +¢ 23.k2-Sk+c
24.g2+17g +¢ 25.q%2 - 48q + ¢

Solve each equation by completing the square.
SEE EXAMFPLES 2 AND 3

26. x2 + 6x = 144 27, %% — 4x = 30
28. m? +16m=-59  29.x* - 2%x-35=0
30.5n2 -3 —15=0 314wl £ 12w —44=0
32.3r + 18r= 21 33. 2V -10v-20=8
Find the value of x. If necessary, round to the

nearest hundredth. SEE EXAMPLE 3

34, Area of triangle =8 35, Area of rectangle = 50

x=5

el I o

Write each function in vertex form, and identify
the vertex. SEE EXAMPLES 4 AND 5

36,y =x%+4dx -3 37 py=x? +12x+ 27

38. y=x? - 6x + 12 39 y=x?-1ax-1

40. y =32 = fx = 2 41, y=2x = 20 + 35
a2.y=-x'-8x-7  43.y=-ax+16x+5

Write each function in vertex form. Tell whether
each graph could represent the function.

44, y=x% 4 fx + 3 45, flx) = —x% — 10x — 21

¥ ¥




(©) PRACTICE & PROBLEM SOLVING

46.

47.

Represent and Connect You are designing a
square banner for a school assembly. You want
the banner to be gold with vertical purple bars
as shown. You have enough material to make
the area of the rectangular gold section 36 ft2.
What are the dimensions of the banner?

L L)

1ft 1t

Use Patterns and 5tructure The profile of a
satellite dish is shaped like a parabola. The
bottom of the dish can be modeled by the
function shown, where x and f{x) are measured
in meters. Use the vertex form of the quadratic
function to determine the vertex or the lowest
point of the dish. How wide is the dish at 10 m
off of the ground? Explain.

48.

Higher Order Thinking The kicker on a football
team uses the function, h = —16t2 + vt + hg,
to model the height of a feotball being kicked
inta the air,

a. Show that for any values of vy and
by, the maximum height of the object
2
i [}
is

B + h,r_-l.

b. The kicker performs an experiment. He thinks
if he can double the initial upward velocity
of the football kicked from the ground, the
maximum height will alse double. Is the
kicker correct? If not, how does the maximum
height change? Explain.

[+ ) ASSESSMENT PRACTICE

49. A rectangle is 8 cm longer than it is wide.

3.

Its area is 250 cm?. Find the width and
perimeter of the rectangle. @ an31

. SAT/ACT The expressions f{x) = x? + 12x + ¢

and gix) = x% - 20x + o are perfectsquare
trinomials. What is the value of A0) — g(0)?

& -256

B -54

©o

32

Performance Task An electronics
manufacturer designs a smartphone with an

aspect ratio (the ratio of the screen’s height
h to its width w) of 16: 9.

Part A Write the width in terms of h. What is
the area of the phone, including the border,
in terms of h?

Part B The total area of the screen and border
is about 21.48 in.2. What is the value of h?

Part C What are the height and width of the
screen? What is the total height and width of
the phone including the border?
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8-5

The Quadratic

Three guadratic equations are shown on the whiteboard.

Fowerad By

¥ ) EXPLORE & REASON desmos

Formula and the A. How many real L g B
gl lutiens are there for
Discriminant 5o . s 3 =

each of the quadratic X 6X > 12 D
equations shown? 7
Explain your answer. X - 6}‘ o 9 e U

I CAN... use the quadratic B. Analyze and Perseuere xl - 6_x - 5 — D

formula to solve quadratic Use your graphing

equations. calculator to graph the | = -

; [  aaan — ——_
related function for

each equation, What
are the function eguations for each graph’s reflection over the x-axis?
Explain how you found the function equations.

VOCABULARY

» discriminant
* guadratic formula
= root

e MA.912.AR.3.1-Given a

mathiematical or real-world contesxt,
write: ard sndve one-war izbie
quadratic equations ouer the real
numiser sysiem. ko AR.3.6

WA K12 MTR.1.1, MTR.3.1

C. What do you notice about the graphs that have zero x-intercepts?
One x-intercept? Two x-intercepts?

‘) ESSENTIAL QUESTION When shoul.d you use the gquadratic formula to
» solve equations?

MTR.5.1
-o NN Derive the Quadratic Formula
How can you use completing the square to create a general formula that
solves every quadratic equation?
Step 1 Complete the square for the quadratic equation a?+bx+c=0,
a#£0.
ax’ + bx+c=0
ax’ + b= —c Isolate ax? + bx.
x4 ‘F:x =-£ Divide by a. Note that a
STUDY TIP cannot be 0.
Recall that in order to complete . )
the square of a quadratic b (B) =gy { )
equation you need to take half of a \ 23 a - \al
the coefficient of the linear term {x 4 B ':IZ o b
and square it. 2a; 2 " 432
- 2
b 4; b . Ly
{g+.2_£]| = {1}| 5) +E I"T"Iulllp:l].' —;hy i 1o get
: like denominators
bV _ s b2
{K+za} = 4a¢+432
P 2 7
{x . b } = b . Aac
T 2a 42l a4a?
; ) 2
BT _bY —dac
{x * 2a 1" A4a

CONTINUED ON THE NEXT PAGE
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COMMON ERROR

You might get the sign of —b
wrong if you forget to use
parentheses when substituting
negative values for b.

EXAMPLE 1 CONTINUED
Step 2 Solve for x.

2 2
b b — dac
{x L~ J T 432
¥
(H + :2%} =% Jgféﬁ Take the square root of each side of
) . the equation.
T _ .
XK= tqgﬂ—dﬂ - —ba- Subtract % from each side of the
o equation,
/b —dac B
2a 2a
y — —balb? - dac
2a

The gquadratic formula gives solutions of quadratic equations in the form
ax? + bx + ¢ = 0 for real values of a, b, and c. The quadratic fermula is a useful
method to find the solutions of any quadratic equations.

@ Try It! 1.What is the maximum number of solutions the

guadratic formula can give? Explain.

o IS e A e Use the Quadratic Formula

How can you use the quadratic formula to find the solutions of x2 — 7 = 4x?
Write the equation in standard form and identify a, b, and ¢.

x-4x-7=0 a=1b=-4c=-7

—b + b% — dac
o 23
Substitute the values for a, b, and
i 3 o
X= = . F "'I{_;[fl =40-7 ¢ into the quadratic formula.
oo dxidad

3
x=4t§ﬂ:532mmx=¢:jﬂg_tn

The solutions of x% — 7 = Ax are x = 5.32 ¥
and x = -1.32. 4

Graphing the equation helps verify that
the solutions found using the quadratic £ -4 O 4] &
formula are correct,

=

@ Try It! 2.Find the solutions of each equation using the

quadratic formula.

a 21 —dx=x? b. x% — 2x = 24
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appucaTioN  (OJETANSREDP Find Approximate Solutions
B

The function shown represents the height of a frog x seconds after it

jumps off a rock, How many seconds is the frog in the air before it lands on
the ground?

¥ = -168 + 10¢ + 0.75

1¥

Height (ft)

Y -

¥ Tirme {5}

Formulate # Write a related quadratic equation with y = 0 to find when the frog lands
on the ground. Although the path of the frog's jump is a parabolic curve,
you are being asked to find the time of the jump and not the distance of the
jump. The function representing the time of the jump is also parabolic, but
the parabola is not the same,

Find the values of &, b, and
¢ in the equation,
a=-16b=10,c=075

—-16t2 + 10t + 0.75=0 -

Compute 4 Substitute the values of a, b, and ¢ into the quadratic formula,

_ =10 + J(10)Z — 4{-16){0.75)
B 2{-16)

_—10+4148
- 32

t

_=-10+1217 _ 217 _
= 33 =St 0.068 and

_ =10-1217 _ 2217 _
fm S e S S NS

Interpret 4  The negative value for t is not a realistic answer in this situation because
time is positive.

The frog is in the air about 0.7 s before it lands on the ground.

e Try It! 3.The height of another frog over time is modeled by the
function y = =16¢% + 10t + 0.3. How many seconds is this frog
in the air before landing on the ground? Round your answer to
the nearest hundredth.
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CONCEPTUAL
UNDERSTANDING ()2 T0LGRRY Understand and Use the Discriminant

How can you determine the number of solutions of a guadratic equation
without solving it?

: -b +Jb? — dac I :
In the quadratic formula x = ——= . the diseriminant is the
expression b2 — dac. The discriminant indicates the number of real solutions
of the equation. The solutions of a quadratic equation are also called its

roots. Roots are the input values for which the related function is zero,

GEMERALIZE 2 .
What does the graph of the If b = 4ac = 0, there are two real solutions.
related function look like when a If b2 — dac = 0, there is one real solution.
quadratic equation has two real If b2 — dac < 0, there are no real solutions.
solutions? One real solution? Mo
real solutions? A. Find the number of solutions for x? —dx + 3= 0.
¥ —dx+3=0 y:xz—4x+3
(-4 - a(1)(3) =4 ¥ The graph of the
related function
The discriminant is = 0, <o iI'IIHSECtSIthE x-axis
there are twio real roots, 2 at two points.
147,
Gl MNS 46

E. Find the solutions for —x2 + 4x — 4 = 0.
x4 dx-4=0 yp=—x +dx—4
{42 -4(-1)(-9) =0

¥
N X
The discriminant is 0, so =8 AN
there is one real root. T2 The graph of the
related function
™ intersects the x-axis

at one point.

C. Find the solutions for x2 — 4x + 5= 0.

x-Ax45=0 y=x*-4x+5
(—4)2 — 4(1)(5) = -4 ¥
The discriminant is < 0, so The graph of the
there are no real roots. 4 related function
does not intersect
2 the x-axis,

@ Try It! 4. Use the discriminant to find the number of roots of
each equation.

a.xt -10x+25=0 b. -x% - 6x—10=10
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) CONCEPT SUMMARY Using the Quadratic Formula

Equation

ALGEERA JETCEN iy,
WIRAL A 252 — 3x—1=0

Quadratic Formula

2 .
.x__b‘t b* — dac
2a

o —=3 2 =37 - a@i-1)

2(2)

x=3 *';'1? = 1.78 and

_3-47
x=2700 = -0.28

Discriminant

b2 _ dac

(-32 —a42-1=17

17 » 0, two real solutions

GRAPH

Related Function

y=2x%-3x-1

4’
2
X
=1 0| 1 4R
_2 '\
There are two
real zeros.

© Do You UNDERSTAND?

The discriminant of the
related equation is = 0.

Do You KNOW HOW?

1. "? ESSENTIAL QUESTION RUial=aRal+IV]s! Identify a, b, and ¢ in each of the quadratic
you use the guadratic formula to solve equations.
equations? . Ax  +2x=1=0
2. Communicate and Justify What value of b2 7.-x2 +3Mx+7=0
is needed for there to be exactly one real
solution of a quadratic equation? Explain. 8. 2x*-10x-3=0
3. Vocabulary How are the roots of a quadratic 9.x%+x-1=0
ti lated to its discrimi 17 . .
L L TN s SIS e Given the discriminant of a guadratic equation,
4. Error Analysis A student says that the determine the number of real selutions.
quadratic formula cannot be used to 10. 8 11. -3
solve —23x2 + 5 = 0. Explain the error the
student made. 12. 0 13.1
5. Choose Efficient Methods When is

completing the square better than using the
quadratic formula?
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(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

14. Mathematical Connections Why does a
guadratic equation have to be in standard form
before applying the quadratic formula to find
solutions?

15. Error Analysis Describe and correct the
error a student made in solving
3x2 4 Ox — 4 =0,

a=3bk=9%¢=-=4
-9 49T Za(3)[=3)

- 03)
_-94+V129

=—s
=0.39

16. Choose Efficient Methods Which method
would you use to solve each equation? Explain,

axl+9x=0
b. 11x{-4=0

. xi4+11x-6=0

17. Use Patterns and Structure The graph of a
guadratic function is shown below. Describe
how you could change the graph so that the
discriminant of the new related quadratic
equation is positive.

8

&

-4 -2 lo¥ [ 24

18. Higher Order Thinking Use the guadratic
formula to prove the axis of symmetry can be
found using —% What does the discriminant of
a quadratic equation tell you about the vertex
of the graph of the related function?

Solve each equation using the guadratic formula.
Round to the nearest hundredth.

SEE EXAMPLES 1, 2, AND 3

19, -2x2 +12x-5=0 20.x2+19%x-7=0
21.3x2 4 18— 27 =0 22.-7x242x41=0
2.2 +9x+ 7 =0 24, —x? + 9% +5=-3
25. 4x2 4 17x—5=4 26574+ 10x4+7 =2
27. 62 +5x—-2=-11 28. -2x¥ + 4x +9=-3
Use the discriminant to determine the real roots
for each equation. SEE EXAMPLE 4

29.3x2 —9x - 16=0 30. 4x2 4+ 7x-11=0
31.2x2 —6x4+3=0 32.5¢2 - 20x + 20=0
33.7x2 —14x+12=5 34 Wi+50-2=-4
36. 22 - 21x-7 =4

35 Bx? _3Ix-1=5

For each graph, determine the number of roots the
related guadratic equation has. Then determine
whether its discriminant is greater than, equal to,
or less than 2ero. SEE EXAMPLE 4

37. b |

dRNEs

—4 -2 ol 2\ 4

2
44
38.
6 ¥
4
2
X
-6 -4 -1 0O
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© PRACTICE & PROBLEM SOLVING

39. Analyze and Persevere A guadratic function

41.

can be used to model the height y of an object
that is thrown over time x. What are the values
of the discriminant of the related equation

of the function flx) = —16x2 + 35x + 5, which
meodels a ball being thrown into the air?

. Apply Math Models The function

fix} = —16x% + 64x + 5 models the height y,
in feet, of a watermelon from a watermelon
launcher after ¥ seconds.

(%, ¥}

a. Write a guadratic equation that can be
used to determine when the watermelon
reaches 20 ft.

b. Use the discriminant to predict the number
of solutions to the equation from part (a).

€. What are the approximate solutions of the
equation you wrote in part a?

Analyze and Persevere -
The student council is
raising money for school *w
dances by selling spirit ‘@ ;
T-shirts. The function f "
R= —5n? 4+ 85n + 1,000 %
models the revenue R in N—
dollars they expect per

increase of n dollars over the ariginal price of
each T-shirt. The goal is 51,250,

a. Write a quadratic equatien to find the dollar
increase i in price needed to meet this goal.

b. Solve the equation using the quadratic
formula. What price(s) will result in the
student council meeting their goal?
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) ASSESSMENT PRACTICE

42. Solve the equation 2x? + x — 21 = 0 using the
quadratic formula. & AR 3.1

43. SAT/ACT What is the discriminant of
¥l _x_3=07
@ -1
@0
@ n
13
B -13

44. Performance Task A skier made 2 jumps that
were recorded by her coach. A function that
models the height y, in meters, at x seconds for
each jump is shown,

¥=-49%" + 15.5¢ +1

1‘}‘

Jump A

Jump B

R
') "3

y = —4.9¢ + 15.5¢ + 2

Part A Predict which jump kept the skier in the
air for the greatest number of seconds.

Part B Use the quadratic formula to find how
leng the skier was in the air during Jump A.

Part C Use the quadratic formula to find how
long the skier was in the air during Jump B.

Part D Do your results support your prediction?
Explain.



MATHEMATICAL
MODELING

IN 3 ACTS

c®

e MA912_AR.3 B-Solve ard gragh
= mathematical and real-word
prablems that are modeled with
quasdeatic functions. Interpret ey
features and detemmine corstraints
in terms af the context

MAKI12MTR? 1

© Unwrapping Change
When you arrange a group of objects in different ways, it seems like the
space they take up has changed. But, the number of objects didn't change!

We use coin wrappers to store coins in an efficient way. How much more
efficient is it than the alternative? Think about this during the Mathernatical
Modeling in 3 Acts lesson.

Sl |dentify the Problem

1. What is the first question that comes to mind after watching the video?

2. Write down the main guestion you will answer about what you saw in
the video.

3. Make an initial conjecture that answers this main guestion.
4, Explain how you arrived at your conjecture.

8. What information will be useful to know to answer the main question?
How can you get it? How will you use that information?

Develop a Model

6. Use the math that you have learned in this Topic to refine your
conjecture.

Interpret the Results

7. Did your refined conjecture match the actual answer exactly? If not,
what might explain the difference?
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solve problems?

Vocabulary Review

Choose the correct term to complete each sentence.

2. The

3. The process of adding (
trinomial is called

b
2

4, The x-intercepts of the graph of the function are also called the

5. The is the expression b?

6. The
then eithera=0o0r b =10,

Concepts & Skills Review

is ax’ + b.al<2+ ¢ =0, where a # 0.
| to x? + bx to form a perfect-square

d4ac, which indicates the
number of real solutions of a quadratic equation.

states that for all real numbers a and b, if ab =0,

Topic Review

‘? TOPIC ESSENTIAL QUESTION

1. How do you use quadratic equations to model situations and

* completing the square
* discriminant

* guadratic equation

* guadratic formula

» standard form of a
guadratic equation

* Zero-Product Property
» zeros of a function

m Solving Quadratic Equations Using Graphs and Tables

Quick Review

A guadratic equation is an equation of the
second degree. & quadratic equation can have 0,
1 or 2 solutions, which are known as the zeros of
the related function.

Example

Find the solutions of ¥
0=x?+x-2 4
The x-intercepts of the 3

related function are -2,

and 1, so the equation

has two real solutions. 4 \cl/ 2 .4

From the graph,

the solutions of the

equation ¥ +x—2=0

appear to be x=-2 and x=1.

It is important to verify those solutions by

substituting into the equation.

(—2)24(-2)-2=0 124£1-2=0
0=0 0=0

i
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Practice & Problem Sclving
Solve each quadratic equation by graphing.

B.x" —6x+9=0
10, 2x2 - 1Mx+5=0

7. x*-16=0
9 x2+2x+8=0

Find the solutions for each eguation using a
table. Round to the nearest tenth.

M. 2 —64=0 12 x* —6x—16=0

13. Apply Math Models A video game company
uses the profit model P{x) = —x2 + 14x — 39,
where x is the number of video games sold,
in thousands, and P{x) is the profit earned in
millions of dallars. How many video games
would the company have to sell to earn a
maximum profit? How many video games
would the company have to sell to not show
a profit?



Solving Quadratic Equations by Factoring

Quick Review

The standard form of a quadratic equation is

ax? + bx + ¢ = 0, where a # 0. The Zero-Praduct
Property states that for all real numbers a and b,
if ab = 0, then eithera = 0 or b= 0. The solutions
of a quadratic equation can often be determined
by factoring.

Example

How can you use factoring to solve x2 + dx = 127
First write the equation in standard form.
xt+dx-12=0

Then, rewrite the standard form of the equation
in factored form.

(x=2Mx+6)=0

Use the Zero-Product Property. 5et each factor
equal to zero and solve.

X+6=0
¥x=2 .h‘=—ﬁ

x—2=0 or

The solutions of x* + dx — 12 =D arex =2
and x = =6.

Practice & Problem Solving
Solve each equation by factoring.

14, * +6x+9=0
15. ¥ —3x—10=0
16. ¥* - 12x =0

17. 22— 7x - 15=0

Factor, find the coordinates of the vertex of the
related function, and then graph it.

18. x2 - 12x+20=10

19, ¥ —Bx+15=0

20. Write the factored form for the gquadratic
function.

o 1 4
T

21. Error Analysis Describe and correct the error
a student made in factoring.

2x' —Bx+B=0
202 —dx +4) =0
2x-2¥x-21=0

Xx=-2
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Solving Quadratic Equations Using Square Roots

Quick Review

To solve a quadratic equation using square roots,
isolate the variable and find the square root of
both sides of the equation.

Example

Use the properties of equality to solve the
quadratic equation 4x? — 7 = 57.

Rewrite the equation in the form x1=a,
4x?-7=57
4x? = 64 Rewrite using the form x% = a,
where a is a real number.
x2=16
N T Take the square root of each
side of the equation.
x=4+4

Since 16 is perfect square, there are two integer
answers. The solutions of the quadratic equation
4x2 _7=57arex =-4and x=4.

Completing the Square

Quick Review

W2
The process of adding (2] to x? + bx to form a
perfect-square trinomial is called completing the

square. This is useful for changing ax? + bx + cto
the form alx — h)? + k.

Example
Find the solutions of x* — 16x + 12 = 0.
First, write the equation in the form ax? + bx = d.
X~ 16x = 12
Complete the &qua?re.
b=-16, so {_‘-1,_6} = 6
x% = 16x + 64 = =12 + 64
x% — 16x + 64 = 52

Write the trinomial as a binomial squared.

{x—8)? =52
Solve for x.
x—-8=452
¥x=8+2M13

x=B+2f13andx=8- 213.
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Practice & Problem Solving
Solve each equation by inspection.

22. x% =289
23. x21=-36
24. x? = 155
25. x2 =064

solve each equation.
26. 5xZ = 320
27.x1-42=358
28. 4x? — 18 =82

29. Higher Order Thinking Solve (x — 4)? - B1 = 0.
Explain the steps in your solution.

30. Analyze and Persevere Use the equation
d = \I'I,“IZ - 5)2 4 (8 - 3)2 to calculate the
distance between the points (2, 5) and (8, 12).
What is the distance?

Practice & Problem Solving

Find the value of ¢ that makes each expression
a perfect-sguare trinomial. Then write the
expression as a binomial squared.

3. x% +18x 4 ¢
32. %% _Bx4c
33 4 —15x+¢
3. ¥ L 2x s

Solve each equation by completing the sguare.
35. x2 + 18x =24

36. x% — 10x = 46

37. x? 4+ 22x=-39

38, 3 + 42 +45=0

39. Choose Efficient Methods To solve the
equation x* — 9x — 15 = 0, would you use
graphing, factoring, or completing the square
if you want exact solutions? Explain.



The Quadratic Formula and the Discriminant

Quick Review R
The quadratic formula, x = =22 "Zt; —4ac gives
solutions of quadratic equations in the form
ax? + bx + ¢ = 0 for real values of a, b, and ¢
where a # 0. The quadratic formula is a useful
method to find the solutions of quadratic
equations that are not factorable.

The discriminant is the expression b? — 4ac, which
indicates the number of solutions of the equation.
The solutions of a quadratic equation are also
called its roots, which are the input values when
the related function’s output value is zero.,

If b2 - 4ac = 0, there are 2 real solutions.
If b2 — dac = 0, there is 1 real solution.

If b2 - dac < 0, there are no real selutions.

Example
Use the guadratic formula te find the solutions of
xl_0 =5y
Write the equation in standard form
ax? + bx + ¢ = 0 and identify a, band c.
x2 _5x-9=0
a=1b=-5c=-9

y =0 +b? — dac
B 2a

—{-5) + J{-5)¢ — a{1)(-2)
- 2(1)

x=2 '2"'61 = 6.41 and

—S=d8  _
=350 = 141

The approximate solutions of ¥ —9 =5y are
X =641 and x = -1.41.

Practice & Problem Solving

Solve each equation using the quadratic
formula.

40. 2% +3x-5=0
41, Sx24+4x+12=0
42 3 +6x-1=4
43, a2 +12x+6=0

Use the discriminant to determine the number of
real solutions for each equation.

44 3! —8x+2=0

45. —Ax? —Gx-1=0

46. 7x? + 145+ 7 =10

47. 2x? 4 Sx 4+ 3=_5

483, Error Analysis Describe and correct the

errors a student made in solving
w2 -5x-8=0.

a=3b=-5c=8B

= —5 =57 - 43)8)
2(3)
_=SEA=T1
[
There are no real solutions.
49, Communicate and Justify The function

flx) = —5x2 + 20x + 55 models the height of
a ball x seconds after it is thrown into the
air. What are the possible solutions to the
related equation? Explain,
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Working With Functions

‘? TOPIC ESSENTIAL QUESTION

What are some operations on functions that you can use to
create models and solve problems?

() Topic Overview Topic Vocabulary

enVision® STEM Project: * cube root function

Program a Square Root Algorithm s aubic furiction

9-1 Sguare Root Functions * square root function
FA.1, R F1.3, MTR.2.1. MTR.5.1, MTR..1

9.2 Cubic and Cube Root Functions
£.1.1, 1.2, MTR.4.1, MTR.5.1, MTR.7.1

9-3 Analyzing Functions
AR.Z.7 AR.4.3, AR50, F1.1, R1.5, F1.6, Fd.3, MTR.1.1,
MTR.A.1, MTR.5.1

Mathematical Modeling in 3 Acts:

Edgy Tiles
F.1, F.1.2 MIR.7.1

8.4 Operations With Functions
F.3.1, MTR.1.1, MTR.5.1, MTR.7.1

( P . Digital Experience

INTERACTIVE STUDENT EDITION
Access online or offline.

FAMILY ENGAGEMENT
Invalve family in your learning.

ACTIVITIES Complete Explore & Reason,
Model & Discuss, and Critigue & Explain
activities. Interact with Examples and Try Its.

ANIMATION View and interact with
real-world applications.

PRACTICE Practice what
you've [2arned.

»—-—
6 -

nl‘-l
n'-l

@0 006

E Go online | SavvasRealize.com
— —

338 TOPIC9 Working With Functions



06 O

MATHEMATICAL MODELING IN 3 ACTS (GG

Q) Edgy Tiles
For more than 3,000 years, people have glazed ceramics and other materials

to make decorative tile patterns. Tiles used to be used only in important
buildings or by the very rich, but now you can find tiles in almaost any house,

Before you start tiling a wall, floor, or other surface, it's important to plan
out how your design will look. Think about this during the Mathematical
Modeling in 3 Acts lessan.

VIDEOS Watch clips to support
Mathematical Modeling in 3 Acts Lessons
and enVision™ STEM Projects.

ADAPTIVE PRACTICE Practice that is
just right and just for you.

GLOSSARY Read and listen to
English and Spanish definitions.

ASSESSMENT Show what
you've learned.

TUTORIALS Get help from
Virtwal Merd, right when you need it.

MATH TOOLS Explore math
with digital tools and manipulatives.

DESMOS Use Anytime and as embedded
Interactives in Lesson content.

QR CODES 5can with your mobile device
far Virtwal Nerd Video Tutorials and Math
Modeling Lessons.

EQ0E0O

CONCEPT SUMMARY Review
key lesson content through
multiple representations.

(o ¥e|
e
wxil
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TOPIC9  PROJECT énVISIOH

Did You Know?

Standing up, the average person I Earth: 196.9 million mi

United States: 3.535 million mi?

k]

Population ;

density (numbar Population

of peaple per i T Earth: 7.648 billion people 1
of Manhattan: 4

70,517 United States: 325 million people

—_—

San Francisco MNew York

The cities of S5an Francisco, Chicago, and New York all have
popul ation density greater than 10,000.

For the Chicago Cubs World Series
parade and rally on November 4,

2016, an estimated 5 million people
lined the streets of Chicagao, linois.

© Your Task: Program a Square
Root Algorithm

Sports arenas and open spaces are designed to hold great numbers
of peaple. You and your classmates will design a square building to
hold a given number of people.
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9 = 1 &) EXPLORE & REASON

One of the strangest mysteries in

Square Root archaeology was discovered in the A great circle s
Functions Diquis Delta of Costa Rica. Hundreds | the circle with the

of sphere-shaped stones were B greatest diameter
found. that can be drawn

an any given sphere,

A. The formula for the surface area
of a sphere is 54 = 4gr?. What

| CAN... describe the key
features of the sguare root

Gt ion. is the surface area of the stone
in terms of the crcumference of
VOCABULARY the great circle?

% SEINBE Souk SNELION B. The circumferences of the great

circles of the spheres range in

a MAS12.F.1.1-Given an equation size from about 6 cm to 6 m.
or graph thal defines 2 fisnction Make a graph that represents circumference as a function of surface area.
detenrine the function type. Ghen
ar input-gutpt table detemine a
function type that oould represent

C. Use Patterns and Structure What similarities and differences do you notice

t. AlsoF1.2, E13 between the graph from Part B and the graph of a quadratic function?
MAKTZMTR.2.1, MTRS.1,
MTR.6.1
What key features are shared among the
‘? oo py Aty p (o] /I square root function and translations of the
- R
square root function?

CONCEPTUAL
JUNDERSTANDING o I ENCIJA:B ) Key Features of the Square Root Function

What are the key features of fix) = Jx7?

The function f(x) = Jx is the square root function.

Make a table and graph the function.

) The minimum The curve slopes
- flx) = Jx point is {0, 0. upward.
0
COMMON ERROR : L
Recall that J% is equal to the 4 Z
positive square root of x g 3
16 4

2 q & 8 1w 12 14

The demain is restricted to x = 0, because only nonnegative numbers have a
real square root, Since Jx indicates the nonnegative or principal square root,
the range is fix) = 0.

For fix) = Jx, the x- and y-intercepts of the graph of the function are both 0.
The graph is increasing for all values in the domain of £,

@ Try It! 1. Graph each function. What are the intercepts, domain, and
range of the function?

a. plx) = - ¥ b. qa) = [
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Finsrer] iy

o | AALIGA - Translations of the Square Root Function @

A. How does the graph of g(x) = JX + 3 compare to the graph of fix) = Jx7
Graph each function.

¥

g = V3

For each x-value, the
corresponding y-value is
fix) = Vx 3 units greater for g than
itis for f.

P

10 24 6|8 10|12
The graph of gix) = /¥ + 3 is a vertical translation of f{x) = Jx.

The translation is a result of adding a constant to the output of
a function. The domain for both functions is x = 0. The range for
function fis y = 0, so the range for function gis y = 3.

B. How does the graph of g(x) = Jx + 3 compare to the graph of fix) = Jx?
Graph each function.

-2:'0 14 & [ B 1012

USE PATTERNS AND For each y-value, the
STRUCTURE corresponding x-value is
Notice that the graph of . 3 units less for g than it
g{ﬂ:-i: + 3 is a horizontal shift is for £

of fix} =« left 3 units. Do the

quadratic functions gix) = (x + 3)°

and fix} = x* follow the same The graph of gix) = Jx + 3 is a horizontal translation of fix) = Jx.
pattern?

342

The translation is the result of adding a constant to the input of a function.
The domain of fis x = 0, and the domain of g s x = -3.
The range for both functions is y = 0.

@ Try It! 2.How does each graph compare to the graph of f{x) = Jx?

a.gix)=sx-4
b. plx) = 4x - 10

TOPIC 9 Working With Functions



CHECK FOR
REASONABLEMESS

You can see the difference in the
average rates of change in the
graph. The line through {0, f01)
and (0.3, fi0.3)) is steeper than
the line through (0.3, £{0.3]) and
(0.6, fD.E)).

o | AN IJAEy Rate of Change of the Square Root Function

For the function f{x) = ¥, how does the average rate of change fromx =0
to x = 0.3 compare to the average rate of change from x = 0.3 to x = 0.67

1
0.8
06
4

0.2

Ly

fix) = W

(0.6, f{0.6))

(0.3, f10.3))

(0. f(0))

X

-

o

r

0:2 04 06 08

N

Step 1 Evaluate the function for the x~values that correspond to the

endpoints of each interval,

A0} =0
=0
fi0.3) =40.3
= 0.548
fi0.6) = /0.6
= 0.775

Step 2 Find the average rate of change over each interval.

Fromx =010 x=0.3:

f0.3) - A0} 0548 -0

03-0 ~ 03-0

0.548
0.3

1.83

"

From ¥ = 0.3 to x = 0.6:
fioe) — A03)  0.775 — 0.548

=

06 =03

06 =03

0.227
0.3

= 0.757

The average rate of change over the interval 0 < x < 0.3 is greater
than the average rate of change over the interval 0.3 < x < 0.6.

@ Try It! 3. For the function h(x) = J2x, find h(8), h(10), and h(12). Then find
the average rate of change of the function over each irterval.

a 8<x=<10

h. 10 =x=< 12
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APPLICATION o VLIRS Compare Functions
—

Two plans are being considered to determine the speed of a theme park
ride with a circular wall that spins. Plan A is represented by the function
with the graph shown. The ride shown in the photo is an example of Plan B.
If the ride has a radius of 3 m, which plan would result in a greater speed
for the ride?

Plan A

E 10

E When the radius
L3 is 3 m, the speed
. x | isabout & mis,

0 5 1 15

CHOOSE EFFICIENT Radius (m}

METHODS

How could you determine the
radius in meters for both plans
given a corresponding speed

Plan B is represented by the function
firl = 5%'r, where r is the radius of

of 7.5 mis? .

the ride, and fir) is the speed.

Compare the plans.

-EI-®

The graph of Plan A shows that Evaluate fir) = 54r for r=3.

the corresponding speed at a fl
3) = 5/(3)
radius of 3 meters is about & m/s. g
= 8./

The ride using Plan B has a speed of
about 8.7 m/s when the radius is 3 m.

With a radius of 3 m, the speed of the ride using Plan A is 6 mis, and the
speed of the ride using Plan B is about 8.7 m/s.

50, the ride using Plan B has a greater speed for a radius of 3 m.

@ Try It! 4.To the nearest thousandth, evaluate each function for the given
value of the variable.

a, vix) = fﬁ;x: 17

b. wix) = ".III'IID'- x=17
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@ CONCEPT SUMMARY Key Features of the Square Root Function

ALGEBRA JEEIER

GRAPH oY

A3 WSS9 » domain:x = 0

* range: ¥ =0

* x-intercept: 0

* y-intercept: 0
*increasing: 0 < x < oo
* decreasing: never

* positive: 0 < X <

* negative: never

© Do You UNDERSTAND?

1 What key
features are shared among the square root
function and translations of the square root
function?

. Use Patterns and Structure Explain why
each function is, or is not, a translation of
the square root function fix) = Jx.

a. hlx) = 2Jx + 1
b.gi)=yx+2-3

. Error Analysis A student identified (g, 12)
and (9, 27) as points on the graph of the
function flx) = J3x, What error did the
student make?

. Communicate and Justify What is the
domain of fix) =Jx + 37

Do You KNOW HOW?

How does the graph of each function compare to
the graph of fix) = Jx7

S.9k) =vx -2
6. hix) =yx =5
T.pl)=5+Jx
B.gl) =7 +x

For the given function, find the average rate of
change to the nearest hundredth over the given
interval.

9. fix)=yx+7;2<x<10
0. g =Sx+7;-3<x=5

M. hi(x) =+VZx;0=x <10
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

12. Represent and Connect Use a graphing
calculator to graph f{x) = —/x 4 7. Describe the
domain and range of the function.

13. Error Analysis Describe and correct the error
a student made when comparing the graph of

glx) = x + 3 to the graph of fix) =

1. The expression under the radical in
gix) 15 x + 3.

2. x + 3 is to the right of x, so the graph of
g is a translation of the graph of fly 2

units to the right

14, Use Patterns and Structure Write a function
involving a square root expression that meets
each requirement or set of requirements.

a. The domain is x = 0 and the range is y = 2.

b. The function is increasing over the
interval -9 < x < oo.

¢. The domain is x = 11 and the range is y = 0.

d. The function is positive aver the
interval 4 < x < o and negative over the
interval 0 = x < 4,

e. The function is decreasing over the
interval 0 < ¥ < oo,

15. Use Patterns and Structure For a function of
the form flx) = 4x — A + k why are some real
numbers excluded from the domain
and the range?

16. Communicate and Justify Explain the steps of
each calculation.

a. Find #(10) if f) = 'E‘_

b. Find (10} if fx) _Jz?“_

346 TOPIC9 Working With Functions

Find the x- and y-intercepts of each function.
If there is no intercept, write Does not exist.
SEE EXAMPLE 1

17. fix) = Jx - 2
18. glx} = Jx -9
19. hix) = Jx+ 9
20. k() =X+ 2

How does each graph compare to the graph
of fix) = /X7 SEE EXAMPLE 2

N.glx)=yF+ 11
22. i) =+ 11
23.s(x) =x-2+5
2. tx)=Jx+3-6

Write an expression for each function. SEe ExampLE 2

25. a translation by & units up of fix) =
26. a translation by % unit to the right of fx) = Jx.

Find the value of the given function at each end of
the range of values of the variable. Then calculate
the average rate of change of the function
between the two values of the variable.

SEE EXAMPLES 3 AND 4

27. plx) = J15x; 0.01 = x = 1.01
28 gx)=Jx+17,-3<x=0
29.rx)=f2x - 7:5=x< 10
30. t{x) =J‘E‘“;4 <x<8

Describe the domain and range for each
function. SEE EXAMPLE 1

3. Function p from Exercise 27
32. Function g from Exercise 28
33. Function r from Exercise 29

34, function t from Exercise 30



@ PRACTICE & PROBLEM SOLVING

35.

36.

37.

Apply Math Models A teacher adjusts the
grades of an exam using a curve. If a student's
raw score on a test is x, the score based on the
curve is given by the function clx) = 10Jx.

Five students received raw scores of 49, 42, 55,
and 72. What are their scores according to
the curve?

Analyze and Persevere A group of campers
leave Camp 2 and hike x miles along the
path to Camp 3. The distance o between the
group of campers and Camp 1 is given by
o) = Jx€ + 1.

L] P ]
Mot to scale v

a. Use the function to find the distance d of the
campers when x =1, 10, 15, 18.5, 25, and 50.

b. When the campers have hiked 5 miles from
Camp 2, their distance from Camp 1 is
J52 + 1 = J76 = 5.1 miles. How much farther
do they need to hike until they double their
distance from Camp 17 Show your work.

Represent and Connect The distance to the
horizon is a function of height above sea level.
If the height h above sea level is measured

in feet and the distance o to the horizon is
measured in miles, then d(h) = 1.22Jh.

On a het-air balloon ride, a passenger looks out
from 54 ft above sea level. What is the distance
from the passenger to the horizen?

() ASSESSMENT PRACTICE

38. Which of the following functions are vertical

‘tir’:inslations of fix) = Jx7? Select all that apply.
F1.1

& gix) =4x - 4

B h) =3 +J%
Cki=v-5+x
B mix) = —J/%

Enlx) = -7 +Jx

39. SAT/ACT For the square root function

pi{x) = yx, the average rate of change between
x=13 and x = a is 0.155. What is the value

of at

@& -4

B0

€5

0! B

B 11

. Performance Task The relationship between

the surface area A and the diameter D of
each glass sphere can be described using the
equation shown,

PART A Find the average rate of change in the
diameter for surface areas between 20 in.2 and
10 in.2,

PART B Find the average rate of change in the
diameter when the surface area decreases from
16in.2 to 14in.2,

PART C Find the average rate of change in D
when A increases from 14.9 to 15.1 in.2, and
find the average rate of change in D when A
increases from 14.99 to 15.01 in.2.

PART D Describe a pattern in parts A, B, and C.
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9-2

The Cubic and Cube Emilia wrote several radical expressions on the whiteboard.

Root Functions r b

| CAN... identify the key o . - )
features of the cubic and V.2 V=16 V3 v—16
cube root functions.

VOCABULARY & —— <4

» cube root function
» cubic function

A. Evaluate each expression, and explain how to plot each value on a real
number line.

e B. Explain how evaluating a cube root function is different from evaluating

MAS2F.1.1-Given an equalion B

: a square root function.

ar graph that defines a function q
determire the function type. Guen

AN ptouiout tabl, drisemins 5 C. Communicate and Justify Emilia states that it is not possible to plot

furction type that coukd represent gither J—16 or 1"—15 on the real number line, Do you agree? Explain,
it, Alsa F.1.2

MAK1Z.MTE 4.1, MTR.5.1

MTR.7.1 ;
What are the key features of the cubic and
‘? ESSHNTIAL QUESTION cube root functions?
o [ ANIJR B Key Features of the Cubic Function

What are the key features of fix) = x37
The function f{x) = x7 is the cubic function.

Make a table of values.

USE PATTERNS AND
STRUCTURE E 21=1|10 )12 Since f{0) = 0, both the

Does the graph of fix) = x3 Bl-1lol1]8 ¥- and y-intercepts are 0.

have an axis of syrmmetry? )
Graph the fuznction.

al¥

i )
As the value of x increases
so does its cube. The cubic

function is always increasing.

¥ o=

There are no restrictions on the x- or y-values, so the domain is {x | x is a real
number} And the range is {y | ¥ is a real number}.

@ Try It! 1.Overwhat interval is f(x) = x® positive? Over what interval is
it negative?
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om Translations of the Cubic Function

COMMON ERROR

You may think that because some
key features of cubic functions are
unchanged by translations that all
key features are unchanged. Be
sure to investigate before arriving
at that conclusion.

A. How does the graph of g(x) = x? + 5 eompare to the graph of fix) = ¥37
Graph each function.

I.}l' i

glx) =3 + 55 For each x-1:ra|ue, the

4 cormesponding y-value

is 5 units greater for

2 o) = x g than it is for f.

—4 —%J/FG 2 | 4

The graph of g(x) = x3 + 5 is a vertical translation of f{x) = x3,

The translation is a result of adding a constant to the output of a
function. Because the translation is vertical, the interval over which the
function g is increasing or decreasing is unchanged. It is increasing over
its entire domain.

B. How does the graph of g(x) = (x — 3)° compare to the graph of
fix) = x3?

&
fix) =+

For each y-value, the
correspanding x-value
is 3 units greater for

g than it is for £,

The graph of g(x) = (x - 3) is a horizontal translation of f{x) = x3.
The domain and range for both functions are all real numbers.

@ Try It! 2. Over what interval is each function positive? Over what interval

is it negative?

a. glx) = (x + 2)° b. hix) = x3 -1
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CONCEPTUAL
JUNDERSTANDING

USE PATTERNS AND
STRUCTURE

How does the cube root affect
the domain and range of the
function?

STUDY TIP

Recall that subtracting the
negative value, —12, makes the
operation appear as addition in
the function kix) =Jx + 12.

LR AN AR Key Features of the Cube Root Function

What are the key features of f{x) = Jx?

The function fix) = Jx is the cube root function.

Make a table of values.

1lol1 s Since x ‘._ Flonly when x =0,
the origin is the only point
where the graph of flx) = Jx
intercepts both the x- and y-axes,

(=2)® = =8, 50 =B ==2.

Graph the function.
21 s the value of x increases,
L/"" so does its cube root. 50, the
(o) o cube root function is always
-8 -4 4 8 increasing.
—32

There are no restrictions on the x- or y-values, so the domain and range are
all real numbers,

@ Try It! 3.Over what interval is f{x) = J¥ positive? Over what interval is

it negative?

- Pomered By
EWRA AN A Translations of the Cube Root Function \*¥2 desmos

How do the graphs of glx) = yx + 6 and k{x) = e+ 12 compare te the
graph of fix) = Yx?

Graph each function.
E!X] =Vx+6 ] ¥
‘__..--a-‘f""-* ko= V124
| 4 +— 8 _—o
3
- AN fix) =V —4
fior) = Vx —4 -8
The graph of g is a translation The graph of & is a translation
of the graph of f 6 units up. of the graph of f 12 units left.

As with other functions, when you add a constant to the ocutput of

f(x) = ¥x the result is a vertical translation of the graph of f. When you
subtract a constant from the input of the function £, the result is a horizontal
translation of the graph of f.

@ Try It! 4. How do the graphs of g(x) = ¥ — 2 and p(x) = /x + 1 compare

to the graph of f(x) = ¥%?
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2 IR N ISR  Reflections of Functions

How do the key features of g{x) = —Jx compare with the key features of

flx) = Yx?

Graph the functions.

The graph of g is the graph of £, reflected over
the x-axis. Because the graph of f passes through
the origin, so does the graph of g, so the »- and
y-intercepts of g are unchanged. They are both 0.

LEARN TOGETHER

How can you share your ideas
and communicate your thinking
with others?

Reflecting the graph over the x-axis does not
affect the domain or range of this function.
The domain and range for both functions are
all real numbers,

@ Try It! 5. Graph each pair of functions. Compare their intercepts and
their domains and ranges.

a. fix) = x* and glx) = -x3
b. fix) =.Jx and gix) = —Jx

APPLICATION o I CVL RN Maodel a Problem Using the Cube Root Function
—-

Creative Clays is increasing the package size for its
art clay. Designers are considering different sizes.
Assume that the new package will be a cube with
volume x in.%. For what increases in volume would
APPLY MATH MODELS the side length increase between 1 in. and 2 in.?

Mathematics has many industrial . L3
and commercial applications, such Since the volume of the new package is x in.” and

as the development of product the valume of old package is 8 in.3, the increase
" " M 3 4 1
packaging. Modeling before involume is x — 8 in.”, The change in side length _
production begins can prevent of the cube is fix) = Jx - 8. Each '.Jrg'g‘?' ?‘-'5: uIpr
i contains 8 in.? of clay.
expensive mistakes. Graph fix) = Jfx - 8.
= 5t The graph shows that f{9) = 1 and fi16) = 2.
£~ So for increases in volume between 9 and
'E} 3] IO I 1 4= 16 in.? the side length would increase by
& 1to 2in.
o 15
=
CM0p=———
o
c 05
£
(W]

0
6 4 B 12 16
Change in Valume (in.3)

@ Try It! 6. A cube has a volume of 10 cm3. A larger cube has a volume of
»em?. Consider the function fix) = Jx Z10. What do the values
f(14) and f{19) represent?
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@ CONCEPT SUMMARY Cubic and Cube Root Functions

The Cubic Function The Cube Root Function

ALGEBRA BRI ETE flx) = Jx
GRAPHS .
EAE a1r

domain: {x | x is a real number}

KEY FEATURES . x-intar:ept: 0

* y-intercept: 0 = range: {y| yis a real number}
* increasing: - < ¥ < @ = decreasing: never
* positive: 0 < ¥ < oo * negative: oo < x <10
@ Do You UNDERSTAND? Do You KNOW HOW?
1. What are the 4. Identify the domain and range of
key features of the cubic and cube root six) = /3.
functions? 5. Describe how the graph of glx) = VX = 3 is

i
2. Error Analysis Timothy uses his calculator to related to the graph of flx) = Jx.

imrestilgatethe domain and range of 6. Identify the domain and range of

fix} = Jx. He estimates the range as gl =x3—4

-2 £y = 2. What is the error that '

Timothy made? 7. Identify the intercepts of glx) = (x — 4)%.

8. Calculate the average rate of change of
gl)="Ux+3ford<x<7.

9. Describe how the graph of glx) = Vx—4is
related to the graph of f{x) = Jx.

3. Use Patterns and Structure Is the graph of
gix) = s increasing and decreasing over
the same intervals as the graph of
fix) = Y%7 Explain.
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(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

10. Communicate and Justify Explain why the
x- and y-intercepts of f{x) = +x are the same.

11. Use Patterns and 5tructure Compare the
average rates of change for f{x) = yx and
fix)=uyx +5forD<x <4

12 Error Analysis Hugo calculated that the average
rate of change of fix) = J3x for0 s x < 5 is
1.026. Explain the error that Hugo made.

V3(5) - ¥3(0)

-0

+(¥5-¥6)

5-0

= 1.026 x

13. Higher Order Thinking Copy and complete the
tables shown below.

-8 -

-1 L] -1 L
1] 0 u
1 L] 1 []
2 " ] -

a. Describe what you notice about the
x- and p-values for two functions.

b. Graph both functions on the same
coordinate plane.

€. Could you use the graph of one function
to create the graph of the other function?
Explain.

14. Use Patterns and Structure For each
condition, describe a translation of f(x) = J%
that results in the graph of function g.

a. The p-intercept of the graph of g is -2.
b. The x-intercept of the graph of g is -1.

For each function, identify the domain, range, and
intercepts. SEE EXAMPLES 1 AND 2

15. g() =23 41 16. gix) = (x — 5)%

17. glx) = (x + 3)3 18. glx) =x3 -8

For each function, describe the interval over which
it is positive and the interval over which it is
negative. SEE EXAMPLES 1 AND 2

19. g0 =x> +8 20. glx) = (x — 4)3
21, glx) = (x + 1)3 22.glx)=x>-8

For each function, identify domain, range, and
intercepts. SEE EXAMPLES 3 AND 4

23. fix) = Jx— 3 24, fix) = J2x
25. fix) = ¥x — 1 26. fix) =Jx + 2

Describe translations that transform the graph
of f{x) = Yx into the graph of the given function.
SEE EXAMPLE 4

27. glx) = Jx — 3 28. plx) = ¥x + 2

29. p(x) = % — 10 30. glx) = Jx + 7

For each pair of functions, describe the intervals
on which the function is positive or negative.
SEE EXAMPLE §

31. fix) = x3 and g(x) = —»°

32. fix) = V% and g{x) = —V%

33. flx) = /¥ and g{x) = —J/%

34. flx) = x% 4+ 1 and gix) = —(x3 + 1)

Graph each function. Use the graph to estimate

the values of x that satisfy each condition.
SEE EXAMPLE &

35. ) = ;1 < W) = 2
36. gl =Yx—2:1=glx) =2

37.px)=dx—T+32<plx) <5
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) PRACTICE & PROBLEM SOLVING

38.

39.

Represent and Connect Weekly sales at
Tamika's Auto 5ales are shown in the table.

Cars Sold | 9

13 |14 |15 (17 |18

Plot the sales an a graph and write a cube
root function that approximately models

the sales. Explain what the features of the
cube root function mean for the dealer's sales
in the long run,

Apply Math Models Max Wax Company
packages colored wax to make homemade
candles in cube-shaped containers. The
production line needs to plan sizes of the
containers based on the associated costs,
Write a cube root function that tells the
side lengths of the container, x, in inches far
a given cost, C,

The cost of filling a container
is $3 per cubic foot.

. Mathematical Connections A cube has the

same volume as a box that is 4 ft 5 in. long,
3 ft 2in. wide, and 4 ft 3 in. deep.

a. Write an expression that madels the length
of ane side of the cube.

b. Find the side length of the cube.

¢. Does the cube or the box have a greater
surface area? How much greater?

354 TOPIC9 Working With Functions

[v') AS5ESSMENT PRACTICE

41.

42,

43,

Which of the following best describes the
graph? m Fi11

@& A haorizental translation of fix) = ¥
B A vertical translation of f{x) = %
© A horizontal translation of flx) = x3
& A vertical translation of fix) = /&
& A vertical translation of f{x) = x3

SAT/ACT Which shows the average rate of
change of flx) = yx = 2over 1 < x < 47

@& 0.47

B 0.20

©-0.20

O —0.47

E -1.53

Performance Task Paul is filling spherical water
balloons for an experiment. It is important that
each balloon holds exactly the same volume

of water, but Paul does not have a good
instrument for measuring capacity.

Part A Write a cube root function that allows
Paul to predict the radius associated with a
given volume using V= % ar?,

Part B Describe a reasonable domain and range.

Part C If each balloon should have a volume of
72 in.2, what radius should the balloon have?



9-3

Analyzing Functions

| CAN... identify the
function type when given an
equation, graph, or table.

a MA912.F 1. 1-Given an equation

o graph that defines a fundion,
dieterrning the function type. Given
an nput-ourtput table, determine a
function type that could represent
it Also AR.3.7, AR4.3, AR.5.6,
F1.5 F1.6 E2.3

MAKTLMTR.1, MTR.A.,
MTR.5.1

COMMON ERROR

Remember to extend the function,
beyond the edges of the sketch
when the domain is all real
numbers. The graph of g, for
example, continues up and to the
right out of view as x increases.

Powired By

'b__ MODEL & DISCUSS dasmos

Each table represents part of a function.
mm

arm om on
-2 1 11 -2 | 2

-2 | 20 - =2 | 2

-1] 4 -1 |10 -1 8 -1 1 -1 n
0| 5 0| 5 0 5 0 0 0| 5
1 4 1 2.5 1 2 1 1 1] 3
211 2 1.25 2| -1 2| 2 2| 3

A. Plot the points of each function on a graph. Describe what you know
about each function.

B. Use Patterns and Structure Which functions are related? Explain your
reasoning.

‘? ESSENTIAL QUESTION
o AN IJA:SE Analyze Domain and Range

The graphs of three functions are shown. What are their domains
and ranges?

What can you learn about a function by
analyzing its graph?

‘,'l'" ".!'" : ¥
4 4
2
2,‘.’__,_.--""'* / X
rall X X B3 olN31 4
2 ol [ 2 [ a ? 0| | 114 1s
-+ -2
4
¥V r
fix) = 4x + 2 glx) = Ly + 2 hix) = —x°
o

Domain: x = -2 Domain: —se < X < oo Domain: —so < ¥ < oo

Range: y= 0 Range: —oo < § < oo Range: = < ¥ < o

For the square root function £, any values in the radicand must be
nonnegative, so x + 2 £ 0, meaning x = -2, The domain is restricted and the
output of the function, the range, is always nonnegative.

The linear function g and the cubic function b have no restrictions on their
domains or their ranges.

@ Try It! 1.Find the domain and range of each function. How are they the
same? How are they different?

fix) =8 - 3x glx)=(x-57-7
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o NI NN Analyze Key Features

The graphs of three functions are shown. Determine the intervals aver
which each function is increasing and decreasing.

s ¥ The cube root parent function
41 L fix} = /X is increasing over its
2| glx) = Vx—8 entire domain, all real numbers.
(,»-"’: The horizontal translationtnf E‘IE
:2 G___,.-?-/ 3 Eh cube root function, g{x) = Jx — 3,
—] is also always increasing.
~4
or The function Hx) =| x| -2isa
hix) = [x]|=2 vertical translation of the absolute
2 value parent function. The graph of h
GENERALIZE . has a vertex at {0, —2). It is increasing
How does a vertex on a graph T 0 i overths_.-lntewal 0 < x < coand
relate to increasing and decreasing \/ decreasing over the interval
interals? il co < x < 0.
-4
I The graph of function k(x} = 0.5x2 + 3x - 2.5
ebe) b= 0582 -3 — 2.5 is a parabola that opens downward. It has a
7 vertex at (3, 2). Function k is increasing over
= the interval —co = x < 3 and decreasing over
5 T4 NE the interval 3 < x < oo.
R

@ Try It! 2.a. For each function in Example 2, determine the intervals over
which the function is positive and the intervals over which it
is negative.

b. For each linear function, determine the intervals over which
the function is positive and over which it is negative.

e T Bm
—1 7 -1| -5

0 3 0 -4
1 E 1 (-3
2 1 2 | =2
3| =1 3 [ =1
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Analyze End Behaviors of Graphs

What is the end behavior of each function?

COMMUNICATE AND JUSTIFY
If the y-value of a function

does not approach infinity as x
approaches either negative or
positive infinity what key feature
might the graph include?

End behavior describes what happens to the ends of the graph of a function
as x approaches infinity or negative infinity (written as ¥ — «o and x — —eoa),

As X — oo, the values of fix) decrease
without bound, or f{x) = —oo.
The same is true as ¥ — —oo.

Faor this exponential function, there
is a horizontal asymptote at y = 0.
50 as X — oo, the values of gix)
approach 0. But as x — —oo, the
values of g(x) increase without
bound, or gi{x) = co.

As x — oo, the values of h(x} grow
more and more steeply, but they do
not approach any asymptote,

5o A(x) — oo. As x — —oo, values of
hix) decrease, and hix) — —co.

i

¥
8
b
4
\.._____ X
-1 lov [ 2 41618
9[::]:[%_]"‘

hix)=x3_5

@ Try It! 3. a. Compare the end behaviors of the two linear functions,

fx) = 12],x — BGSE

gix) = 23x 4+ 348

b. Compare the end behaviors of the functions.

fbc}:;x2+4

glx) = H‘j‘ +4

hix) = ;x+4
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o VLIRS Recognize Function Types

Given each graph, determine the function's type.

2 1¥ Function g has an endpaoint at (0, —4). It is
increasing throughout its demain, as x — ze.
% Function g is square root function.
P I .4 &
L] /
g
—4
&
¥ Function h is always increasing and does not have
an asymptote. It rises increasingly steeply as
ANALYZ E_ AND FERFEVEHE h . x — oo, and decreases steeply as x — —oo, Function
If a graph is a translation of 5 h ic 3 cubic funcion.
a parent function why might
looking at end behavior be more X
helpful than positive and negative 6 4 -2 0
intervals in determining the -+2
function type?
¥ Function & is decreasing over its entire domain. It is
= positive over the interval —s = x = 0 and negative
FAEE over the interval 0 < x < co. This is the opposite of

the key features of the parent cube root function,
Function k is a cube root function.

J

@ Try It! 4.Determine a function type that could represent the values in

each table.

: . )
0 13 ] 7 0 &
1 17 1 14 1 0
2 21 2 28 2z -3
3 25 3 56 3 -4
4 29 4 112 4 -3
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om Analyze Transformations

The graph of g is a transformation of function f. Determine the type
of transformation and describe the amount of translation, stretch, or

COMMON ERROR

You might think that multiphying
the imput of the function stretches
the graph horizontally, but it
compresses the graph. To represent
& horizontal stretch by a factor of n

you need to multipty the input by 1.

compression,
A,
&
g g
2

The paint (3, 6} is on graph of £,
The corresponding point on g is
(3, 2). The y-value of g isl the
distance to the x-axis.

The point {0, —3) is on graph of £

-4 N0l A2

1
flx) = x2 — 3 /

The comesponding point on g is
{0, =1). The p-value of g is 1;the
distance to the x-axis,

4

The graph g of is vertical compression of f{x) = x2 — 3
by a factor of % You can write g as .%fm_

Each point on the graph of g is
twice the distance from the p-axis
as the corresponding points on
the graph of 1.

The graph g of is horizontal stretch of flx) = |x — 1|
by a factor of 2. You can write g as f(5x ).

@ Try It! 5 The graph of g is a transformation of function 7. Determine the
type of transformation and describe the amaount of translation,
stretch, or compression.

%

4

|

fasst’

74

g
o]
-2

/ !
fix) =% =3

A
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e CONCEPT SUMMARY Common Features of Functions

Domain and Range

Increasing and
Decreasing Intervals

Positive and
Megative Intervals

End Behavior

© Do You UNDERSTAND?

M) EsSENTIAL [slij Lyl B What can you

The domain of f is the set of all
real numbers.

The range of fis the set of all real
numbers less than or equal to 6.

g has no maximum value,

The function is increasing over the interval
-3 £ x < oo. It is never decreasing.

The x-intercepts are -3 and 3,

The function is positive for
{¥|x<-3orx>3}and
negative for {x | -3 < x < 3}

End behavior describes what
happens to the ends of the graph.

AS X — oo, kK(X) — oo,

As X — —on, ki) — =2,

ty
fix)|= - + B 4
2
x
) 4/ 2] 2\4
42
"
4}"
gl =Yx+3 ---""""-dr
x
—4 2 [of [ 3] 4

Do You KNOW HOW?
For each function identify the demain and

L
learn about a function by analyzing its
graph?

. Error Analysis Kona states that the
maximum value of fix) = =2%is 0. Explain
Kona's error.

. Use Patterns and Structure How are
behaviors of quadratic functions like those
of the absolute value function?

360 TOPIC9 Working With Functions

range, state the intervals over which is it
increasing or decreasing, the intervals over
which it is positive or negative, asymptotes if
they exist, and describe the end behavior.

4, fix) = 10{0.5 + 2
5.90x) = x% + 2x + 1

6. h{x}zéx-ﬁ



(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

7. Choose Efficient Methods Without sketching
the graph, how can you identify the domain
and range of flx) =J/2x - 57

8. Communicate and Justify Function fhas a
vertex. Can the function be increasing over its
entire domain? Can it be decreasing over its
entire domain? Explain.

9, Error Analysis Describe and correct the error a
student made in describing the end behavior of
the function y = 1,000,000 - x2.

Every number that | enter for x gives a
great big value fory, soasx —+ =, y—+ =,

10. Communicate and Justify The linear functions
flx) = mx + b and gix) = px + g have the same

end behavior. What relationships must exist, if
any, between the values of m, b, p, and g?

11. Error Analysis If a function is increasing
throughout its domain, the y-values are
greater and greater as x approaches infinity.
Libby claims that any function that has all
real numbers as its domain and is increasing
everywhere must have all real numbers as its
range as well. |s Libby correct? Explain why or
why not.

12. Higher Order Thinking Consider the function
fix) = x?2. For each of the following
transformations describe which of these
key features would change: demain, range,
intercepts, increasing and decreasing intervals,
and end behavior.

a. The graph of g is a horizontal translation of £

b. The graph of h is a vertical translation of f.

€. The graph of k is a reflection of f over the
y-axis,

d. The graph of pis a reflection of f over the
x-axis,

Sketch the graph of each function. Determine the
domain and range, intercepts if they exist, the
intervals over which the function is increasing or
decreasing, and end behavior. SEEEXAMPLES 1, 2, AND 3

13.g(x) =-x2+ 4 14, gix) = —x + 4
15. gix) = —4* 16. gix) =x? + 4
Determine each function's type. SEE EXAMPLE 4
17.g0) = -3+ Jx 18. glx) = —Jx

19. gix) =25 + 10 20. glx) =|x - 7|

Given each graph, determine the function’s type.
SEE EXAMPLE 4

2.4y 22. Y
2
N X X
o] NS 4 2 0 24
—+3 =2
3. 24, 1Y
X
-3

The graph of g is a transfermation of the graph of
f. Describe each transformation.
SEE EXAMPLE 5
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® PRACTICE & PROBLEM SOLVING

29. Check for Reasonableness The average
high temperatures for four different cities,
Anchorage, AK, Kansas City, MO, Miami, FL,
and New York, NY, have been used to create
the graph. Use information about maximum
and minimum values to match A, B, C and
D with the appropriate city, Explain your
reasoning.

LA A T

myr N
e mo

30. Analyze and Persevere A marketing company
is designing a new package for a box of cereal.

They have determined that the function

€lx) = 4.5x7 models the cost of a box with side
lengths as shown (measured in inches). ldentify a
reasonable domain and range for the function.

=i
-

x

31. Apply Math Models Yumiko is an animator.
She uses computer-generated imagery (CGI)
to create scenes for a movie. The shapes and
features she uses are defined by functions,
What types of functions might she use to create
ascene such as the one below?

362 TOPIC 9 Working With Functions

@ ASSESSMENT PRACTICE

2

33

34,

Consider the functions glx) =x + 1,
hix) = x? + 1, and kix) = 2%, Select all of the true
statements, @ F16

& The functions have the same y-intercept.
E The range of the functions is same.
© The domain of the function is the same.
¥ The functions are always increasing.

B Two of the functions have no negative
values.

SAT/ACT Which function has an axis of symmetry
at x = 1 and a maximum value of 37
@y=1-|x-3|

By=x-1]+3

Oy=x+1]-3

Dy=3-|x-1]|

By=|x-3]+1

Performance Task Jack started a small business

recently, and he has been tracking his monthly
profits, summarized in the table below.

Jan 53 Mar | $100
Feb | $10 June $180
Mar = $25 July  $415
Apr | 840 Aug  $795

Part A Create a graph to show Jack’s profits
over time. Determine the type of function that
will best model Jack's profits based on data
collected so far,

Part B Evaluate features of the function that
will be relevant to Jack's business. Explain what
those features mean in this context.

Part C \Write an equation that models the
growth of Jack's business. Use your function
to predict Jack's profits for August of the
following year. Is your prediction reasonable?
Explain why or why not.



MATHEMATICAL
MODELING
IN 3 ACTS

e MA 912 F 1 1-Givenn an equation

of guEaph that defines a function
determine e fanclion type. Ghven
an mput output table, deteemene 3
funition type that oould mepresent
n.Ako F1.2

MA KT MTR. 7.1

Q Edgy Tiles

For more than 3,000 years, people have glazed ceramics and other materials
to make decorative tile patterns. Tiles used to be used only in important
buildings or by the very rich, but now you can find tiles in almost any
house.

Before you start tiling a wall, floor, or other surface, it's important to plan
out how your design will look. Think about this during the Mathematical
Modeling in 3 Acts lesson

identify the Problem

1. What is the first question that comes to mind after watching the video?

2. Write down the main question you will answer about what you saw in
the video

3. Make an initial conjecture that answers this main question
4. Explain how you arrived at your conjecture.

5. What information will be useful to know to answer the main question?
How can you get it? How will you use that information?

il -3 Develop a Model

6. Use the math that you have learned in this Topic to refine your conjecture

(i lsigc By Interpret the Results

7. Did your refined conjecture match the actual answer exactly? If not,
what might explain the difference?

TOPIC 9 Mathematical Modeling in 3 Acts 363



9 - 4 &) MODEL & DISCUSS

r r In business, the term profit is used to describe
Operations With the difference between the money the

Functions business earns (revenue) and the money the
business spends (cost).

A. Grooming USA charges 525 for every
pet that is groomed. Let x represent the
number of pets groomed in a month.

| CAN... perform operations
on functions to answer

real-world questions. Define a revenue function for the
business.

e MA912 F3.1-Given a B. Materials and labor for each pet groomed

g‘;;‘g‘;‘;;;‘:;:;;m cost 15, The business also has fixed costs

mited 1o lvnar ard quadkati of 1,000 each month, Define a cost

using aridimetic operations. When function for this business.

appropriate, include domain

restrictions for the rew function C. Last month, Grooming USA groomed 95 pets. Did they earn a profit?

MA.K12MTE. 1.1, MTR.%.1

e What would the profit be if the business groomed 110 pets in a month?

D. Generalize Explain your procedure for calculating the profit far
Grooming USsA, Suppose you wanted to calculate the profit for several
different scenarios. How could you simplify vour process?

How do you combine, multiply, and
‘? o g PRl by e (0.8 divide functions, and how do you find the
domain of the resulting function?

o NN Add and Subtract Functions

How do you define the sum, f + g, and the difference, f — g, of the
functions fix) = 3x + 4 and glx) = x* — 5x + 27

A. What is the sum of fix) = 3x + 4 and g(x) = x — 5x + 27

To define the sum of two functions with known rules, add their rules.

{f + g){x) = fix} + gix)

={3x+8)+(x2 —5x+2) Substitute the rule of each
function.

=xls (3x— 5x) +{4+ 2) Group like terms,

=x_2x+6 Cormbine like terms.

ANALYZE AMD PERSEVERE

Defining a Runction incliades The domain of £is {x | x is a real number].

describing its domain. The domain The domain of g is {x | x is a real number).
of f + g is the intersection of the ) ) )
domains of fand g. 50 the domain of f + g is {x | x is a real number}.

The sum of the two functions is (f + gh(x) = x - 2x+ 6.

CONTINUED OMN THE NEXT PAGE
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HAVE A GROWTH MINDSET
In what ways do you give your
best effort and persist?

APPLICATION
——

USE PATTERNS AND
STRUCTURE

You can use the Associative and
Commutative Properties to add
and multiply functions, since
these operations are based on
addition and multiplication of
real numbers.

EXAMPLE 1 CONTINUED
B. What is the difference f— g of fix) = 3x + 4 and g(x) = x? — Sk 427

To define the difference of two functions with known rules, subtract

their rules.
(f — ghlx) = fix) - glx)
=(3x+4)-(x2-5x+2) Substitute the rule of each function.
=3x+4-x24+5x-2 Use the Distributive Property.
=—x248Br42 Combing like terms.

The domain of fis (x| x is a real number). The domain of g is (x| x is
a real number}, So the domain of f— g is {x | x is a real number},

The difference of the two functions is (f — g){x) = —x% + B + 2.

@ Try It! 1. Let f{x) = 2x% + 7x - 1 and gix) = 3 — 2x. Identify rules for the

following functions.

a.f+g b.f=g

The demand d, in units sold, for a company’s new brand of cell phone at
price x, in dollars, is d{x) = 5,000 — 10x. What is the company's expected
revenue from cell phone sales in terms of the price, x7

- of

ll - ) &

Revenue Price Demand

The company’s revenue will equal the price of its cell phones multiplied by
the dermand for its cell phones.

Revenue = price x demand
The demand is the function d(x). The price is the function p(x).
The product of two functions is the product of their rules: (o « o) = pix) « dix),
Ramainsg
Price: plx) = x ple): 0 = x
Cemand: dix) = 5000 - 10x di(x): x < 500 Demand cannot be negative:
Revenue: filx) = plx)+dix)  Rlx): 0 <x <500 | 0=35000-10x
x(5,000 - 10x)

Price cannot be negative.

Domain is the intersection of

A = the domains of p and d.

CONTINUED ON THE NEXT PAGE
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CONCEPTUAL
UNDERSTANDING

COMMON ERROR

‘You may think that the domain
nf  is the set of real numbers.
Hnwwﬁ both x # 7 and x # — ;
Remember to identify the domain
befare simplifying the rational
function.

EXAMPLE 2 CONTINUED

The revenue the company will earn in terms of the cell phone price x is
represented by Rix) = 5,000x — 10x2,

@ Try It! 2.Suppose demand, o, for a company's product at cost, x, is

predicted by the function d{x) = —0.25x% + 1,000, and the price,
g, that the company can charge for the product is given by
plx) = x + 16. Find the company's revenue function.

o ey 30D Divide Functions

A. How do you define the quaotient of functions

fix) = x2 — 5x + 17 and g(x) = 4x — 3?7

To define the qumient of two fum:t'lons, take the quotient
of their rules: hix) = [ }( ) = Tl

gl
Tl
h
W= 50
=X =5x 417 Substitute the rule for each function.
4x -3

If possible, factor the numerator and denominater. In this

case both are prime polynomials and cannot be factored.

The quotient of £ g is hix) = x? - 5'“3 L]

The domain of h is the set of all values for which f, g, and EF are defined,

so g cannot be 0. The domain of b is —ce {x::%and%«:xcm.

B. Define the quntiunté of fix) = x = 7 and g(x) = 2x—13x-7.

Take the quotient of their rules,

;E:; =5 f ;31 = Substitute the rule of each function.
{_21_3_1_}%—_?_} Factor the denominator
- 2x1-r 3 Simplify.
The quotient ﬂ[_:};. [ {Il-’t#TﬂI‘Id X —-12-

@ Try It! 3. \|dentify the rule and domain fwc:ur—F for each pair of functions.

a f(M=x?—3x-18, glx)=x+13

b. a‘{x}:x-lg{x}:xz—x—ﬁ
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@ CONCEPT SUMMARY Function Operations

Add or Subtract
Functions

(f + ghx) = flx) + glx)

(f — gHx) = flx) — gix}

(AU The domain of the sum

or difference of f and

g is the intersection of
the domain of fand the
domain of g.

WIS For f{x) = 3x + 5 and

gl =x -3,

f+g=(3x+5+x-3)
—dx 42

f-g=(3x+5)-{x-3)
=2x+8

The domains of f 4+ g
and of f — g are both
[x | x is a real number}.

©) Do You UNDERSTAND?

1 How do you

combine, multiply, and divide functions,
and how do you find the domain of the

resulting function?

2, Use Patterns and Structure What property
is useful when subtracting a function that

has multiple terms?

3. Error Analysis Reagan said the domain
uf; when f{x) = 5x2 and gix) = x + 3 is the
set of real numbers, Explain why Reagan

is incarrect,

Multiply Functions

(f = ghlx) = flx}» glx)

The domain is the set of
all real numbers for which
fand g and f» g are
defined.

For fix) =3x+ 5 and

gix)=x -3,
f=g=(3x + S)x - 3)
=3 _4x-15

The domain of f« g
is {& | xisa real number).

Divide Functions
f _ fix)
{.9) () = gix

The domain is the set
of all real numbers for
which fand g and ;;-are
defined.

For f(x) =3x + 5 and
o f_3x+5
gk} =x 3,9,_ 3
The domainis —co < x < 3
and 3 < x < oo,

Do You KNOW HOW?

Let f{x) = 3x% 4+ Sx + 1 and g(x) = 2x — 1.
5. Identify the rule for f + g.

6. Identify the rule for f — g.

7. Identify the rule for g - £.

Let f{x) = x2 + 2x + 1 and g(x) = x — 4.

8. ldentify the rule for f« g.

4, Use Patterns and Structure Explain why

9. Identify the rule for _5, and state the domain.

10. Identify the rule for ?, and state the domain.

the arder of the functions affects the result

when subtracting or dividing two functions.
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

1.

12.

13.

14.

15.

Mathematical Connections How is adding
functicns like adding polynomials? How is
it different?

Communicate and Justify Explain why the
domain for the quotient of functions might not
be the set of all real numbers.

Analyze and Persevere Given the graphs
of fand g, sketch the graphs of f + g and
faq.

Errar Analysis Describe and correct the error a
student made in multiplying the two functions,
fix) = 3x2 + 1 and glx) = 2x - 1.

(3x2 + 1)[2x - 1)
= Ixt(2x) + 3x2-1) + 1{-1)

=6J|’-;—3J|’1—1 /

Higher Order Thinking What two functions
could you multiply to create the function
shown in the graph? How do the domain and
range of each of the functions compare to the
domain and range of the graphed function?

H

-6 -4 NLJo
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Let fix) = 2%® + 5x — 1 and gix) = 3x + 2. Identify
the rules for the following functions. SEE EXAMPLE 1

16.

18.

19.

20.

f+ag 17.f-g

Given the graphs of f and g, graph f + g.
Compare the domain and range of f + g to the
domains and ranges of fand g. SEE EXAMPLE 1

2

-4 -2 % / 2 4

A florist charges 510 for delivery plus an
additional 52 per mile from the flower shop.
The florist pays the delivery driver $0.50 per
mile and %5 for handling each delivery. f x is
the number of miles a delivery location is from
the flower shop, what expression models the
amount of money the florist earns for each
delivery? SEE EXAMPLE 2

Suppose the demand o, in units sold, for
a company’s jeans at price x, in dollars,
is d(x) = 600 - dx.

»?ﬁ ¥y u MI

Revenue Price Demand

a. If revenue = price x demand, write the rule
for the function rix), which represents the
company's expected revenue in jean sales.
Then state the doemain of this function.

b. If the price is 540, how much revenue will
the company earn? SEE EXAMPLE 2

Identify the rule and domain for ;. SEE EXAMPLE 3

1.

22,

3.

ﬂx]=x2+3x—2:ﬂ-andg{x}|=x+?.
fix) =x— 3 and g{x) = x2 + 2x — 15,

fx) =3x2 = x 4+ 11 and glx) = 2x - 5.

24 fix) =2x2 + Sx - 18 and glx) = x - 2.



(©) PRACTICE & PROBLEM SOLVING

APPLY (@) ASSESSMENT PRACTICE

25. Analyze and Persevere A laser tag center 28. Given the functions flx) =x + 8 and g(x) = ¥ -9,
charges $50 to set up a party, and 375 per hour. which of the following are true statements
The center pays its employees that work the about f — g? Select all that apply. g F3.1
party a total of 536 per hour. @& It is a linear function.
a. Write a function f that represents the amount @& It is a quadratic function.

of revenue from a party that runs for x hours. © The domain & —o < X < to.

b. Write a function g that represents the @ The range is —se < ¥ < oo,
expenses for a party that runs for x hours. & The range is y = 17.

€. Write a combined function that represents

the amount of profit the laser tag center 29. SAT-""FH The function h is the sum l;f the
makes on a party that runs x hours. functions fix) = 3x + 5 and g{x) = 2x* — 6x - 2.
Which represents h?
26. Represent and Connect A store isselling B =5x—x-2
bumper stickers in support of a local sports ® hix) = 22— 3x 4 3

teamn. The function hix) = —20x? + 80x + 240

" a2
models the revenue, in dollars, the store © hid) =2x" +9x +7

expects to make by increasing the price of a B hix) = -3x+3

bumper sticker x dollars over the original price

of 2. The store paid a total of 5200 for the 30. Performance Task A fuel-efficient car can travel
bumper stickers. 6 miles further per gallen than average while

driving on the highway, and about 4 miles less
than average while in the city.

a. Write a function that represents the amount
of money the store paid for the bumper

h A e o
stickers. What kind of function is it7 Gas tank holde about

b. What function models the store’s profit from ' 13 gallons.
the bumper stickers? :

€. What is the price per bumper sticker when
the store makes a profit of 207

27. Apply Math Maodels The surface of a cylindrical
tank is being painted. The total surface area
of a cylindrical tank is the sum of two area
functions.

Part A Write two functions to determine the
distance the driver could travel in the city or on
the highway, using x gallons of gasoline.

Part B Assuming that the car has full tank of gas,
what is the domain and range of each function?

Part C Suppose the driver does a combination

a. Write a function that gives the total area of of city and highway driving. Using the functions
the two circular ends as a function of radius. you found in Part A, write one function that

b. Write a function that gives the lateral could represent the distance traveled on x
surface area of the cylinder as a function of gallons of gasoline.
b Part D Assume that the car has full tank of gas,

t. Combine the functions from parts (a) and (b) what is the domain and range of the function
to get the total surface area of the cylinder you found in Part C?

as a function of radius.
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Vocabulary Review

Choose the correct term to complete each sentence.

2. The is the function f{x) = ¥x.
3. The is the function f{x) = x3.
4. The is the function fix) =Jx.

Concepts & Skills Review

LESSON 9-1 Sguare Root Functions

Quick Review
The square root function is f{x) = Jx.

Example

How does the graph of g{x) = Jx — 4 compare to
the graph of fix) = Jx7

Graph each function.

For each y-value, the corresponding x-value is
4 units more for function g than it is for function .

gkl E Ve =4dx
246810

The graph of glx) = Jx - 4 is a horizontal

translation of fx) = JX 4 units to the right.

The domain for function fis {x | x = 0}, and the
domain for function gis {x | x = 4}. The range for
both functions is the same, {y| y = 0L

370 TOPIC9 Working With Functions

Topic Review

? TOPIC ESSENTIAL QUESTION

1. What are some operations on functions that you can use to create
models and solve problems?

» sguare root function
» cubic function
* cube root function

Practice & Problem Solving

How does each graph compare to the graph
of ix) = Jx7

6. glt) =4x -8
B. glx) =x + 2

5 gxl=Jx+4
7. glx)=J4x -5

Write an expression that represents each
function.

9. gix}, which is a translation 5 units dewn
of fix) = J%

10. hix), which is a translation 2 units left
of fix) =Jx

11. Choose Efficient Methods Use a graphing
calculator to graph flx) = —/x - 3.
Describe the domain and range of the
function.

12. Apply Math Models The maximum speed of a
sailboat is measured in knots and is estimated
using the equation s(¥) = 1.34J7 , where ¢ is
the length of the sailboat in feet. What is the
approximate speed of a sailboat that has a
length of 45 ft7



Cubic and Cube Root Functions

Quick Review
The cubic function is fx) = x7.

The x- and y-intercepts are both 0. The function
is increasing over its entire domain, which is all
real numbers.

The cube root function is fix) = ¥x.

The x- and y-intercepts are both 0 and, like the
cubic function the function is increasing over its
entire domain.

Example

Compare the key features of glx) = (x — 2)* with
fix) = 23,

Graph both functions.

The graph of g is a

horizantal translation

of the graph of £, 2 units

to the right. ]
The domain of fand g

is {x | x is a real number}.

The range of each

function is {y| yis a

real number).

The x-intercept of g is 2, and its y-intercept is —8.

Both functions are increasing for all real numbers.

Function f is positive over the interval

0 < ¥ < oo and negative over —oo < x < 0.
Function g is positive over the interval 2 < x < oo
and negative over the interval —ee < x < 2.

Practice and Problem Solving

Describe translations that transform the graph of
fix) = x? into the graph of the given function.

13. glx)=x* -5 14. plx) = (x - 10)°
15. hix) = (x + 83 16. mix) =10+ x>

Describe translations that transform the graph
of fix) = Ux into the graph of the given function.

18. hix)=¥x +4
20. plx) = ¥% — 2.5

17 gixt=4x+5
19. jix) =Y — 1

For each function, identify the intercepts and
describe the intervals over which the function is
positive and negative.

22. g(x) =(x-5)3
24 s(x)=3% +2

21. glx) =x3 -1
23 rx) =¥ —1

25. Represent and Connect A fish store needs
mare cube-shaped fish tanks for its display
shelves. Each fish requires 1 ft* of water, and
each tank costs 55 per ftY. Write a cube root
function that gives the side lengths of the
container x, in inches for a given cost C.
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Analyzing Functions

Quick Review Practice & Problem Solving

Different function types have characteristic filmtch ﬂ!e graph of each function and identify
key features such as domain, range, intercepts, its domain and range.

intervals where the function is increasing, 26. fix) =x2+6 27. glx) = —4(2)*

decreasing, positive or negative; end behavior and

asymptotes. These key features can be used to

help identify the function type given the graph of For each graph, identify the function type and

a function. determine the intervals over which the function
is increasing or decreasing.

28. j)) = -2(x— 52 +12 29, kix) = -2x + 12

Example 30. Ly

Given the graph, determine the function type. -

21! .

3. i
15 21t
L D -

The domain of function g is {x | x is a real number}, -4 -2 2 4
and its range is {y | y is a real number}, g T -]
The function is increasing over its entire domain 1a
and does not have an asymptote,
Function g has no maximum, glx) increases less —6
steeply as x — co, but still approaches infinity. L
It decreases |less steeply as ¥ — — oo, but still 32. ty
approaches negative infinity. 2
Function h is a cube root function. q

33. Use Patterns and Structure Without
sketching the graph, how can you identify
the end behavior of flx) = x* — 5x + §7

34. Apply Math Models The height of a ball
thrown from the top of a building is modeled
by h(t) = —16t2 + 48t + 80, where h(t) is
the height of the ball in feet after t seconds.
The height of anather ball hit by a bat on a
small hill is modeled by glt) =16t 2+ 96t + 20,
Give the maximum values and the axes of
symmetry for both functions.
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Operations With Functions

Quick Review

You can add, subtract, multiply, or divide
functions. When adding, subtracting, and
multiplying functions, the domain is the
intersection of the domains of the two functions.
When dividing functions, the domain is the

set of all real numbers for which both original
functions and the new function are defined.

Example
What is the product of the two functions

fix) = 2x + 1 and g(x) = Zx — 57 Determine the
domain and range of f « g.

Lise the Distributive Property when multiplying
polynomials.
fix) o glx) = (25 + 1){2x = 5)
= 2x(2x) + 2x(-5) + 1(2x) + 1(-5)
=dxZ - 10% +2x -5
(f e ghlx) = x> —8x - 5
The domain and range of the original functions
are all real numbers. The domain of f« g is
{x] x is a real numb-u:-_r}. You can find the average
of the zeros —1 and 2, to locate the vertex
of the parabola (1, —9), and determine the range
of the quadratic function. The range of f« g is
i¥lyz=-9%

Practice & Problem Solving

Find f + g.

35. flx) = 3% + 5x 36. flx) =3 —Sx+ 1
glx)=2x-8 glx)=x? - 8x -3

Find f« g.

37. f{x) = 5x% + 2x 3B fx)=x?+ 2% -5
gle) = 3x -1 glx)=x—4

Identify the rule and the domain for ;

39, fix) = x* a0, flx)=x + 1
glx) = x2 4 1 gix)=2x =5

41 fiy=x? +5x— 14 42 flx)=x-13

glx)=x+7 glx)=x? +3x - 18

43. Analyze and Persevere Write two functions
that, when combined by multiplying, have
a differant range than at least one of the
functions.

44. Apply Math Models A clothing company
has determined that the revenue function
for selling x thousands of hats is
Rlx) = —5x* + 23x. The cost function for
producing those hats is Clx) = 2x + 9. Write
a combined function that represents the
profit for selling x thousands of hats, and
determine the clothing company's profit
from selling 3,000 hats.
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0 Topic Overview

enVision® STEM Project:
Take an Energy Survey

10-1 Representing Mumerical Data
DP1.1,DP1.2, DP1.4, MTR.Z1, MTR.3.1, MTR.5.1

10-2 Representing Categorical Data
DF.1.1, DR 1.2, MTR.2.1, MTR.4.1, MTR.7.1

10-3 Representing Bivariate Data
DP:1.1, DR1.2, DR.1, MTR.2.1, MTR.2.1. MTR.4.1

10-4 Analyzing Lines of Fit
DP:1.3, DP2.4, DPL5, DP.LG, MTR.1.1, MTR.5.1, MTR.6.1

10-5 Analyzing Two-Way Frequency Tables
OP1.3, BP3A, OP3.2, DPI3, MTR.21, MTRA1, MTRS.1
Mathematical Modeling in 3 Acts:

Text Message
DR1.1, DR1.2, MTR.7.1

- ) : 3
[ e G = = e
e——r—
=1
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E Go online | SavvasRealize.com
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‘? TOPIC ESSENTIAL QUESTION

Digital Experience

@0 006

Analyzing Data

How do you use statistics to model situations and
solve problems?

Topic Vocabulary

= bivariate categorical
data

causation

conditional relative
frequency

extrapolation

interpolation

joint frequency

joint relative frequency
* |ine of best Tit

* |inear regression

* marginal frequency

+ marginal relative
frequency

* negative correlation
* positive correlation
* residual

INTERACTIVE STUDENT EDITION
Access online or offline.

FAMILY ENGAGEMENT
Invalve family in your learning.

ACTIVITIES Complete Explore & Reason,
Model & Discuss, and Critigue & Explain
activities. Interact with Examples and Try Its.

ANIMATION View and interact with
real-world applications.

PRACTICE Practice what
you've [2arned.



Q Text Message

Text messages used to be just that: text only. Now you can send multimedia
messages (or MMS) with emajis, images, audio, and videos. Did you know
Finland was the first country to offer text messaging to phone customers?

Some people send and receive so many texts that they use textspeak to
make typing faster. RU 1 of them? You will see one person keep track of
his text messages in this Modeling Mathematics in 3 Acts lesson.

006 0

VIDEOS Watch clips to support
Mathematical Modeling in 3 Acts Lessons
and enVision™ STEM Projects.

ADAPTIVE PRACTICE Practice that is
just right and just for you.

GLOSSARY Read and listen to
English and Spanish definitions.

CONCEPT SUMMARY Review
key lesson content through
multiple representations.

QiR

o]

EQ0E0O

ASSESSMENT Show what
you've learned.

TUTORIALS Get help from
Virtwal Merd, right when you need it.

MATH TOOLS Explore math
with digital tools and manipulatives.

DESMOS Use Anytime and as embedded
Interactives in Lesson content.

QR CODES 5can with your mobile device
for Virtwal Nerd Video Tutorials and Math
Modeling Lessons.
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TOPIC 10 PROJECT énVISion ‘”

Did You Know?
The average energy consumption
in LS. households is many times
greater than countries in the rest

L e United Stat

=M

— Canada 251

e =

sjsjsjs

slelsyy

About 80% of American homes
have a clothes dryer, which

uses around 12% of the home's
electricity ¢ about 300 loads
of laundry In the United 5tates
natural gas, an
provided most of the

for more than 100 years

Im 2013, winds generated almast 3%
of the world's electricity. World-wide,
wind-generated power grows at a rate

of about 17% per year. ‘

Ly L ¥

© Your Task: Take an Energy Survey

You and your classmates will develop a survey, and then gather and

analyze data looking for ways to reduce energy consumption.

petroleum,

Sweden 47

About 8 6 D'E:I

of the world's

energy is

Total Annual Energy Consumption for Select Countries
{in million tons of ail equivalent)

—China 3,101

Japan 435

-



10-1

¥ ) MODEL & DISCUSS

A new shoe store is opening, and aims to target their products at teenagers.

Representin
P g Survey your class to help determine the appropriate sizes of shoes to stock.

Numerical Data
A. Explain why you chose to organize the data the way that you did.

B. How do you think the store could use these data?

C. Choose Efficient Methods How would you display these data in a
presentation?

What information about data sets can you get
? SR SRR from different data displays?
o Represent and Interpret Data in a Line Plot

Manuel plans to buy a new car with the gas

| CAN... select appropriate
representations for numerical
data.

VOCABULARY

+ margin of error

e MAST2.DP1.1-Given & sel of
= data, select an aporopriate method

to represent the data, depending
an whether it is numencal ar
categorical data and an whether
itis univariate or bivariate

Alzo DP1.2, DR .4

MAKT2ZMIE 21, MTR.3.1,
MITR 5.1

APPLICATION
e ———p

REPRESENT AND COMNMNECT
Why is a line plot a good way to
show individual values? What
kind of data do other types of
displays show?

mileage shown. To determine if the gas mileage of
this car is good, he gathers data on the estimated
city driving fuel efficiency, in miles per gallen, of
several other cars. How does the fuel efficiency

of the car he wants to buy compare to the fuel
efficiency of the other cars he researched?

25 |45 | 26 |35 |31 |26 |30 (2B
29 |26 |28 |26 |27 |27 |28 |28

Maruel wants to compare individual values, so a line plot is a good way to
show that information.

Create a line plot of the data by first drawing a number line that represents
the range of the data. Plot each value from the table as a dot or mark above
the number line.

The data paint at 45 is an outlier because it
lies outside of most other datain the set.

Thete data are a clusfer because
they are positioned close together,

L] L ]
L L]
L
L N NN NN - e

20021 2223 14 15 26 27 28 20 30 31 37 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50
City Fuel Efficiency (mpg)

Use the line plot to interpret the data.

The line plot shows that most of the values are clustered between 25 and 28,

The car Manuel plans to buy has about the same city fuel efficiency as
comparable cars.

@ Try It! 1. A stem and leaf plot also displays individual data values. Why

might a line plot better for displaying Manuel's data than a
stem and leaf plot?
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o | AAUIGA S Represent and Interpret Data in a Histogram

A marketing team is about to launch a campaign for a new product that is
targeted at adults aged 25-34 years. The team is researching the age range
of viewers of a certain TV show to decide whether to advertise during

the show. The data show the ages of a random sample of 30 viewers of
the show. Based on the findings, should the marketing team launch their
campaign during this particular show?

14 | 1 12 17 | 24 | 20
26 | 15 | 20 | 22 | 14 | 24
26 | 15 | 17 | 21 | 32 | 30
. 16 | 3 25 25 19 [ 16
2 37 |17 |20 [ 15 | 16

Histograms are often used to represent data over ranges of numbers.

To create a histogram, first decide on an appropriate interval for the
data. Intervals of width 5 that include 25-29 and 30-34 will capture the
targeted adults.

10 These two bars represent
8 viewers aged 25 to 34 years.
@
g 6
g
a
=
2
COMMORMN ERROR
Be careful not to misinterpret the o 0-4 5-9 10-14 15-19 20-24 25-29 30-34 35-39 40-44 45-49
intervals. Each interval represents Age
5 possible values. Since the
intervals start at 0, they are 0-4, Use the histogram to interpret the data.

=8, 10-14, and g0 00, The histogram reveals among other things, that fewer than 25% of the

viewers are between the ages of 25 and 34,

Based on this information, the marketing team should not launch their
campaign during this particular show.

9 Try It! 2.a. What age group would be a good match for products
advertised on this TV show? Explain.

b. What additional information can be revealed by the
histogram?

c. What is one possible drawback to presenting data using
a histogram?
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o [N IJAEY Represent and Interpret Data in a Box Plot

Students at a local high school organized a fundraiser for charity. Kaitlyn,
the student council president, announces that more than half of the
students raised over $50 each. The amounts of money raised by a random
sample of 24 students is shown. Do the data support Kaitlyn's claim?

§50 | $42 | §25 | §3B | §45 | 554 %68 | %32
$26 | $54 | 350 | 345 | 542 | 348 | 9§50 | 835
§45 | $36 | §55 @ §27 | $31 | §32 | %40 | §54

VOCABULARY _ o o _
Recall that the first quartile is the Kaitlyn's claim is about the distribution of values, so a box plot will reveal
middle number in the distribution the information needed.

between the minimum value and
the median. The third guartile

is the middle number in the
distribution between the median
and the maximum value. Median: 43

List the data from least to greatest to identify the mimimum, maximum,
median, and the first and third quartiles. Create a box plot of the data.

Qy: 32 Q5 52
Maximum: 63

Minimum: 25 .—| Jl -
B T S T T S ST,
10 0 i} 40 50 60 70

Funds Raised (dollars)

Use the box plot to interpret the data. The box plot shows that, based on the
sample, the median amount of money collected was $45. Since half of this
population collected 545 or less, the data do not support Kaitlyn®s claim.

@ Try It! 3.a. Suppose Kaitlyn wants to make the statement that 25% of
the students raised over a certain amount, What is that
amount? Explain.

b. Suppose Kaitlyn made a histogram of the fundraising data.
Is it easier or harder to use this display to support her claim?
Explain.
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CONCEPTUAL

UNDERSTANDING  (DJET3L3ELY Choose a Data Display

CHOOSE EFFICIENT METHODS
What would be a good display
choice if Helena wanted to
compare her team”s soore with
the median?

Helena's dance team scores 68 points at a competition. The scores for all of
the teams that competed are shown.

66 89 | &1 75
9 | 79 | B2 | 68
80 82 | 65 | 80
B | 66 (81 | 83

A. Helena wants to know in what place her team finished. Should Helena
use a line plet, histogram, or box plot to display the data?

Compare the features of the three types of displays that could be used
for this numerical data.

* A line plot has dots or marks for each value in the data. It shows
clusters of data and outliers.

* A histogram groups values in a data set into ranges or intervals.
Individual values are not displayed but trends are observable.

* A box plot shows center and spread of a data set. A box plot does
not show individual data but summarizes the data using 5 key pieces
of infarmation.

Helena is interested in displaying individual scores, & line plot will
display the data in a way that is most helpful to Helena.

B. What place did Helena's team finish in the competition?
Create and analyze a line plot of the data.

65 66 67 63 69 TO 71 72 73 74 75 76 77 73 79 BO B1 B2 83 84 85 86 837 B8 89 20
Dance Competition Scores

A line plat reveals that Helena's team score was low compared to the
aother teams. Only three teams scored lower, so Helena's team placed
13th out of 16.

@ Try It! 4.Which data display should Helena use if she wants to know
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what percent of the teams scored higher than her team?
Explain.



o IO IJAERY Estimate Population Data

Jamal is considering offering rides home for
hire to college students on weekends and
holidays. He would like to keep roundtrips
from the college to fewer than 200 miles, your home, in miles?
50 he surveys a random sample of students 5, 50, 65, 200, 120, 2, 180,
at nearby local colleges. 800,100, 90, 60, 20,10, 110,
A. What is the estimated mean number 75,30,15,45,15,25
of miles from home for local
college students?

lamal's Survey Data

How far is the college from

You can use the mean of the sample
data to estimate the mean for the
entire population.

VOCABULARY 2017 )
Recall that sample mean is mean sample mean = == = 100.85 miles
S B. Jamal surveys 100 additional local college students and combines the

data with the original survey results. The sample mean of the combined
data is 85.2 miles with a margin of error of £25. What does this tell
lamal about how far, on average, students are from home?

The margin of error is the maximum expected difference between the
sample mean and the population mean. You can use the margin of error
to estimate the actual population mean.

Sample Mean

It is reasonable to expect 85.2 It is reasonable to expect
a population mean value \ a population mean value

as low as 60.2. as high as 110.2.
85.2-25 852+ 25

This tells Jamal that, on average, the local college student population lives
between 60.2 and 110.2 miles from college.

C. According to school data, the combined sample represents 5% of the
students enrolled at the local colleges. What is the estimated number of
local college students?

Let x = the estimated number of |ocal college students.
0.05x = 120
x = 2400

D. Based on the survey results, would you recommend that Jamal offers a
ride service to local college students? Explain.

120 is 5% of the number of local college students.

Yes, there are 2400 students who, on average, live about 100 miles or
less from college. This meets lamal's criteria and offers a large number of
patential customers,

@ Try It! 5. Based on asurvey of 150 of the 1,659 households in Wachula,
Florida, a marketing firm determined that the average number
of cell phones in a househaold is 2.27 with a margin of error
of £0.3. What is a reasonable estimate of the number of cell
phones owned by residents in Wachula, Florida?
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e CONCEPT SUMMARY Univariate Numerical Data Displays

Line Plots Histograms Box Plots
T Line plots display each data Histograms do not show Box plots show the center
value from a set of data. individual values, but show {rmedian) and spread of a

.
GRAPHS 5 ek

They show clusters, gaps, and  clearly the shape of the data.

outliers in a data set. The data are organized into the fallowing information
intervals. The bars show the
frequency, or number of times,
that the data within that
interval occur.

L L N N B
8 9 10 11 12 13 14 15

LS T T T -]

Frequency

-

© Do You UNDERSTAND?

1.

What

information about data sets can you get
from different data displays?

. Communicate and Justify How is a line plot

different from a box plot? How are they
similar?

. Choose Efficient Methods If you want to

see data values grouped in intervals, which
data display should vou choose? Explain.

. Error Analysis Taylor says you can

determing the mean of a data set from its
hox plot, 1s Taylor correct? Explain your
reasoning.

. Use Patterns and Structure Can you

determine the minimum and maximum
values of a data set simply by looking at its
line plot? Histogram? Box plot? Explain.

382 TOPIC 10 Analyzing Data

&-7 89
Posts per Day

distribution. Box plots provide

about a data set: minimum,
maximum, and median values,
and the first and third quartile.

40 S50 &0 FO  BO 9O

1011 12143

Do You KNOW HOW?

Use the data set shown for Exercises 6-11.

5 B 15 4.
9 101 [12]8]
13[7 1|8 w0]

6. Make a line plot for the data. What

information does the display reveal about
the data set?

7. Make a histogram for the data. What
information does the display reveal about
the data set?

B. Make a box plot for the data. What
information does the display reveal about
the data set?

Identify the most appropriate data display
to answer each gquestion about the data set.
Justify your response.

9. What is the median of the data set?
10. How many data values are greater than 77

11. How many values fall in the interval
10 to 127



© PRACTICE & PROBLEM SOLVING

UNDERSTAND

12. Use Patterns and Structure A data setis
represented by the box plot shown. Between
which twe values would the middle 50% of the
data be found? Explain.

-ttt
0 5 10 15 20

— ||—

13. Generalize Write a scenario for which a line
plot would be the best display for a data set,
Explain your thinking.

14. Error Analysis Describe and correct the errors
a student made in analyzing the histogram
shown,

Frequency
[T R N I -

1-2 3-4 5-6 7-8 910 11-12%

The median of the data setis 6

X

15. Higher Order Thinking The box plot represents
a data set with 12 values. The minimurmn, first
quartile, median, third quartile, and maximum
values are 6, 8, 10, 12, and 14, respectively.

3 10 15

— T F—

a. ls it possible to create a line plot for the data
set using just the box plot and the values
given? Explain.

b. Is it possible to create a histogram using just
the box plot and the values given? Explain.

For each data set, create the data display that best
reveals the answer to the guestion. Explain your
reasoning. SEE EXAMPLES 1-4

16. What is the median value of the data set?

0 7 8 x 2 20w
49 | 46 50 | 42 48 43 34 45

17. What is the frequency of the data value 837
85 81 83 | 84 83 | 80
8 8 76 | B3 82 a3
82 |82 84 39 | 85 | 8

18. How many data values are between 7 and 97

96 | 55 | 84 | 91 | &7
72 |11.5| 92 |52 [ 76
111 | 61 | 72 |148 | 125 .
84 105 102 | 84 | 135 |

Choose whether a line plot, histogram, or box plot
is the most appropriate data display to answer
each question about a data set. Explain,

SEE EXAMPLE 4

19. How many data values are greater than any
given value in the data set?

20. What are the frequencies for each interval of
5 paints?

Consider the data set represented by the line plot.
Create a different data display that better reveals
the answer to each question. SEE EXAMPLES 1-4

L
10 11 12 13

L]
L L LI

L L

5 6 7T B 9

21. How many data values are in the interval
between 8 and 10 inclusive?

22. What is the first quartile of the data set?

23. Based the on a survey of 120 of the 1,352
househelds in a local town, a marketing
firm determined that the average number
of computers in a household is 2.42 with a
margin of error of +0.4, What is a reasonable
estimate of the number of computers owned
by residents in the town? SEE EXAMPLE 5
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@ PRACTICE & PROBLEM SOLVING

24,

25.

26.

Apply Math Models Isabel knits scarves and
sells them online. The table shows the prices
of the scarves she sold last month. At what
prices were the middle 50% of the scarves
sold? Create a data display that will reveal the
answer,

Prices of Scarves (%)

35 | 32 | 60 | B0 | 36
90 | 45 | 6 | 96 | 92
100 120 | 60 | 38 75
36 | 36 | 100 100 100
95 | 58 | 100 85 | 40

Analyze and Persevere Lucy usually pays
between 50.40 and 50.60 per ounce for her
favorite shampoo. She gathers prices of the
same shampoo at different stores near her
home, Prices are shown in dollars in the table.
Create a data display that allows Lucy to easily
compare the price she is paying to the other
prices. How does the price she is currently
paying compare?

By B
P a4

0.55 0.95 0.289 0.65 0.39
0.99 0.42 1.10 0.99 0.75
065 099 0.34 0.85 0.99
0.95 0.75 0.95 0.50 0.75

Represent and Connect Aaron scores 82 points
at his karate tournament. He wants to compare
his score to the others in the competition

to see how many competitors scored higher
than he did. The table shows all scores for

the competition. What type of data display

is appropriate to answer his question?

Create the data display and analyze Aaron's
perfarmance.

Karate Scores

/8 | 66 | H2 | B6 | 7 | 7O
74 | 86 | 30 | 80 | 89 | 8O
82 6B (100 B4 B4 42
8o | B2 | BO | 4 | T8 | &2
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(%) ASSESSMENT PRACTICE

27.

28.

29.

Kwame recorded all of his math test scores
and made a box plot of his data. Select all the
features of the data set that his box plot shows.

®oria

O A. Median of the data set

O B. Individual values in the data set
O C. Qutliers

O D. Minimum of the data set

O E. Maximum of the data set

SAT/ACT From which display(s) can the median
of a data set be determined?

@& Line plot only

® Box plot only

© Line plot and box plot

D Histogram and box plot

E Line plot, histogram, and box plot

Performance Task A group of students use a
stopwatch to record times for a 100-yard dash.
Tell whether each student should choose a

line plat, a histogram, or a box plot to display
the data. Explain your reasoning. Then create
the display.

Part A Meil wants a data display that clearly
shows the shape of the data distribution.

Part B Yuki wants a display that shows the
spread of data above and below the median.

Part C Thato wants a display that groups the
data by intervals.

Part D Edwin wants a display that he could use
to find the mean of the data set.



*h'_,:l MODEL & DISCUSS

10-2

r MARKET RESEARCHERS WANTED!

Representing
Categorical Data A dothing company is designing a new line of shirts. Look around your
classroom and collect data about the color of top worn by each student. If a
student’s top has multiple colors, choose the most prevalent one,

A. Explain why you chose to organize the data the way that you did.
| CAN... identify and

represent categorical data. B. How do you think the company could use these data?

C. Represent and Connect How would you display these data?

0 ESSENTIAL QUESTION How do you determme the best method to
. represent categorical data?
e WA, 512.0R 1, 1-Given a set of

data, seledt an appropriate method ]
I represst the data, depending o IO IJAB S Represent Categorical Data
an whether it & nusmesical ar

SEuCE s ek wn W e Wenetta's class voted to determine who should be on the leadership

& is uniwariate or bivanate

VOCABULARY
+ relative frequency table

Also DP1.2 committee. Each student voted for one candidate and the top 3 students
MA KN ZMTR2.1, MTR.A.1, would make up the committee. The votes are shown below.
MTR.7.1

Would a frequency table or fisha Madeem | Alberto | Aisha Alberto

a line plot be more helpful : :
in representing who gets Kimberly | Alberto | Aisha Alberto  Tavon

on the committee? Explain. Mberty | Aigha Kimberly = Venerta  Aitha
Tavon Teo Alberto | Aisha Kimberhy
Aisha Yuson Madeem  Kimbedy Aisha
VOCABULARY
Recall that categorical data refers )
o ehats which can e dvaded inin Because the data can be placed into
groups. categories (student) and there is one variable Name Votes
{number of votes), it is ur'rr'1:-ranlate Icategﬂn'caﬂ Aitha T
data. Ve:f;ﬁtt:' c?uld use either display to Alhain -y
represent the cata. Kimberly i
Madeem I
Thee frequency table is useful in organizing Tavon 1]
the data and helping to build ather Teo |
displays. However, it may show more
details than are needed for the situation. Venetta I
Yuson I
L ]
L ] [ ]
L ] L ] L ]
L ] ] L ]
. . - s The needed information is which
& & - " three got the most votes. The
. & & & Other” column shows that
a a . s each vote was counted but

Aigha  Alberto Kimberly Other simphifies the display.

The line plot is an appropriate way to show that Aisha, Alberto,
and Kimberly received the votes to become members of the
leadership committee.
CONTIMUED OM THE NEXT PAGE
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COMMON ERROR

Make sure that you do not count
overlapping categories more than
once; otherwise the total will be
maore 100%.

EXAMPLE 1 CONTINUED

@ Try It! 1. How is the line plot of the categorical data in Example 1 similar
to a line plot of numerical data? How is it different?

SR 4N GRS Choose a Data Display

Ms. Lyons class completes the Vienn diagram shown below to record
the type of pets they have at home.

Which display would be better suited to highlight the portion of students
who have a cat for a pet, a bar graph or a circle graph? Explain.

Survey: What type of pets do you have?

Cats Dogs Other

- L]
L]

The categories are the fype of pets and there is one measure (number of
students), so the data is univariate categorical data.

Ms. Lyons could use either type of graph to represent univariate
categorical data. However, the circle graph displays the data set as a
whole so it is easier to see the portion or percentage of each category.

Types of Pet

I Cats Only B Other
B Cas&Dogs [ MNone
W Dogs Qnly

You can interpret the circle graph to see that 33% of the students have a cat
for a pet.

6 Try It! 2.Ms. Lyons wants to create a display that will highlight how
many more students have only dogs as compared with students
whao have only cats. Which display would be more appropriate,
a bar graph or a circle graph? Explain.
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CONCEPTUAL . ) .
JUNDERSTANDING o | N IR Ey Extrapolate Using Relative Frequencies

Mariana has the Florida population data Florida Residents

by area from 2004, shown at the right. Geographic | 2004 Population
In 2019 the total population of Florida Area {millions)

was 21.48 million. She wants to make

Gulf Coast 539
a display that will help her extrapolate
these regional values for 2019. inland 4.00
Atlantic Coast 714599

A. Would a bar graph or a relative
frequency table be more helpful to
Mariana in making predictions? Explain.

The population data by area is univariate categorical data, so either
display could represent the data. but they have different strengths.

10 FhtSnS—— A bar graph makes it easy to identify

the maximum and minimum values.

i Howeever, it shows the counts only.

Gulf Inland  Atlantic
Coast Coast

Milligns of
Rasidents
& M B &

To construct a relative freguency table, find the total of the data, then
divide the data in each category by the total to find percent.

REP“ESE'.HT AND CONNECT Geographic 2004 Population Relative
Why does it make sense that the i (milliovs) [——
total of the relative frequencies - - — The relative

is 17 Gulf Coast 539 % =031 frequency table
: shows the relationship
Inland 400 g~ 023 between the count of
- ' each category and the
7.99
Atlantic Coast 785 Ko 0.46 total.
Total 1738 1.00

The relative frequency table provides a profile of the distribution of data
across the categories that can be extrapolated. It is a more appropriate
display for Mariana's task.

B. What is a good estimate for how many people reside in inland
Florida in 20197

Assume the distribution of population is fairly stable over the years. Use
the relative frequency from the modified bar chart to find an estimate
for the number of inland residents in 2019,

There were likely about 4,94 million inland residents in Florida in 2019,

@ Try It! 3. How would a bar graph constructed using relative frequencies
be similar to the bar graph in Example 37 How would it differ?
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EYRA N IGAER  Interpret Data Displays

A group of animators had 36 award-winning films over a five-year period.
The graph shows the distribution of the main types of animation in the
awanrd-winning films.

Award-Winning Animations
5.6%

B 3D Computer Animation B stop Motion
B Traditional or Hand Drawn B motion Graphics
B 20 Vector-based

A. What type of data is represented?

The categories are the types of animation. The counts are numbers
of awards won in each format. The display represents univariate

categorical data.
REPRESENT AMD CONNECT

How can a circle graph help you " .
see proportional relationships B. What type of animated film won about half of all of the awards?

among the data? This circle graph does not show the counts directly, Howewver because
of the structure of the graph you can interpret the data display and see
that the 2D Vector-based section accounts for more than half of the
circle, meaning it accounts for about half of all the awards,

C. Which type of animated film won roughly as many awards as three
other types combined?

The Traditional or Hand Drawn animation films account for roughly one
quarter of the circle, which is about the same portion of awards as the
remaining three categories.

e Try It! 4. How could you determine the actual counts in the data set?
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@ CONCEPT SUMMARY Categorical Data

Categorical data is data organized by categories.

LINE PLOTS

Line plots provide a simple visual
display that makes it easy to identify
the category with greatest number
of data points. Unlike line plots the
categories can be placed in any order
and categories can be combined.

Bicycle  Bus Car Other

Circle graphs can make is easier to
compare the frequency of data within

: i each category with total data set.
Bus

W Car
W Cther

CIRCLE GRAPHS

BAR GRAPHS 04

0.3
0.z
01

You can use bar graphs to display
frequencies or relative frequencies.
Relative frequencies can be used to
make predictions about similar data sets.

Proportion
of Students

o
Bicycle Bus  Car  Other
Method of Transportation

to School
© Do You Understand? Do You KNOW HOW?
1. How can you Which type(s) of display (frequency table,
display categorical data? line plot, cirde graph, or bar graph) would be

appropriate to highlight the following? Explain.
2. Vocabulary How is categorical different

A 4, the minimum value in a data set

5. the percent of the total data set thata

Analysi
3. Error Analysis Terry records the number of certain category represents

siblings his classmates have, He says the data
are numerical because he recorded numbers. 6. the most popular category in a data set

Explain his error.
7. relative frequencies used to make

Siblings predictions about similar data sets
Naone: 6
One: 12 |

Twio: 15
>Two: 8
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

B. Represent and Connect A data set is
represented by the circle graph shown.

a. What does the size of each section tell you
about that portion of the data?

b. What would be a better data display for
comparing Categories A and B?

8. Generalize Write a scenario for which a line
plot could be used to represent a data set, but a
histogram could not. Explain your thinking.

10. Error Analysis Using the bar graph, a student
says that dogs and birds are their favorite pets.
Describe and correct the errors she made in
analyzing the data shown.

Types of Pets

1.1,

Mammals Fish  Reptiles Birds

=TI ]

11. Higher Order Thinking Think about the
similarities and differences between these
similar-looking data displays. Is it possible to
create a categorical line plot from a numerical
line plot? Explain.

12. Communicate and Justify Given categorical
univariarate data displayed in a circle graph is

it possible to determine the following? Explain.

a. Mean
b. Mode
¢. Total

d. Range

390 TOPIC 10 Analyzing Data

For situation, determine which representation is
more appropriate to represent the data. Explain
your answer. Tell whether the data is categorical or
numerical. SEE EXAMPLES 1 AND 2

13. An advertising agency surveys a group of 50
people to determine which of 8 new car colors
they prefer: histogram or bar graph

14, Alyssa surveys her freshman Math class to
determine their favorite TV show. She wants to
predict how many students in all 8 Math classes
like the same show: line plot or frequency table

15. Tiana records the weather in her town each day
for a month. She describes it as sunny, cloudy,
rainy, or mixed. Tiana wants to show that there
are about twice as many sunny days as rainy
days: circle graph or line plot

Students in one freshman science class made a
graph showing the results of a survey where they
were asked to state their favorite fruit, Use the
display to answer the following questions.

SEE EXAMPLES 1, 2, 3, AND 4

Favorite Fruit

= . L L - e ]

Breadfruit Jackfruit Mangoe Orange Papaya Other

b
L=1]

. What type of data is represented in the
display? Explain.

17. How many students preferred either papayas or
breadfruit?

18. Does the display show all of the students’
favorite fruits? Explain.

19. There are a total of 72 students in all of the
Freshman science classes. If their preferences
are consistent with those in the class shown
above roughly how many students will say that
mango is their favorite?



(©) PRACTICE & PROBLEM SOLVING

APPLY (@) ASSESSMENT PRACTICE

20. Apply Math Models Francisco is working with 22. Univariate categorical data represents o
a local community group to form a steelpan variable(s). @ or1.2
band. He makes a list of the musicians they i
wintild lilkkato Fave in thia Band. 23. SAT/ACT Which display would not be

appropriate to use to represent categorical

univariate data?
Musicians Wanted |

& box plot
Steelpan Players IR
Double Second: 3 & bar chart
Double Tenaor: 3
Tenor 6 e © frequency table
Guitar: 2 @ line plot
Triphe Cello: 2
Tenor Bass: 2 24, Performance Task Xavier traveled to the coast
Sin Bass: 2 with some friends and went birdwatching for
Others an hour. He recorded the number and types of
Drum Set 1 birds he saw.

Engine Room (percussion): 2

Count
Great Blue Heron 13
a. Which display could Francisco use to Ihis g
highlight the greatest need in the band, a 5 E 5
line plot or a circle graph? Explain. b
] ] Oystercatchier 3
b. Francisco wants to represent the instrument :
Pelican 24

players he needs in a display. He decides to
focus on pan players, so what categories Wilet 16
might he aggregate or combine?

, . . o
€. The frontline section is closest to the ESE. A NG S 0T DI AR MR S

audience. They are comprised of the tenor, Explain.
double tenor and double second pans. Make Part B What type of display would best
a display that shows the distribution of the highlight the percentage of birds that Xavier
frontline players based on the instruments spotted that were snowy egrets? Explain your
they play. answer and construct the display.
21. Apply Math Maodels Samantha tracks the Part C Xavier's friend spotted 120 birds nearby.
weather in her town for one month and makes If the distribution of species is similar, how
the following relative freguency bar graph. If many of the birds might be great blue herons?

the weather patterns stay the same, roughly
how many days would 5amantha expect to see
at least some sun over the next two months?

Explain.
Weather for a Month
0.4
¥ E‘ 0.3
= 2 0.2
]
=g py
0.0 -
Sunny  Cloudy  Partly  Rainy
Sunmy
Type of Weather
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4 ) MODEL & DISCUSS
. In Miami-Dade County, the percent of
Representing Hispanic households has changed over time,
1960 53

10-3

Bivariate Data sourced from the U.S Census.
A. Can the data be displayed on a number 1970 136
line? Why or why not? 1980 357
| CAN... identify, represent, B. Does the table show numerical or 1990 497
and interpret bivariate data, categorical data? 2000 57.3
VOCABULARY C. Represent and Connect How would Mo 64
you represent the data? 2020 n

= bivariate categorical data

114.912.DP.1. 2-Iterpret data What representations may be used to
e deiniuticons represented in varous ‘) ESSEHTIAL QUE STIDN . i p.r > 4 y =
ways. SLale whether the data is . dlspla]r bivariate data?

numenical ar categonical, whethes

it is unisariate or hivariabe and . s .
ey lrp———— o AN ISR W |dentify Bivariate Data

ard quantities in the disalay.

Alsa DP1.1, DR.3.1 Enrollment at the Horizons —ram a
MAKIZMTR.2.1, MTR.3.1 Vocational School has
L changed over the last eight

years. How can you describe

CONCEPTUAL and display the data?

UNDERSTANDING

i The coordinates of each
data point are numbers,
but the points themsalves
cannot be placed along a
single number line. The
data is formed of two sets
of numerical data, so

it is called bivariate by T
' ear udents -
LEARN TOGETHER - numerical data. E 120
e Bivariate numerical . - 3 T+
and work toward goals? & 110
g data can be displayed 2015 a :-; [ ]
on a coordinate plane, 2016 2 3 wl e
which is formed by 2017 0 E .o
two perpendicular 2 %0 #
. 2018 106
number limes. Each n"‘} X
data point has two 2013 13 0o 4 &
cqgrdinatesr like an 20N 112 Years since 2014
ordered pair, which 20 126

correspond to the two
numerical values.

Mot every scatterplot will represent a function, but it is important
that there is a relationship between the two axis of the graph.

@ Try It! 1. List three scenarios that could be graphed on a coordinate
plane. What similarities and differences exist about the data
in your scenarios?

392 TOPIC 10 Analyzing Data



CHOOSE EFFICIENT
METHODS

The data is recorded in military
time which uses a 24 hour clock.
How could this be helpful?

OEZTEY understand a Line Graph

The data shows the temperature in Fahrenheit at 5t. Petersburg measured
every 3 hours on a December day, using military time. What is a good way
to display this data? Why add the line connecting the points?

00:00 | 03200 06:00 | 0900 | 12:00 | 15:00 18:00 21:00
64 63 61 63 6B n 69 66

The data is bivariate numerical data, so it should be displayed on a

coordinate plane. The data points are discrete values, but they represent
temperatures along a continuous time period.

It can be useful to visualize how the temperatures change between each
measured point. Use a line graph to visualize the change in data.

1y
. Eﬂ‘w
CH
E-: " There are no paints that
2 a9 share an x-coordinate,
= so the graph represents
o :
0 & 12 12 a function.

Time

So the line graph is used when the domain of the data is continuous and to
help visualize the changes in data.

@ Try It! 2. Alocal park has a children's play area, a baseball field, and a

dog park. The park is open from sunrise to sunset.

a. Copy and complete the table with possible numbers for

people in the park at the various times of day for a Saturday
in April.

b. Create a line graph for your data. Be sure to be able to
explain any spikes or dips in attendance, Does your graph
represent a function?

0000 | 0300  OROD  09:00 1200 1500 1800 2100
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o N IA:EEY Create a Two-Way Frequency Table

The demographics of family members attending
a high school graduation ceremony are recorded
in a list. What is another way to organize
and display the data? What are the
advantages of changing the display?

The categories can be measured across two
different statistical variables: gender and

age. This is bivariate categorical data. It can Men
be displayed in a two-way table. Women
COMMON ERROR e
v L Girls
When organizing bivariate For bivariate categorical data, instead o~

categorical data into a two-way
table, be sure that your categories
do not overlap.

of displaying the data points on a doys
coordinate plane, you can show counts of

the data in each category along the two

dimensions of a table.

the data this way, you can easily s

see information on each variable Adult 165 4 89
individually, as well as on the variables = Child 123 148 m
paired together. Total 288 n 660

There are 389 adults and 271 children
288 in attendance are male and 372 are female.

@ Try It! 3. Another local park has 4 soccer fields and 4 baseball fields, All
the fields are busy on a Saturday morning. Each soccer team
has 11 players and each baseball team has 9 players. There are
100 people at the park for baseball and 115 for soccer. Copy and
complete the two-way table to show how many individuals will
be playing and how many will be watching the games.

BN
Playing
Watching
Total 115 100 i |
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CHOOSE EFFICIENT
METHODS

Could you represent the data
using one or mare circle graphs?

b" [AANLIJA NSy Create a Segmented Bar Chart

An alliance of 5 countries have agreed to fund 3 projects to reduce
greenhouse gas emissions. The two-way frequency table shows the
percentages of support contributed to the projects by each country,
What is another way to represent the data?

Project 1 | Project 2 | Project 3 | Total

Norway 10% 10% 60% 80%
Finland 0% 30% 30% 90%
Denmark 20% 30% . 50%
leeland 0% 15% . 5%
Sweden 10% 15% 10% 5%
Total 100% 100% 100% 300%

A drawback to using a frequency table for this data is that the final “Total”
column does not make sense. Each project is funded at 100%, but the

3 projects together are not funded at 300%—that would mean that the
projects were overfunded, and they are not. Also, the cost of each project is
likely not the same, so the horizontal totals are sums of unlike values.

Another way to display the data is a segmented bar chart. This chart works
well with percentages or with divisions that represent part of a whole. It is
easy to see that each project is fully funded and the height of the bars by
country correlates to the portion of their commitment,

Reduce Greenhouse Gas,
Project Funding

W Norway
B Finland
B Denmark
W Iceland
B Sweden

Project1  Project2  Project 3

The segmented bar chart is a good choice when comparing parts that
combine together to make a whaole.

9 Try It! 4. Two inner city parks are being renovated, The city is funding
50% of the cost for each park. For Park A, a service club is
funding the rest and for Park B, local businesses are funding
20% and a family philanthropic trust is funding the rest.
Create a segmented bar chart to represent this information.
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) CONCEPT SUMMARY Representing Bivariate Data

Bivariate Numerical Data

Displayed on a coordinate grid
as a scatterplot or line grid.

Use data display to identify
associations between two
variables.

Bivariate Categorical Data

Displayed in a two-way

frequency table o
) . ] Child
Use data display to identify Total
associations between sets of
categories
100%

B0
B
40
20

I

@ Do You UNDERSTAND?

) EssenTiaL QUESTION JUORY
representations may be used to display
bivariate data?

2. Error Analysis Marta says that a two-way
frequency table may be used for numerical
data. Do you agree with her? Explain.

3. Vocabulary Explain the difference between
univariate and bivariate numerical data.
Give an example of each.

4, Represent and Connect What types of data
may be represented with a segmented
bar chart?

396 TOPIC 10 Analyzing Data

Stone Weight
{oz)
.

(h{

Diameter (cm)

BT

4 1 5

12 4 16
I Success
B Failure

Trial 1

Trial 2

Do You KNOW HOW?

5. Copy the table and complete the right
column and final row for the frequency table
about how individuals prefer to give a gift,

Gift Bags 10

Wrapped

P ges 4 7 [
Total " u "

6. Using the information from item 5, what
percent of individuals prefer to use gift baags
for wrapping.

7. For a coordinate grid that represents
bivariate numerical data, the number of
families living in an apartment building is
listed on the horizontal axis. What could
you label the vertical axis?



(©) PRACTICE & PROBLEM SOLVING

UNDERSTAND

8.

10.

Communicate and Justify Noemi is curious
what is the best utensil for eating rice. She
conducts a survey of students at her school,
asking each student how often they eat rice,
and what utensil they use primarily.

Often 9 E]| Py
Not
Oft 8 12 1

a. Create segmented bar graphs from the data,

b. What conclusions do you think Noemi
may make?

. Represent and Connect The table shows data
on ticket and medium popcorn prices at various
mavie theaters,

Ticket | Popcorn
Price (3) | Price (%)
150 125
13.00 450
11.25 5.00
9.75 425
11.00 5.00
6.00 250

a. Would it be appropriate to display this data
on a scatter plot? Explain,

b. Would it be appropriate to display this data
on a line graph? Explain.

€. Higher Order Thinking Would it be
appropriate to display this data in a
segmented bar graph? Explain.

Choose Efficient Methods Can circle graphs
be used to display the same type of data as a
segmented bar graph? Explain.

Could scenarios in items 11-12 be represented on
a coordinate grid? Explain. SEE EXAMPLE 1

1.

12.

13.

14.

15.

Data about the number of volunteers compared
to the number of sandbags that they fill befare
a storm.

Data about careers with current starting salaries.

& local charity feeds the homeless a midday
meal. They begin serving at 11 AM and serve
the final meals at 2 PM. Create a line graph
showing how many meals served as a function
of time of day. SEEEXAMPLE 2

Meals

Served
11:00 60
11:30 58
12:00 60
12:30 57
1:00 52
130 a8
2:00 36

In ane hour, a traveling petting zoo counts
bays and girls going into a pen to pet the
animals and counts them again as toddlers
and school age children as they leave.
Make a two-way frequency table for the
information. SEE EXAMPLE 3

Toddlers School Age

Boys | Girls | Boys | Girls
B 12 B 7

In Florida, 21% of the population are
immigrants with ancther 13% of the native-
born individuals having at least one immigrant
parent. In California, the numbers are 27%
and 24% and in New York the numbers are
23% and 18% in the same categories, Create
asegmented bar chart to represent this

data. SEE EXAMPLE 4
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© PRACTICE & PROBLEM SOLVING

16. Analyze and Persevere The International
Club put on Dance Night for the school and
encouraged students to dress in traditional
clething to be eligible for a doorprize. Of those
who came to the dance, 75% of the freshmen,
55% of the sophomaores, 20% of the juniors,
and no seniors dressed for the chance to win the
door prize,

LB

a. Create a representation of the data,

b. Is there enough information to determine
if a freshman won the door prize? Explain.

17. Apply Math Models A disc-golf course has hole

lengths in feet and pars as shown.

19.

(7) ASSESSMENT PRACTICE

18. Select all representatives of bivariate

categorical data. i) or1.1

[ Favorite cuisines of a class

O Percentages of pets who sleep in cages
or crates

O Number of animals at a zoo by class (Reptile,
Mammalia, Aves, etc)

O Distances traveled by time

O Athletes characterized by age groups and
gender

SAT/ACT Which choice best completes the

following sentence?

A isused for bivariate
numerical data when the dependent variable
is of the independent variable at

discrete points.

@& Scatterplot graph; not a function

@ line graph; a function

© scatterplot graph; a function

@ two-way frequency table; not a function

20. Performance Task Yong made graphs showing

a. Create a representation for the data.

b. Why did you choose the representation that
you did?

Length | Par

304
7
342
n
280
368
32
306
in
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D 00 | sd | % WA | e | A Ped | =
R R I T T T

how his classmates and their parents typically
travel to school or to work.

Method of Transportation
School

Work

B Gike [ Car [ Walk | Bus [ Other
a. Create another way to represent the data.

b. Create a representation that is based on
univariate categorical data.

¢. What are the advantages and disadvantages
between your representation and the
given one?



10-4

Analyzing
Lines of Fit

| CAN... find the line of best
fit for a data set and evaluate
its goodness of fit.

VOCABULARY

causation
extrapolation
interpolation
line of best fit
linear regression
residual

o MAS1 2.DP2.A-FE a linear

Y function 1o bivariate numerical data
that suggests a linear association
anl interpeet the dope and j=
mercept of the model Use the
madel to sodve real-weord prablems
n terms of the comtext of the data.
Also DPY.3, DR2.5, DP.2E
MAKIZ.MTR.1.1, MTR.S.1,
MTR.E.1

STUDY TIP
Remember that the trend line

might not pass through any of the

data points,

Powined By

¥ ) MODEL & DISCUSS W desmos

Micholas plotted data points to represent the relationship between screen
size and cost of television sets. Everything about the televisions is the same,
except for the screen size.

soof’ s W
_ 400 I -
< 300+ T [
S 200 |- ]
100
X

ﬂ -
Mdlhﬂ 42 44 46 48 50
Screen Size (in.)

N

B. What does this set of points tell you about the relationship of screen size
and cost of the television?

A. Describe any patterns you see,

C. Use Patterns and Structure Where do you think the point for a 46-inch
television would be on the graph? How about for a 60-inch TV? Explain.

How can you evaluate the goodness of fit
€) ESSENTIAL QUESTION y 9o

O . QUEs of a line of best fit for a paired data set?
O write the Equation of a Trend Line

What trend line models the data in the scatterplot? What do the slope and
y-intercept of the line represent?

A trend line models the data in a scatter plot by showing the general
direction of the data. A trend line fits the data as closely as possible.

Step 1 Sketch a trend line for the data.
Electric Hybrid Cars Sold

=
- 400
L .
3 E 300 Draw the trend line
s 3 so the data points are
3£ 200 approximately balanced
£= above and below it.
=] 100
= |2, 54

a

L

Year Starting in 2000

CONTINUED ON THE NEXT PAGE
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EXAMPLE 1 CONTINUED
Step 2 Write the equation of this trend line.

Select two points on the
trend line to find the slope.

m = 30050 (2, 50) and (16, 500) are
16-2 twao paints on the trend line.
= 32.1

Use point-slope form, then

convert the equation to

slope-intercept form,

Use the point-clope

y-50=1321{x-2) formula.

y=50=321x-64.2
y=321x-14.2
The trend line that models the datais y= 32.1x - 14.2,
This trend line is one of many possible trend lines.

Step 3 Interpret the slope and y-intercept of the trend line.

CHECK FOR The slope of the trend line, 32.1, represents the year-to-year
REASOMAELENESS increase in the number of electric hybrid cars sold per year.

Would it be ble f

tre::\-udlir:e o Le;f';a“;;;;: slope The y-intercept, —14.2, represents the number of electric hybrid cars
bt i et M o e sold in the year ending at the start of the year 2000; that is, the
T number of electric hybrid cars sold in 1999. Since a negative value

does not make sense in the context of the problem, it is likely that no
electric hybrid cars were sold before the year 2000,

9 Try It! 1.What trend line models the relationship between the hours
after sunset, x, and the temperature, y? What do the slope and
y-intercept of the line represent?

Temperature After Sunset
¥

o
L]
-

oy
- .-"
L0
[ ]
L]

£E 3

Temperature (°F)

o

o B

[
"“l-'
‘!n.
2 4 B 8 10
Hours After Sunset
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APPLICATION YRS N iR R Interpolate and Extrapolate Using Linear Models
N —-

The graphic shows regional air travel data recorded by a domestic airline
company. How can you use the data to estimate the number of air miles
people flevw in 20037 If the trend in air travel continues, what is a

reasonable estimate for the number of miles that people will fly in 20307

Regional Air Travel

Air Miles Traveled
1298 1529 1720 2118 2347
(in thousands)

2e9r X973 1945 3053

Year 1975 19ED 1985 1990 1995 2000 2005 2010 2015

_— _—-—-—'_'_'_'_F

Formulate 4 Plot the data points on
a scatter plat. Using
technology, perform
a linear regression to
determine the line of best
fit for the data. For the
x-values, use number of
years since 1975,

Regional Air Travel

Adr Miles Traveled {in thousarnds)
e
(=]
L=}

0 5 10 15 20 25 30 35 40
Number of Years Since 1975

Compute # Use the values of a and b (from the linear regression) to write the line of
best fit.

¥ =47.87x + 1345.04

arTTER @ Extrapalation

Interpolation is using a mode| to Extrapolation is using a model to
estimate a value within the range of | make a prediction about a value
known values. outside the range of known values.
Interpolate to estimate the miles Extrapolate to predict the miles that
people flew in 2003, or 28 years after | people will fly in 2030, 55 years after
1975, 1975,

y = 47.87(28) + 1345.04 = 2,685.4 y = 47 87(55) + 1345.04 = 3,977.89

Interpret 4  The model predicts that people flew a total of 2,685 thousand air miles
on the airline in 2003, and that people will fly a total of 3,978 thousand
air miles in 2030, This prediction is not as reliable as the estimate for 2003
because the trend may not continue,

@ Try It! 2.Using the model from Example 2, estimate the number of miles
people flew on the airline in 2012.
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IR TN 10 & Understand Correlation

The scatterplot shows the number of cars in the student parking lot at
the high school from 6:00 A.M. to 8:00 A.M. What is the direction of
the correlation?

13
¥
10
£ 25 .
(W]
= 10
-E 15 . The equation for the trend line is
£ 10 (] ¥y=158x~- 024,
5
[ ] X
% 0.5 1 1.50 I
Hours After 6:00 A.M.
VOCABULARY
Recall that When y-values tend The data suggests a positive association. When data with a positive
1o increase a5 x-values WCrease, association are modeled with a line, there is a positive correlation.
the two data sets have a positive
association. When data with a negative association are modeled with a line, there is a

negative correlation. If data do not have an association, they can not be
modeled with a linear function.

The positive direction of the correlation in the situation above means that
as more time passes from 6:00 A.M. to 8:00 A.M. there are more cars in
the student parking lot. The slope of the trendline, 15.8, indicates that the
number of cars increases by roughly 16 cars per hour.

e Try It! 3.The scatterplot shows the number of palm trees on a street
over the past 6 years. The equation of the line of best fit is
¥=-17x + 15.3. Do the data show a positive or negative
correlation? What does the direction of the correlation mean
in terms of the situation?

18
16

14

¥y

12
1

=

Number of Trees

= ke B &

Year
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CONCEPTUAL
JUNDERSTANDING

COMMUNICATE AND
JUSTIFY

Why is it helpful to use the same
horizontal and vertical scales
when comparing residual graphs?

&) EXAMPLE 4

CONCEPT Residuals

A residual is the difference between y
the y-value of a data point and the »
corresponding y-value from the line of .
best fit, or the predicted y-value. 8
residual = actual y-value - predicted yp-value
4 predicted y-walue
2 actual p value
X
0
0 2 4 6 & 10
A residual plot shows how well a linear model fits 2 ¥ .
the data set. If the residuals are randomly distributed
on either side of the x-axis and clustered close to the 1 L]
x-axis, then the linear model is likely a good fit. 0 . X
1 4 L3
If the residuals are not randomly distributed, then "
the pattern might indicate that a non-linear model E &
is more appropriate, -3 L]

Connect Residuals and Strength of Correlation

Rodrigo and Talia each run their own online craft shop. They track the
number of sales they make each month starting in April. Based on the given
scatter plots, trendlines, and residual plots for their sales, which data set
shows a stronger correlation? Explain.

Store A Store B
¥
E g £ g
e A
-E-Il] -E-lﬂ
s Ew
§ §
£ 10 z 0
0 : 0 :
21 2 3 4 5 & 7 o 1 2 3 4 5 & 7
Manth Manth
Residual Mot Residual Plot
4 ¥
1] . [
4 4
2 7 .
a - L] [ X
2 4 * g . 2 & * &
=1 . =3
- —
-6 L -4
']

CONTINUED ON THE NEXT PAGE
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APPLICATION
S —.

STUDY TIP

Using a spreadsheet is a good
way to organize data and
calculations.

404 TOPIC 10 Analyzing Data

EXAMPLE 4 CONTINUED

Both data sets show a positive correlation. The number of sales increases
as the year goes on. Talia's residual plot is more tightly clustered around
the x-axis than Rodrigo's residual plot. This means that there are smaller
differences between the actual values and the predicted values. Talia's
data has a stronger positive correlation than Rodrigo's data.

@ Try It! 4. Two stores track the price of a clearance item. They discount it

each week. Describe the correlation for each data set. Use the
residual plots to explain which correlation is stronger.

¥
154
16
-
=
¥ 12
Sl
g
3
X n{' P
o 1 2 3 4 5 8
Wik Week
Residual Plot Residual Plot
[ 14 ¥
1.5 15
1 ko 1
05 . 0s—% &
0 X 1 x
i 2 3 4 5 & T 1 3 4 5 &
—0.5 —0.5 *
-
=1 1 =1
=15 . =15

YRS LN iGA R Interpret Residual Plots

Student enrollment at Blue Sky Flight School over 8 years is shown.

The owner used linear regression to determine the line of best fit. The
eqguation for the line of best fitis y = —35x 4+ 1208. How well does this
linear model fit the data?

! -

Blue Sky Flight School ==,

Step 1 Evaluate the equation

l B (9 D
. i |
for each _x-value to find ,| Year Students Predicted | g
the predicted y-values. (x) (¥ value
B 1,235 1,208 17
Step 2 Calculate the 4] 1 1178 1,173 3
differences between 5 ] 1,115 1,138 -23
the actual and 5| 3 1,102 1,103 =1
& actuaian 3 a 1,020 1,068 “43
predicted y-values for S 1,050 1033 1
each xvalue, El [ 1,003 998 5
L ] 378 63 15

CONTINUED OM THE NEXT PAGE



COMMON ERROR

The appearance of a residual plot
does not correspand to a positive
ar negative correlation. The data
shown might be misinterpreted
as data with no correlation, but it
has a negative correlation that is
seen when the actual data points
are plotted.

EXAMPLE 5 CONTINUED

Step 3 Plot the residual for each x-value.

Number of Students

1600
12004
a00

400

Enrollment
¥ The scatter plot with the line of best
fit suggests that there is a negative
correlation between years and

Y—g'__‘_.*.-‘\ enrollment.

The residual plot shows the residuals
randamly distributed. There are

5 positive residuals, 2 negative
Residual Plot residuals, and 1 residual of zero
value. They are mostly clustered

Year

b close to the x-axis,

There is one residual of —48,

which corresponds to x = 4, when
the Blue Sky Flight School had
. 1,020 students instead of the
predicted 1,068, This appears to be
L somewhat of an outlier compared to
the ather values.

The linear model is likely a good fit for the data.

@ Try It! 5. The owner of Horizon Flight School also created a scatter plot

and calculated the line of best fit for her enrollment data
shown in the table. The equation of the line of best fit is

¥ = 1.44x 4+ 877. Find the residuals and plot them to determine
how well this linear model| fits the data.

of 1| 2| 3| 4, 5| & 17
AL DTN 832 | 872 905 928 903 887 863 86T

Enrollment

HNumber of Students
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o I CA0 NNy Correlation and Causation

COMMON ERROR

Be careful not to assume thatif a
strong correlation exists between
two variables, that a change in
ane causes change in the other,
The change could be caused
entirely by & third, unknown
variable,

A. A student found a positive correlation

. A lifeguard notices that as the

between the number of hours of 100]” -

sleep his classmates got before a test L]

and their scores on the test. Can he E -

conclude that he willdo wellonthe . .,

test if he goes to bed early? &

Causation describes a cause-and-effect ?g X
relationship. A change in the one 0e 7 & 9 10
variable causes a change in the other Hours of Sleep

variable.

To determine whether two variables have a causal relationship, you
hawve to carry out an experiment that can control for other variables
that might influence the relationship between the two target variables.

The student cannot conclude that he will do well if he goes to bed early.
Other variables, like the time spent studying or proficency with the content,
could affect how well he does on the test.

outside temperature rises, the i 500" ?

number of people coming to the ﬁ 400

beach increases. Can she condude = .

that the change in temperature T 300

results in more people going to g

the beach? g 200 I

She did not carry out an experiment “ o7 80 84 38 @
Temperature *F

or control for other variables that
might affect the relationship. These
include weather forecast and time of year.

She cannot conclude that the only reason that maore people come to the
beach is the outside temperature.

@ Try It! 6.The number of cars in a number of cities shows a positive

406 TOPIC 10 Analyzing Data

correlation to the population of the respective city. Can it be
inferred that an increase of cars in a city leads to an increase in
the population? Defend your response,



@) CONCEPT SUMMARY Linear Models, Lines of Best Fit, and Residuals

m A linear regression is a method for finding the line of best fit, or a linear
model, for a bivariate data set.

Aresidual plot reveals how well the linear model fits the data set. If the
residuals are randomly distributed around and clustered close to the x-axis,
the linear model is likely a good fit.

AL L1 Use the values of a and b from the linear regression to write the equation
for the line of bast fit.

y=an+b

a=.5416666667
bl The equation is

2= 968770680
= S843159904 y=0542x + 1.

GRAPHS ¥ by
L
. The equation for the line of o [ I
6 best fit is y = 0.542x + 1.
X
4 - *a L} 6 ]
This is the residual 11l
2 plaot for the data at 03
the left. ?
0 % d
0 2 4 6 B8
©) Do You UNDERSTAND? Do You KNOW HOW?
1 How can you Use the table for Exercises 5 and 6.
E.valuate th_le goodness of fit of a line of best ™ 0 20 30 40 50
fit for a paired data set? M ;0 1320 2

2. Vocabulary Describe the difference

between interpolation and extrapolation. 5. Use technology to determine the equation

of the line of best fit for the data.
3. Error Analysis A student says that a good
trend line must pass through at least two
points from the data set. Explain the error
the student made.

6. Make a residual plot for the line of best fit
and the data in the table. How well does
the linear model fit the data?

7. The table shows the number of customers y
at a store for x weeks after the store’s grand
opening. The equation for the line of best
fit is y = 7.77x + 38.8. Assuming the trend
continues, what is a reasonable prediction
of the number of visitors to the store
7 weeks after its opening?

ikl 1 (2| 3|4 |5 |6
'@ 46 53 65 71 75 86
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4. Check for Reasonableness A student
found a strong correlation between the age
of peaple who run marathons and their
marathon time. Can the student conclude
that young people will run marathons faster
than older people? Explain.



@ PRACTICE & PROBLEM SOLVING

UNDERSTAND

8. Generalize Can you use any two of the given
data points in a scatter plot to write an
equation for a trend line? Explain.

9. Error Analysis Describe and correct the error a
student made in determining the equation for
the line of best fit for the data in the table.

3|6 |9 [|12(15|18 |21
4 (17 | 28 |40 | 55 | 67 | 72

Enter y data in L1 and x data in

L2. Then perform a linear X

FEQFCS SI0N. f
Line of best fit y = 0.25x + 1.83 /

10. Higher Order Thinking Which is likely to
be more accurate: an estimate through
interpolation or a prediction through
extrapolation? Explain.

11. Generalize Describe how the values of a and
b in a linear model y = ax + b are related to
the data being modeled.

12. Use Patterns and Structure How can you
use the graph of the line of best fit to make
predictions about future behaviors of the
quantities of the data set?

13. Communicate and Justify Arthur and Taven
each found trend lines for their last five math
tests. Based on the residual plots, Arthur states
that his scores are more closely aligned to
a linear model than Tavon's scores, Make a
mathematical argument to suppart or refute
Arthur’s claim.

¥ i
& 6
L

4 4

2 " 2 .
e T WAL LT X
o[ Y2 |4 O] | 1 44
~2 -2 »

Arthur's Residual Plot
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Tavon's Residual Plot

For each table, make a scatter plot of the data. Draw
a trend line and write its equation. SEE EXAMPLE 1

14. n 15. nn 16. nn
2 3 419 1

o W | =

6 2
5 3
7 3
9 5

L= - IR R -
o o (WAL
Ww o w(h | @0

8

Use technology to perform a linear regression to
determine the equation for the line of best fit for
the data. Estimate the value of ¥ when x = 19.

SEE EXAMPLE 2
"
16

6 )

b
X ¥

12 | 35 105
14 | 39 20 | 83
16 | 41 24 | 62
18 44 28 | 34
20 48 215

19. For each data set, make a scatterplot and graph
the given trendline. Describe the direction of
each correlation. Make residual plots for each
linear model. Which data set has a stronger
correlation? Explain. SEE EXAMPLES 3, 4, AND 5

A:y=038x+ 96 B: y = —0.58x + 25.2

EXNA EXEA
10 12 10 19

15 16 15 17
20 20 20 14
25 17 25 10
30 21 a0 8

Construct an argument for each scenaric given.
SEE EXAMPLE &

20. The average monthly heating bills for houses in
a neighborhood are positively correlated to the
number of pets in the house. Can it be inferred
that the number of pets in a household causes an
increase in average monthly heating bills? Explain.

21. A person's level of education is positively
correlated to the salary the person earns. Can
it be inferred that a person with a doctorate
degree will always earn more than a person
with a bachelor's degree? Explain,



(©) PRACTICE & PROBLEM SOLVING

22. Analyze and Persevere Temperatures at

(%) ASSESSMENT PRACTICE

25. Akuti starts her own craft company selling

different times of day are shown. How can you
describe the relationship between temperature
and time? Waould a linear model be a good fit
for the data? Explain.

hand-carved animals. The table shows her
inventory of animals for weeks 4 through 8.
Find a trend line for the data. Identify and
interpret the y-intercept and slope in terms of
the situation. §) orz.4

12 EM., 76 °F
Week 4 (5(6|7 8
- A T T 21 17 16 12 10
LAM, 66 °F 8PM, 72 °F 26. SAT/ACT Students who eat breakfast are
more likely to do well in school. Which of the
“1 °F & following can be inferred from this relationship?

23. Apply Math Models The table shows the

number of miles people in the U.5. traveled by
car annually from 1975 to 2015. The equation
far the line of best fit is y = 0.048x + 1,345,
where x is the number of years since 1975, What
does the slope represent? Estimate the number
of miles people in the U5, traveled in 2007.
What is a reasonable prediction for the number
of miles people in the L.5. will travel in 20257

Vehicle-Miles Traveled

27.

& The two events are causally related,

# The more often a student eats breakfast, the
better the student will do in schoaol.

© Without more evidence, it cannot be
determined whether the correlation
is causal.

@@ Providing free breakfast to all students will
close the achievement gap.

Performance Task A store records the price of
kites in dollars, x, and the number of kites, y,
sold at each price.

Year : . . i
in W.5. {in trillions) m _
Quantity

s o | price | quantiy |
1980 1529 ‘ $10.00 25
1985 1.720
1990 2118 .&

: $12.00 k]
1995 2387 | g
2000 2697 !
2005 2973 H’} el B
2010 2845 (
2015 3,055 Rl §2200 | 18

I ™=
24, Analyze and Persevere The table shows the file

size ¥ in megabytes of photos taken at different %" $30.00 15
resolutions x in megapixels. The equation for

the line of best fit is y = 0.3x. Use this equation
to create a residual plot. What does the
residual plot tell you about the data?

B: s 6 7 8 0nn
Bz 15 18 21 24 30 36

Part A Make a scatter plot of the data. What
trend line models the data? What does the
slope of the trend line represent?

Part B What factors other than price could
influence the number of kites sold? Could
you use any of these factors to make another
scatter plot? Explain.
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1 0 - 5 & ) EXPLORE & REASON

Analyzing Two-Way
Frequency Tables

| CAN... organize data in
two-way frequency tables and
use them to make inferences.

VOCABULARY

= conditional relative
frequency

* joint frequency

* joint relative frequency

= marginal frequency

« marginal relative frequency

e MA91 LDF.3.1-Corstruct a two-

Baseball teams at a high school and a college play at the same stadium. Results
for every game last season are given for both teams. There were no ties.

Baseball Season Results at Mountain View Stadium

a1
¥

A TL
&' Ep

HOME ANVAY

WESTMOUN § 99 %7 16 ] 08 % 14

coree ™ | 18% 26 | 18 % 30

A. How could you organize the data in table form?

B. Use Patterns and Structure How would you analyze the data to
determine whether the data support the claim that the team that plays
at home is more likely to win?

ay fre  table summarizi
;ll_.'ﬁ::r.;l'rk:—lmm r!l:lrrrlﬂrr-l-;l-lﬂ"r:rtglpr ‘7 ESSENTIAL QUESTION How can you use two-way frﬂquancy tables to
joint and manginal Irequencies and . an ﬂ*rZ'E data?

determine possible assocations in

terms ol a mal-wordd conbest,
Also DR1.3, DRA.Z, DR o EXAMPLE 1 Construct and Interpret a Two-Way Frequency Table

MAKIZ.MTR. 2.1, MTR.A4.1,
MTR.5.1

S5TUDY TIP

A two-way frequency table can
show possible relationships
between two sets of categorical
data.
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Owners of a Mexican food chain are planning to add a vegetarian item to
its menu. Customers were asked to choose between fajitas and
enchiladas. The owners found that 40 out of 90 teenagers who were
customers chose fajitas and 75 out 135 adults who were customers chose
fajitas. What trends do the results suggest?

Step 1 Construct a two-way frequency table.

Two categories of data are collected: age range, and food
choice. Use the categories to show all of the results.

A joint frequency is where A marginal frequency is
a column and row join. at the margin, or edge,
of a column or row.
oo [t | T
Teenagers L 40 90
Adults ] 75 135
Totals " ] [

To find unknown frequencies,

use the fact that the sum of joint
frequencies alomg a row ar column
is equal to the marginal frequency.

CONTINUED OM THE NEXT PAGE



EXAMPLE 1 CONTINUED

Step 2 Complete the table.

Teenagers 50 a0 90
Addults bl 5 135
Totals 110 15 215

Joint frequencies indicate the frequency of a single option for ane
cateqory; for example, the frequency of teenagers choosing a veggie
enchilada is 50.

Marginal frequencies indicate the total frequency for each category,
such as the total frequency of adult respondents is 135.

The joint frequencies suggest an association between age and food choice,
Teenage customers prefer veggie enchiladas over fajitas, while adults prefer
vegqgie fajitas.

@ Try It! 1.a What do the marginal frequencies tell you about customers’
food preference?

b. What do the marginal frequencies tell you about the number
of adult and teenage customers?

OFETIEPY caiculate Relative Frequencies

What do the survey results reveal about teenage and adult customer

preferences for veggie enchiladas?
COMMON ERROR
Divide each frequency by the total Joint relative frequency is the ratio, or percent, of the jeint frequency to

count, found in the battom right the total.

cormer of the two-way frequency Marginal relative frequency is the ratio, or percent, of the marginal
table. Express relative frequency frequency to the total

as a fraction, decimal, or percent.
7 = 23% D = 18% = A0%

Teenagers !

Adults 60 = 27% T3 = 33% 133 = 60%
L Fif Fie]

Totals 10 < 49% 13 51% 15 - 100%

115

Of the customers surveyed, about 22% were teenagers who selected veggie
enchiladas and about 27 % were adults who selected vegagie fajitas.

@ Try It! 2. How can you tell whether a greater percent of customers
surveyed selected veggie enchiladas or veggie fajitas?
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CONCEPTUAL - . ‘
UNDERSTANDING om Interpret Conditional Relative Frequencies by Row

Using data from Examples 1 and 2, a marketing team concludes that adults
prefer veggie enchiladas more than teenagers do, Do the survey results
support this conclusion?

Conditional relative frequency is the ratio of the joint frequency and the
related marginal frequency.

Calculating the conditional relative frequency for each row will adjust for
differences in the number of teenage and adult customers surveyed.

COMMUNICATE AND JUSTIFY ——rere —— m
What do the conditional relative NChi20AS ajitas

frequencies tell you about Teenagers 2 o S, 3}1 e 4% Elx_} _ 100%
associations between gender and - A 30
menu item choice? Addis | 0 an | Basen | 15-i00%
) ] 1>
joint freg

Conditional relative frequency = —

rmartgi nal

The results do not support this conclusion. The conditional relative frequencies
show that while about 56% of the teenagers surveyed prefer veggie
enchiladas, only about 44% of the adults prefer them.

@ Try It! 3.What conclusion could the marketing team make about
customers who prefer veggie enchiladas compared with
customers who prefer veggie fajitas? Justify your answer.

om Interpret Conditional Relative Frequencies by Column

Using data from Examples 1 and 2, the marketing team also concludes that
there is a greater variation between the percent of teenagers and adults who
like veggie fajitas than there is for those who prefer veggie enchiladas. Do the

survey results support this conclusion?
USE PATTERNS AND

STRUCTURE Calculating the conditional relative frequency Tor each column allows you to
The conditional relative analyze teenagers’ and adults’ preferences within each food choice category.
frequencies caloulated for rows

St St ar s e The conclusion is suppml'rgd by - Enchiladas
calculated for columns, How are the survey results. Conditional

the. qup‘tlms '!||'|:IIJ CAN answer rEIatiVE frEﬂLIEI"ICiES ShOW that Df r“mgm 'r::|?i"| ~— -1:-}'1u 1|[:\ -=; 35“":.
looking at the table in Example 3 the customers who prefer veggie Adults = = —
different from the guestions you fajitas, 65% are adult and only U g = 2 wE = 65%
can answer looking at the table in 35% are ree_nager. _Df those who Totals 10 _ 100% 115 _ 100%
Example 47 prefer vegagie enchiladas, 55% are 110 115

adults and 45% are teenagers,

@ Try It! 4.What condusion could you draw if the percentages for teenage
and adult customers were the same across the rows in this table?
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APPLICATION
—

CHECK FOR
REASOMNABLEMNESS

How do you know 38% and 68%
represent conditional relative
frequencies?

o 3N IJAEEy Use Marginal and Conditional Relative Frequencies

to Determine Relative Frequencies

A college conducts a survey to better Passed Did not pass
understand how well its students are
balancing wellness with their studies.
After an exam, students in a large
freshman math class were asked

8.
689

how much they slept the night before. Slept at least Slept less than
Overall, 72% of the students passed & hours & hours
the exam.

A. Analyze the information. What do the different percentages mean?

Among students who passed, 38% slept at least B hours. This is a
conditional relative frequency within the “passed” group. Similarly,
1-0.68 =0.32 or 32% is a conditional relative frequency within the
“did not pass” group. The conditional relative frequency table displays
the information.

Atleast | Less than Totals

8 hours 8 hours s
Pass 0.38 0.62 1.00
Did not pass 0.32 0.68 1.00

The students who passed the exam represent one of the subgroups being
compared in the study. 5o, 72% represents a marginal relative frequency.
The incomplete relative frequency table shows the known marginal
relative frequencies.

At least | Less than Totals
| B hours 8 hours
Pass -

= 0.72

. The “pass” amd *did not
Did not pass " " 0.28 pass” marginal frequencies

Totals - N 1.00 must sum to 1.00.

B. Construct a two-way relative frequency table for the situation.

Use a tree diagram to find the relative frequencies.

Step 1 Draw one set of branches Step 2 Draw the next set of
with the marginal relative branches with the conditional
frequencies. relative frequencies.

038 _Morethan 8 | Conditional relative
0.72 Pass < frequencies for the
0.62 Less than 8 "'pass' qroup.

0.32_ Maore than &
0.28 ™~ pid not < Conditional relative
Less than 8

pass 0.68 Freguencies fuur the
“did not pass” group.

CONTINUED ON THE NEXT PAGE
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HAVE A GROWTH MINDSET
In wiat ways can you be
inguisitive and open to leaming
new things?

EXAMPLE 5 CONTINUED

Step 3 Complete the relative frequency table.

The relative frequencies are equal to the products
along the tree diagram.

At least 8 hours | Less than 8 hours Totals

Pass 072038027 | 072062 = 0.45 0.72
Did notpass (28.032 =009 028068019 028
Totals 0.36 0.64 1.00

C. Does the survey suggest an association between amount of sleep and

exam performance?

Compare the relative frequencies of the group of students
who passed within the two sleep groups.

slept at least 8 hours slept less than 8 hours
027 _ 045
036 = 075 0.6a ~ 070

A greater percent of the students who slept at least 8 hours passed the
test, than those who slept less than B hours. So, the survey suggests an
association between amount of sleep and exam performance.

. Can the college concude that more sleep will result in better

academic performance?

The survey suggests that more sleep is associated with better academic
performance, but it cannot conclude that sleep caused better

performance. Other factors such as having a job, or number of courses
enrolled, can impact students’ sleep, as well as academic performance.

@ Try It! 5. A hospital uses a test to help determine if a person has a

414 TOPIC 10 Analyzing Data

particular disease, About 95% of patients who have the disease
test positive, and 10% of patients who do not have the disease
test positive. The disease is present in about 0.5% of the general
population.

a. Create a two-way relative frequency table for the situation.

b. What percent of the people who test positive are actually
expected to have the disease?



) CONCEPT SUMMARY Two-Way Frequency Tables

TABLES

Two-way frequency tables show relationships between two sets of categorical data.
Entries can be frequency counts or relative frequencies. Entries in the body of the table
are joint frequencies (counts) or joint relative frequencies (ratios). Entries in the totals
column or row are marginal frequencies or marginal relative frequencies.

Conditional relative frequencies show the frequency of responses for a given condition,
or the ratio of the joint frequencies to the corresponding marginal frequency.

Maovie Time Preferences

Afternoon Evening

20 of the 200 Student _’-;‘_;j 455 _I'i‘_fl'j 750, -|-1. 70% 70% of the respondents
respondents, or 22 — — were students.
10%, were adults Adult | 2= 10% | b= 20% | o = 30%
who prefer the = 2-:);).
afternoon show. Totals T =55% | 55 = 45% | 55p = 100%
Conditional Relative Frequency Conditional Relative Frequency

50
Student 140 : Student 1 o = 829 'arn

0 _ c| A et 60 _ +nnoe 20 _ qge | A0 gan

Adult | (- =33% | g = 67% | 5 = 100% Adult | 20~ 18% | 1= 44%

17 P N —

Totals | oo = 100% | 55 = 100%

Of all of the adult
respondents, 33% prefer
afternoon shows,

© Do You UNDERSTAND?

1. ‘? ESSENTIAL QUESTION JelsI"tETyRIT]

use two-way frequency tables to analyze
data?

2. Communicate and Justify How are joint
frequencies and marginal frequencies
similar? How are they different?

3. Represent and Connect How are
conditional relative frequencies related
to joint frequencies and marginal
frequencies?

4. Error Analysis Zhang says that the
marginal relative frequency for a given
variable is 10. Could Zhang be correct?
Explain your reasoning,

0f all of the respondents
that prefer evening shows,
44% were adults,

Do You KNOW HOW?

In a survey, customers select ltem A or ltem B.
Iterm A is selected by 20 males and 10 females.
Of 20 customers who select Item B, five are males.

5. Make a two-way frequency table to
organize the data.

6. Make a two-way relative frequency table to
organize the data.

7. Calculate conditional relative frequencies
for males and females. Is it reasonable to
conclude that males prefer Item A more
than females do?

8. Calculate conditional relative frequencies
for Item A and Item B, s it reasonable to
conclude that a customer who prefers Item B
is more likely to be a female than a male?
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© PRACTICE & PROBLEM SOLVING

UNDERSTAND

9. Check for Reasonableness An equal number
of junicrs and seniors were surveyed about
whether they prefer lunch item & or B. Is it
reasonable to infer from the table that more
junicrs prefer lunch item B while more seniors
prefer lunch item A7 Explain,

Junior 01 0.4 0.5
Senior 0.3 0.2 0.5
Totals 0.6 04 1.0

10. Error Analysis Describe and correct the errors
a student made when making a generalization
based on a two-way frequency table.

Which subject do you prefer?
Math Language Arts  Totals

Male 45 45 20
Female 30 30 &0
Totals 75 75 150

Male students prefer math more
than female students do. X

11. Use Patterns and Structure In a two-way
relative frequency table, how are joint relative
frequencies and marginal relative frequencies
related?

12. Higher Order Thinking Students are surveyed
to see how long they studied for a test.

* 10% of the students who studied 3 hours ar
more failed the test.

* 40% of the students who studied less than
3 hours passed the test.

+ 2 students who studied 3 hours or mare
failed the test.

# 4 students who studied less than 3 hours
passed the test.

a. Make a two-way frequency table that
shows the association between hours spent
studying and passing the test.

b. Does the association appear to be
significant? Explain.
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In a survey, music dlub members select their
preference between Song A or Song B. Song A is
selected by 30 teens and 10 adults. Of 20 members
who select Song B, five are teens. SEe EXAMPLES 1-4

Make a two-way frequency table to organize
the data.

13. Is it reasonable to say that more people
surveyed prefer Song A? Explain.

Calculate conditional relative frequencies.

14. Is it reasonable to say that teens prefer Song A
more than adults do? Explain.

15. Is a member who prefers Song B significantly
more likely to be an adult than a teen? Explain.

In the two-way frequency table, frequencies are
shown on the top of each cell in blue, and relative
frequencies are shown at the bottom in red. Most
of the frequencies are missing. SEE EXAMPLES 1-5

Tatals

16. Complete the table and calculate the conditional
relative frequencies for Yes and Mo and Choices
A and B.

17. Is a high school graduate more likely to prefer
Choice A or B? Explain.

18, Is somecne who prefers Choice A maore likely to
be a high school graduate than not? Explain.

19. What does the joint relative frequency Zﬁt;lﬂ
represent in this context?

A dinic uses a test to determine if a person has

a particular disease. About 95% of patients whao
have the disease test positive, and 8% of patients
who do not have the disease test positive. The
disease is present in about 0.4% of the general
population. SEE EXAMPLE 5

20. Use a tree diagram to create a two-way relative
frequency table for the situation.

21. How likely is it for a person who tests positive
to have the disease?



(©) PRACTICE & PROBLEM SOLVING

22, Communicate and Justify Is there a significant

23,

24,

association between income and whether or
not a voter supports the referendum? Justify
YOLF answer.

Da you support the referendum?

Income  Yes Mo Totals
=5%100,000 &0 20 100
=5$100,000 40 10 50

Totals 120 | 30 150

Analyze and Persevere A gardener is only
satisfied when a hydrangea bush has at least
14 blooms. How can you organize the data
shown in the line plots into two-way frequency
tables to make inferences about the new plant
food and the number of blooms?

Hydrangeas Without New Plant Food
.o
(I BB O B B
10 11 12 12 14 15 16 17 18
Number of Blooms

Hydrangeas with New Plant Food
L

. . " @
L] L L L L]

8 910111213 141516171819 201 22 23
Number of Blooms

Represent and Connect Based on the survey
data below, a marketing team for an airline
concludes that someone between 18 and

24 years of age is more likely never to have
flown on a commercial airliner than someone
25 years or older. Do you agree with this
conclusion? Justify your answer.

Terminal

Have you ever flown on a commercial airline?

26.

21,

([#) ASSESSMENT PRACTICE

5.

Marco collected data and made a two-way
frequency table. Select all the statements that
are true about Marco's data. &) oria

O A. The sum of all joint frequencies equals
the total frequency.

O B. The sum of all marginal frequencies
equals the total frequency.

O €. The sum of all marginal frequencies in a
row equals the total frequency.

O 0. The sum of all joint frequencies in a
column equals the marginal frequency at
the bottom of the column.

[ E. A relative frequency is the ratio of a joint
frequency and a marginal frequency.

SAT/ACT In a two-way frequency table, the
joint frequency in a cell is 8 and the marginal
frequency in the same row is 32. What is the
conditional relative frequency for the cell?

®0.12
#0.20
©0.25
B 040
®0.50

Performance Task A high school offers a prep
course for students who are taking a retest for
a college entrance exam.

* Of 25 students who took the prep course, 20
scored at least 50 points higher on the retest
than on the original exam.

* Overall, 100 students took the retest and 50
students scored at least 50 points higher on
the retest than on the original exam.

Part A Create a two-way frequency table to
organize the data.

Part B Funding for the prep course may be cut
because more students scored at least 50 points
higher on the retest without taking the prep
course. Do you agree with this decision? If not,
how could you use a two-way frequency table
to construct an argument to keep the funding?
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MATHEMATICAL
MODELING

IN 3 ACTS

c®

e MA 91 2 0P.1.1-Grven a set of

data, select an appropriate method
to represent the data, depending

on vehether it is mamerical or
categorcal data and on whether it is
univariate or bivarate Also DE1Z

MAK12 MTR, 7.1

0 Text Message

Text messages used to be just that: text only. Now you can send multimedia
rmessages {or MMS) with ernojis, images, audio, and videos. Did you know
Finland was the first country to offer text messaging to phone customers?

Some people send and receive so many texts that they use textspeak to make
typing faster. RU 1 of them? You will see one person keep track of his text
messages in this Modeling Mathematics in 3 Acts lesson.

Identify the Problem

1. What is the first question that comes to mind after watching the video?

2. Write down the main guestion you will answer about what you saw in
the video.

3. Make an initial conjecture that answers this main guestion.
4. Explain how you arrived at your conjecture.

5 What information will be useful to know to answer the main question?
How can you get it? How will you use that information?

B Develop a Model

6. Use the math that you have learned in this Topic to refine your conjecture.

Ykl Interpret the Results

7. ks your refined conjecture between the highs and lows you set up earlier?

8. Did your refined conjecture match the actual answer exactly? If not,
what might explain the difference?
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Topic Review

‘? TOPIC ESSENTIAL QUESTION

1. How do you use statistics to model situations and solve problems?

Vocabulary Review

Choose the correct term to complete each sentence.

2. Aln) is the difference between an actual and
a predicted data value.

« conditional relative
frequency

* joint frequencies

* residual

* |ine of best fit

* joint relative frequency

3. indicate the frequency of a single option for one
category.

4, A trend line that most closely models the relatinn';hip between two
variables displayed in a scatter plot is the

5 — isthe ratio of the joint frequency and the related
marginal frequency.

Concepts & Skills Review

Representing Mumerical Data

Quick Review

Line plots show counts of values within data
sets, Histograms show the distribution of values
within a data set in ranges or intervals. Box plots
show the center and spread of a distribution using
a five-number summary.

Example
Different types of displays can highlight
different aspects of a univariate data set. The
table below shows a class’s math test scores.
Create a histogram of the data.

83 (92 |56 |63 | BO (91 78 |59

75 (79|62 |85 )81 (90 82|74

60 |95 B8 82 77 |74 68 | 82

Break the scores into intervals of 10,
8

Freguency

0 50-59 60-69 70-79 80-89 90-39
SCore

Practice & Problem Solving
6. Generalize |nwhat situations would a box plot
be the best display for a data set?

7. What does the histogram in the Example tell
you about the class's math test scores?

For the data set below, create the data display
that best reveals the answer to the question.
Explain your reasoning.

8. What is the frequency of the data value 357

30 |33 | 35 | 29
37 |35 (3 | 36
39 | 30 | 35 | 35

Choose the most appropriate data display to
answer each guestion about a data set. Explain.

9. What are the frequencies for each interval of
2 points?

10. How many data values are less than any
given value in the data set?
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R:ELLUBTE Y Representing Categorical Data

Quick Review

Univariate cateqorical data is data that can be
placed into categories and is counted with a
single measure,

Line plots, bar charts, circle graphs, frequency
tables, and relative frequency tables are methods
for displaying univariate categorical data. The
displays have various strengths and weaknesses.
Choosing an appropriate display can help you
highlight different aspects of a data set.

Example

Students in Micah's class are asked to state their
favorite subject. Which type of display could
Micah use to show what the most popular
subject or subjects are?

Favorite Subject

Health Math | Spanish | Science | Spanish
Math  Gym Gym Spanish | English
Math | Math |Spanish | Health | Spanish

Most displays will show the mode of a categorical
data set, A line plot is a simple way to do this,

Favorite Subject
L ]
L ] -
L ] L
L ] - L ] L ]
L ] L ] . L ] - -

Math  Spanish  Gym  Health English Scienoe
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Practice & Problem Solving

For situation, determine which representation is
more appropriate to represent the data. Explain
your answer. Tell whether the data is categorical
or numerical.

11. A technology company surveys a group of
100 people to determine which of three
smartphone sizes they prefer: line plot or
stem-and-leaf plot

12. Halona records where her cat sleeps in the
house each afternoon. She describes the
locations as, couch, windowsill, and rug.
Halona wants to show that her cat sleeps
on the windowsill about twice as often as it
sleeps on the rug. circle graph or line plot

May reads a story online about people’s favorite
lunches. The article includes the graph below.
Answer each guestion about the graph.

Favorite Lunch
0.4
5 E‘ 0.3
2% 02
o
o
€& gy
. Cuban  Tacos Hamburger Ramen  Falafel
Sandwich Soup

13. What type of data is represented? Explain.

14. What information cannot be determined by
looking at the graph?

15. The graph highlights the relative popularity of
the various lunches. How would you compare
the popularity of tacos to the popularity of
ramen soup?

16. The height of the bar representing the
Cuban sandwich is 0.24. If 135 people were
surveyed, roughly how many said that the
Cuban sandwich was their favorite lunch?



LESSON 10-3 Representing Bivariate Data

Quick Review

Data formed by two sets of data is called
bivariate. Bivariate data can be numerical or
categorical. Scatter plots and line plots are

typically used to display bivariate numerical data.

Frequency tables and segmented bar charts can
be used to represent bivariate categorical data.

Example

Which display would be more appropriate to
represent temperature data measured hourly
over a B-hour period, a scatterplot or a fine
graph? Explain.

The data is bivariate numerical so either display

could be used. While the data points are discrete,

the domain is continuous over the 6-hour
interval. Using a line graph can help the viewer
visualize how the temperature changes.

Practice & Problem Solving

Terry surveyed freshmen and sophomores in his
high school to determine which smoothie flavor
they preferred. He made a graph to represent his
results. Use the display to answer the following
guestions.

Smoothie Flavor

100%
B0
60%
40%
20%

0%

Freshman  Sophomore

B Mange ] Orange

17. What type of data is represented? Explain.

18. What information cannot be determined by
looking at the graph?

19. Is there a difference in the preferences of
the freshmen and the sophomores? Use the
graph to support your argument.

20. Represent and Connect How is segmented
bar graph similar to a circle graph? How is
it different?
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LESSON 10-4 Analyze Lines of Fit

Quick Review

You can model data that suggests a linear
association by drawing a trendline or using
technelogy to calculate the line of best fit. Once
there is a linear model for data with a positive
or negative association there is a positive or
negative correlation.

Residuals are the differences between the actual
values and the predicted values based on the
linear model. Residuals can be analyzed to help
determine the strength of the correlation.

Example

The scatter plot shows the percentage of
American adults with a high school diploma or
higher from 1940 to 2010. Based on the residual
plot below the scatter plot, how appropriate is
the linear model for the data?

Educational Attainment

1940-2010
1000

80.0

60.0
fix) =0.9176x + 25.298

or Higher {Percent)

Adult Population in U.S.
With High Schoaol Diploma

05 T
u.nﬂ 20 40 &0 BO
Years Since 1940

Residual Plot

b

=2.00

Years Since 1240

The residual plot shows the residuals distributed
above and below the x-axis and clustered
somewhat close to the x-axis. The linear model is
likely a good fit for the data.
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Practice & Problem Solving

21. Two data sets and their lines of best fit
are shown below. Describe the correlation
for each data set. Use the residual plots to
explain which correlation is stronger.

p ¥
4
0 X
0 2 4
Residual Plot Residual Plot
BT, fF
o5l % os|-* 5
X X
= e
2 44 11314
—0.5 —0.5
[ ] [
-1 -1
N

22. Apply Math Models The table shows the
winning times for the 100-meter run in the
Olympics since 1928, What is the equation of
the line of best fit for the data? What do the
slope and y-intercept represent? Estimate the
winning time in 2010, and predict the winning
time in 2020.

1928 10.80 1980 10.25
1932 10.30 | 1984 9.99
1936 10.30 1988 992
1948 10.30 1992 9.9
1952 10.40 1996 9.84
1956 10.50 2000 9.87
1960 10,20 2004 9.85
1964 10.00 2008 969
1968 9.95 202 9.63
1972 1014 2016 9.81
1976 10.06



Analyzing Frequency Tables

Quick Review

Two-way frequency tables show relationships
between two sets of categorical data. Joint
frequencies indicate the frequency of one
category, Marginal frequencies indicate the
total frequency for each category,

Joint relative frequency is the ratio, or percent,
of the joint frequency to the total. Marginal
relative frequency is the ratio, or percent, of
the marginal frequency to the total. Conditional
relative frequency is the ratio of the joint
frequency and the related marginal frequency.

Example

A teacher asked her 30 students to choose
between the museum or the zoo for a class trip.
Out of 12 male students, 5 chose to go to the
museum. Out of the 13 students who chose the
zoo, 6 were female.

Construct a two-way frequency table. What
trends do the results suggest?

[ [Museum | Zoo | Totals _
] 12

Male 5
Female [ | B ]
Totals [ ] 13 30

12 = 5=7, 7 male students chose the zoo.

30 = 12 = 17; 17 students chose the museum.

17 =5 = 12; 12 female students chose the museum.

12 + 6 = 18; 18 students are female.

|| Museum | Zoo | Totals _
5 7 12

Male
Female 12 & 18
Totals 17 13 30

The joint frequencies suggest that males prefer
the zoo and females prefer the museum.

The marginal frequencies suggest that all
respondents showed a slight preference for
going to the museum.

Practice & Problem Solving

In a survey, TV viewers can choose between two
movies. 40 men and 10 women choose the action
movie that is featured. Of the 30 people wheo
chose the comedy, 20 are women and 10 are men.

23. Make a two-way frequency table to organize
the data. Is it reasonable to say that more

people surveyed prefer action movies? Explain.

A city planner surveyed residents to see if there
is a relationship between bicycle ownership and
bus ridership. The survey found the following:

* 72% of those surveyed who owned a bicycle
rode the bus less than once a week.

* 68% of those surveyed who did not own a
bicycle rode the bus at least once a week.

« Overall, 76% of those surveyed owned
a bicycle.

24. Copy and complete the relative frequency

table.
Owns a | Does not own )
b . Totals
bicycle a bicycle
= 1 time
= 1.
per week . — -
1 ti
< 1 time - - 1.00
per week

25. Residents who owned a bicycle are one
of the subgroups in the study. So, 76%
represents a marginal relative frequency.
Copy and complete the table,

Owns a | Does not own
g 4 Totals
bicycle a bicycle

= 1time

| [ ] 0.7&
per week
< 1time
] [ |
per week
Totals [ ] [ ] 1.00

26. Communicate and Justify Does the survey
sugogest an association between bicycle
ownership and bus ridership? Explain,
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Visual Glossary

English Spanish

Absolute value function  #x) = | Funcion de valor absoluto  fix) = |x|

Ex
ample 4 ¥

2

-4 =2 oy [ 1] 4

Asymptote A line that the graph of a function gets closer to Asintota Linea recta a la que la grafica de una fundién se
& x of y gets larger in absclute value. acerca indefinidamente, mientras el valor absoluto de x o y
aumenta.
Example ¥
1
o 2 4x

The y-axis is a vertical asymptote
for y= ). The x-axis is a
1

horizontal asymptote for y =4

Axis of symmetry  The line that intersects the vertex, Eje de simetria El eje de simetria es la linea que corta el
and divides the graph inta two congruent halves that are vértice y divide la grafica en dos mitades congruentes que
reflections of each ather. won reflexiones una de la atra.

Example

- axis|of
symmetry

Causation ‘When a change in one quantity causes a dhange Causalidad Cuando uncambioen una cantidad causa un

in & second guantity. A correlation between quantities does tambio en una sequnda cantidad. Una correlacian entre las
not always imply causation. cantidades no implica siempre la causalidad.

COlasure property A set of numbers is closed under an Propiedad de cerradura  Un conjunto de nameros estd cerrado
operation when the result of the operation is also part of bajo una operacidn cuando el resultado de la operacion

the same set of numbers. también forma parte del mismo conjunto de ndmeros.

Example The set of integers is closed
under addition because
the sum of two integers is
ahways an integer.

G2 VISUAL GLOSSARY



English Spanish

Common difference The difference between consecutive Diferencia comin La diferencia comdn es la diferencia entre
terms of an arithmetic sequence. los términes consecutivos de una progresion aritmética.

Example The common difference is 3 in the
arithmetic sequence 4, 7, 10, 13,

- S
Completing the square The process of adding {.E':I to Completar el cuadrade  El proceso de sumar | ""] a
x? + b to form a perfect-square trinomial, ¥° + b para formar un trinomio cuadrade perfecto,

Example »°+ 6% - 7 =9 5 rewritten as
{x = 3) = 25 by completing
the square.

Compound inequalities Two inequalities that are joined by Desigualdades compuestas  Dos desigualdades que estan
and ar or. enlazadas por medio de una y o una o

Examples 5 < x and x < 10
M=xorx=-3

Compound interest Interest paid on both the principal and Interés compuesto  Interés caloulado tanto sobre el capital
the interest that has aln‘ady been paid, como sobre los intereses ya pugijrl-:n.

Example For an initial deposit of 51,000 at
a 6% interest rate with interest
compounded quarterly, the
function y = 1000( 238 * gives the
account balance y after x years.

Conditional relative frequency The ratio of the joint Fracuencia relativa condicional  La razon de la frecuencia
frequency and the related marginal frequency, canjunta ¥ la frecuencia marginal relacionad a.

Exarnple
T emoon [ evng | o]
a0 a0

3 o - o 140 =
= = pd% | == 6% = 00
Student | 5o = 64% | 5o = 36% | 5= 100%
20 5 Wy 40 -y a0 i
Adult g = 3% | o-=61% | = =100%
Constant ratioc  The number that an exponential function Razén constante E| ndmero por el que una fundan
repeated ly multiplies an initial amount by. exponendal multiplica repetidamente a una cantidad inicial.
Example Inan exponential function of the
form fix) = ab® b is the constant
ratia,
Continuous A graph that is unbroken. Continua Umna grafica continua es una gréafica
ininterrumpida.
Example by

ff,/
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English Spanish

Correlation coefficient A number from -1 to 1 that tells you Coeficiente de correlacion Mimero de —1 a 1 que indica
how dosely the equation of the line of best fit modek the con cudnta exactitud la linea de mejor encaje representa los
data. It is represented by the variable, r. datos. 5e representa con la variable r.

Example

LinReg
y =ansh
a = 013403032
b =- 3622031627

f* = BREIZTTTE
1= 5414498267

The correlation coefficient is
approximately 0.94.

Cube root function  f{x) = ¥x Funcién de raiz cibica  fix} = V¥

Example

Cubic function  #{x) = x*

Example i
gl¥
4 [ g = 3
X
8 4 [lo 4 8
8
k|
Decay factor 1 rinus the decay rate in an exponential Factor de decremente 1 mencs la tasa de decremento en
function when 0 < b < 1. una funcidn exponencial sl 0 < b < 1.
Example The decay factor of the function
y=50.31"is0.3.
Degree of a monomial The sum of the exponents of the Grado de un monomio  La suma de los exponentes de las
variables of a monamial, variables de un monamio,

Example -4x® is a monomial of degree 5.

Degree of a polynomial The highest degree of any term of Grado de un polinomio  El grado de wun polinomio es el
the polynomial, grado mayor de cualguier térming del palinomio,

Example The polynomial Plx) = «% + 263 - 3
has degree 6.
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English Spanish

Difference of two squares A difference of two sguares is an Diferencia de dos cuadrados La diferencia de dos cuadrados
expression of the form a? — b2 It can be factored as es una expresion de la forma al - pt se puede factorizar
{a + bila - b). coma (a + blfa - b).

Examples 25a% - 4 =(5a +2) (5a - )
mf—1=(m 4+ mI - 1)

Discrete A graph compaosed of isolated paints. Discreta Una grafica discreta es compuesta de puntos
aislados.
Example ¥
2
L
1 X
- -
-2 0 2
L]
Digeriminant The discriminant of a quiadiatic edquatian Discriminant® El diseriminante dé una ecuscidn cuadritica
af the farm ax? + b + ¢ = 0 is b% - 4ac. The value of the ax? 4 b + ¢ = 0 es b? ~ dac. El valer del discriminante
discriminant determines the number of solutions of the determina el ndmeros de soluciones de la ecuacidn.
equation.

Example The disciminant of
' 49 -2 =097

Domain (of a relation ar function) The possible values for Dominla (de una relacdn o funclén)  Posibles valores de
the input of a relation or function. entrada de una reladdn o fundéan.

Elements [of a set) Members of a set. Elementos Partes integrantes de un conjunto.

Example Inthe function fix) = x + 22, the
domain is all real numbers.

Example Cats and dogs are elemenits
of the set of mammals.

Exponential decay A situation modeled with a function of Decremento exponencial Paraa =0y 0<b<1,lafuncidn
the form y = ab”, wherea = 0and0 < b = 1. y = ab” representa el decremento exponendal.

Example y = 5(0.1}*

Exponential functlon  The function flx) = B¥, where b= 0 Funcién exponencial La fundién fx} = b% donde b = 0
and b 1. yh#,

Exarmple ¥

fla) = 2

Expanential growth A situation modeled with a function of Incremento exponencial Paraa >0y b = 1, la funcion
the form y = ab’, where a = Qand b > 1, ¥ = ab® representa el increments exponencial.

Exampla y= 100(2)"

VISUAL GLOSSARY




English

Extrapolation The process of predicting a value outside the
range of known values.

Family of functions A group of functions that use the same
common operation in their equation forms.

Spanish

Extrapolacién Proceso que se usa para predecir un valor por
fuera del ambito de los valores dados.

Familia de funciones Un grupo de funciones gue usan la
misma operacidn comdn en su forma de ecuaddn.

Example fix) = 3x +?andﬁx?=%x -9
are members of the linear
farnily of functions.

Farmula An equation that states a relationship amaong
quantities.

Farmula Ecuacidn que establece una relacidn entra
cantidades.

Example The formula for the volume
V of a cylinder Is V' = srih,
where ris the radius of the
cylinder and h is its height.

Function A relation in which sach element of the domain
corresponds with exactly one element in the range.

Funcidn Una relacion en la cual cads elements del dominio
e corresponde con exactamente un elemento del rango.

Example Earmed income is a function of
the number of haurs waorked,
If you earn $4.50/, then your

income is expressed by the
function i) = 4.5h.

MNotackdn de una funddn  Un método para escribic variables
como wuna funcidn de otras variables.

Function notation A method for writing varlables as a
function of other variables.

Growth facter 1 plus the growth rate in an exponential
function when b > 1.

Identity An equation that is true for every value.

Example f{x) = 3x — 8 is in function
notation.

Factor incremental 1 mas la tasa de inoremento en una
funcidn exponencial si b = 1.

Example The growth factor of p = 7{1.3)¥
is 1.3

Identidad Una ecuaddn que es verdadera para todos
los valores.

Example 5 - 14x=5{1 — ) isan

identity because it is true for any

value of x.

Interpolation The process of estimating a value between
two known quantities.

Interpoladidn Proceso que se usa para estimar el valor entre
dos cantidades dadas.
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English

Joint frequency  The frequency of a single option for
ane cat EQary.

Spanish

Frecuenda conjunta La frecuenda de una dnica opcidn por
categoria.

Example
[ terson | e |

Student
Adult
Totals

90 30 140
20 40 60
110 1] 200

90, 50, 20, and 40 are joint frequencies.

Joint relative frequency The ratio, or percent, of the joint
frequency to the total.

Example

Student
Adult

Totals

45%, 25%, 1

Linear function A function whose gl.’mh % & lirve is & limear
function. You can represent a linear function with a linear
equation.

Example

Frecuencia relativa conjunta  La razon, o porc I:‘I'It.:ljl:. de la
frecuencia conjunta al total.

Afternoon Evening Totals
305 = 45% | 395 = 5% | 350 = 70%
20— 10% | o =20% | 2= 30%
J00 = 55% | 3 = 45% | 488 = 100%

0%, and 20% are joint relative frequencies.

Fumcidn lineal Una funcién cuya gréfica es una recta es
una funcidn lineal. La funcidn lineal se representa con una
ecuacion lineal.

1 —z/lo 74

&R |r11:-;,]|.|u||1,'y in v
variables whaose graph i a reglon of the coordinate plane
that Is bounded by a line. Each point in the reglon s a
solution of the inequality.

Linear inequality in two variables

Example

y=x+1
i

Desigualdad lineal con dos variables Una desigualdad
lineal es una desigualdad de dos variables cuya grafica es una
regidn del plano de coordenadas delimitado por una recta.
Cada punito de la regidn es una solucion de la desigualdad.

.

7
il

0 2

* 2

>

Linear regression & method used to cakculate the line of
best fit.

Regresion lineal Método que se utiliza para calcular la linea

de mejor ajustes,
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English

Line of best fit The most accurate trend line on a scatter
plot showing the relationship between two sets of data.

Exampla

Calories

Spanish

Recta de mayor aproximacién La linea de tendencia en
un diagrama de punitos que mas se acerca a los puntos gue
representan la reladon entre dos conjuntos de datos.

Calories and Fat for
Fast Food Meals

Literal equation An equation expressed in variables,

Marginal frequency The total frequency for each option or
category.

Example
Student

Adult
Totals

10 20 30 40 50

Fat (g)

Ecuacion literal Ecuacidn que se expresa con variables.

Example d4x + 2y = 18 is aliteral equation.

Frecuencia marginal La frecuencia total para cada opcion o

cateqoria.

Afternoon | Evening | Totals
90 50 140
0 40 60
110 a0 200

140, &0, 110, and 90 are marginal frequendes.

Marginal relative frequency The ratio, or percent, of the
marginal frequency to the total.

Exampla

Student
Adult

Totals

Frecuencia relativa marginal
frecuencia marginal al total.

La razdn, o porcentaje, de la

Afternoon Totals

Evening

Pl . 50 140 "
200 = 5% | 300 = 3% [ 399 = 70%
. A _ qpa 60 _ na
306 = 10% | 305 = 20% | o5 = 30%
110 R o | 200 _

200 = 55% | 39q = 45% | $gq = 100%

T0%, 30%, 55%, and 45% are marginal relative frequendes.

Monomial A real number, a variable, or a product of a
real number and one or more variables with whole-number
exponents.

Monomio Nimero real, variable o 2l producto de un
numero real y una o mas variables con ndmeros entercs como
exponentes.

Example 9, n, and -5xp° are examples of

raromials.
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English

Hegative assodation \When pvalues tend to decrease as
x-values increase, the two data sets have a |'m|_;.:1|'.'r' assaciation

Spanish

Asodacidén negativa Cuando los valores de y tienden a
disminuir a medida que los valores de x aumentan, los dos
conjuntos de datos tienen una asodiacién negativa.

Hegative correlation When data with a negative association

are modeled with a line, there is a negative correlation.

Exampla

Ho association When there is no general relationship
between x-values and y-values, the two data sets have no
association,

Example

Parabola The graph of a quadratic function.

Example

Parallel lines Tweo lines in the same plane that never
intersect. Parallel lines have the same slope.

Example

Correlacidn negativa Cuando los datos que tienen una
asociackon negativa se representan con una linea, hay una
correl &cidn nieg atied

Sin asociadion Cuando no existe ninguna relacion general
entre los valores de x v los valores de p, los dos conjuntos de
datos no tienen ninguna asociacion,

Pardbola La gréfica de uma funcién cuadratica.

Rectas paralelas Dos rectas situadas en el mismao plano
gque nunca se cortan. Las rectas paralelas tienen la misma
pendiente

VISUAL GLOSSARY




English Spanish

Perfect-sgquare trinomial  Any trinomial of the form Trimomio cuadrado perfecte  Todo trinomio de la forma
a? + 2ab + b? or a? - Zab + b2, It is the result when al+ 2ab + b¥ 6a? - 2ab + b2 Es el resultado cuando un
a binomial is squared. binomio se eleva al cuadrado.

Example (r+ 3)% = x? 4 G + 9

Perpendicular lines  Lines that intersect to form right angles. Rectas perpendiculares  Rectas que forman angules rectos
Two lines are perpendicular if the praduc of their slopes en su interseccidn. Dos rectas son perpendiculares si el
s -1. producto de sus pendientes es -1.

Example

Point-slopa form A linear equation of a nonvertical line Forma punto-pendiente La ecuacidn lineal de una recta no
written as ¥ — yy = mix - &y}, The line passes through the wvertical que pasa por el punto ixy, ¥y} con pendiente m estd
paint (3, ¥y) with slope m. dada por ¥ - yy = mix - i),

Example An equation with a slope of %

passing throuwgh (2, -1} would
be written y + 1 =—; (x—21in

pointslape form.
Palynomial A& monomial or the sum or difference of two or Polinomio  Un monomio o la suma o diferencia de dos o mas
msre monomials FRaRarmio.

Example Zx?, 3x + 7, 28, and
-7x?-2x? + 9 are
all polynarmials.

Positive assadation When y-ualues tend to increase Asociaddn positiva Cuando los valores de y tienden a

& w-values increase, the two data sets have a positive aumentar a medida que los valores de x aumentan, los dos

association. conjuntos de datos tienen una asocladdn posithva.
Example

Positive comrelation  \When data with a positive association Correlacion positiva  Cuando los datos que tienen una

are modeled with a line, there is a positive correlation. asodacion positiva se representan con una linea, hay una
correlacion positiva.

Example
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English

Product Property of Cube Reots  Yab =@ .Jb

Spanish

Propiedad del producto de las raices cibicas  Vab =43 « Vb

Example ¥27.64 =127 .16

Product Property of Square Roots  J/ab = Ja « Jb, when both
a and b are greater than or equal to 0.

Cuadratic equation

Example J16 .25

An equation of the second degree

Example 4x7 + 9% -5

Propiedad del producto de las raices cuadradas  Jab =3 «
b, cuando tanto a como b son mayores que o iguales a 0.

J16 «f25

Ecuacion cuadritica LUna ecuacidn de segundo grado.

=0

Quadratic formula I ax? + b + ¢ = 0 and a # 0, then Férmula cuadrdtica 5 aw? + b+ c=0ya =0,
: =
¥ __J’L"I_b'.__i“l":_ entonces X _Elﬁ__'_l";“__
7a FT
Example 2x® + 10w+ 12=0
b b A
. FT]
x==W2 Jied - alnn
242)
_ 1028
=
_ =042 -2
* & Mg
x=-2or-3
Quadratlc function A function of the form y = ax? + bu + ¢, Funclén cuadritica La funckén y = ax? + by + ¢, en la que

where a # 0. The graph of a quadratic function s a parabola,
a U-shaped curve that opens up or down.

a # 0. La grafica de una funcitn cuadratica es una parabola,
o curva en forma de U que se abre hada arriba o hada abajo.

Example y=5x? - 2x + 1 15 a quadratic

function.

Quadratic parent function The simplest quadratic function
fix) =it ar = w2,

Fumcitn cuadratica madre La funcidn csadratica mas simple
fx) =xz1:|y= xl.

Example y = x? i the parent function for
the family of quadratic equations
of the form y=ax® + bx + ¢

Quadratic regression A method used to find the quadratic
function that best fits a data set

Range (of a relation or function) The possible values of the
output, or dependent variable, of a relation or function,

Regresién cuadratica Método que se utiliza para hallar
la funcdién cuadratica que se ajusta mejor a un conjunto de
datos.

Rango (de una relacidén o funcdén) El conjunto de todos los
valores posibles de la salida, o variable dependiente, de una
reladén o funddn.

In the function y = l«, the range

i the set of all nonnegative

Example
numbers.
Rational enponent Another way to express radicals
Example % =

3
3
i

]

Exponente racional Otra forma de expresar los radicales.

is the rational exponent.
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English

Reciprocal The reciprocal of a rumber is 1 divided by
that numiber.

Spanish

Reciproco  El reciproco de un ndamero e 1 dividido entre
e numero.

Example { and § are reciprocals because

14-2-5‘

§°T

Residual The difference between the y-value of a data polmt
and the corresponding y-value of a model for the data set,

Root The input values for which the related function is zero.

Set A well-defined collection of elements.

Residuo La diferencia entre el valor de y de un punto y el
valor de y comespondiente a ese punto en el modelo del
conjunto de datos.

Rair Los valores de entrada para los cuales la funcion
relacionada es cero.

Conjunto  Un grupo bien definido de elementos.

Example The set of integers:
t..,=3,=2=1,0,122%..}

Set-bullder notation Set-builder notation wes a verbal
description or an ineguality 1o describe the numbers in a set.

MNotadén conjuntista  La notadidn conjuntista usa una
descripoion verbal o una desigualdad para describin bos nomencs.

Example [x|x & areal number]

x| x> 3}

Simple interest  Interen paid only on the principal

Interds simple  Intéres basado en el capital solamente.

Example The interest on $1,000 at 6% for
5 years is $1,000{0.06)5 = $300.

Simplest form of a radical expression A radical expression
where each radicand is greater than 1 and has no other
perfect square factors under a square root or perfect cube
factors under & cube root, Additionally, there should be no
radicals in the denominator of any fraction,

Example Use properties of square and cube roots to reduce the expression

CLEE, EX T W I EY Y
w0 vl
= 10-3. VRITT
vAvS
MW
25
o110
245 =45
o0 . ¥
L]

Slope-intercept form  The slope-intercept form of a linear
equation is ¥ = mx + b, where m i the slope of the line and b
is the y-intercept.

Example y = fx - 2

G12 VISUAL GLOSSARY

Minima sxpresién de una expresion radical.  Una expresion
radical donde cada radicando es mayor gue 1y no tiene otros
factores que son cusdrados perfectos bajo una ralz cuadrada
ni factores que son cubos perfectos bajo una raiz cobica
Agmimo, no tiene radicabes en ¢l denominadar de ninguna
fraccion.

36 Y50,
v

Forma pendente-intercepto  La forma pendiente-intercepto
o3 la ecuacion lineal ¥ = mx + b en laque m 5 la pendiente de
la recta y b es el punto de interseccidn de esa recta con el eje y.



English Spanish

Any ordered pair Solucion de una des mgualdad con dos variables Cualguier

Salution of an inequality in two variables
par ordenado que haga verdadera la desigualdad

that makes the inequality true
Example Each orderéed pair in the yellow area
and on the solid red line is a solution

of Ir - Sy < 10

y =

Solucién de un siitema de desigualdades lineales Todo

Solition of & syitem of linesr inequalites Any ordered palr
par ordenado que hace verdaderas todas las desigualdades

that makes all of the inegualities in the system true.

del dstema
Ex
ample ‘-,,4”"' A
Hh ')
I
i s
Y
I X
-1 0 * S
-2 ;i" "'4,
!
-4 |7
i
/
’

The shaded green area shows the
yrlx-5
solution of the system ix ¢ dy < 12
Funcién de raiz cuadrada  Una funcidn que contiene la

Square root function A function that contains the
variable independiente en el radicando

independent variable in the radicand.
Example y = Jlx & asquare root function

Forma normal de una ecuacidn lineal La forma normal
de una ecuacion lineal es Ax + By = C, donde A, B y ( son
ndmeros reales, y donde A y B no son iguales a cero.

Standard form of a Enear equation The standard form of
a linear equation s Ax + By = C, where A, B, and C are real
numbers and A and B are not both zero

Example 6x -y=12
Forma normal de un polinomio Cuando el grado de los

térmings de un polinomio disminuye de izquierda a derecha,
estd en forma normal, o en orden descendente,

Standard form of a polynomial The form of & polynomial
that places the terms in descending order by degree,

Example 157 « 57 « x4+ 9

Forma normal de una ecuaclon cuadratica Cuando una

Standard form of a quadratic equatkon The standard form
ecuacidn cuadratica se expresa de forma ax® + ba 4+ ¢ = 0.

of a quadratic equation i3 ax? + bx + ¢ = 0, where 8 ¢ 0.

Exampls -7+ 2x-9=0
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English Spanish

Standard form of a guadratic function The standard form of Forma normal de una funcidén cuadratica La forma normal
a quadratic function is flx) = ax? + bx + L, where a 2 0. de una funddn cuadratica es fx) = ax? + b + C, donde a = 0.

Example fix)=2x" —5x+4 2
Subset A subset of a set consits of elements from the Subconjunts  Un subconjunte de un conjunto condiste en
given set. elementos del conjunto dado.

Example If8={1,2 3,456 7}
and A ={1, 2,5}, then Alsa
subset of B.

System of linear inequalities Two or more linear inequalities Sistema de desigualdades lineales Dos o mas desigualdades
using the same variables. lineales gue usen las mismas variables.

Example y<x+ 11

¥ S
Transformation A tramiformation of a function maps each Transformacion  Una transformacion de una funcidn
point of its graph to a new location. desplaza cada punto de su grifica a una ubicadian nueva.

Example Transformations can be translations,
rotations, reflections, or dilations.

Translation A transformation that shifts the graph of a Translacién Proceso de mover una grafica herizontalments,
function the same distance horizontally, vertically, er bath. verticalmente o en ambos sentidas,
Example ¥YE H ¥

pie

J[2 o] [ 2 4

y=k+2|
+7
¥ =[x + 2| is a translation of
¥=pl
Trend line A line that models the data in a scatter plot by Linea de tendencia WUna linea gue representa bos datos enun
showing the general direction of the data. diagrama de puntos y muestra la direccidn general de los datos.

Example

Vertex The highest or lowest point on the graph of Vértice El punto mas alto o mas bajo de la grafica de una
a function, funcian.

Example
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English

Vertex form of a gquadratic function The function
fix) = alx — .':-:-2 + k, where a 2 0. The vertex of the graph is at
ik, k).

Spanish

Forma candnica de una funcion cuadratica La funcion
flx) = alx — h:,.‘! + k, donde a £ 0. El vértice de la grafica esta
en th, k).

Example If the vertex form of a function is
fix) = §(x + 3} + 7, the vertex of the
graph Is (-3, 7).

Vertical motion model The vertical motion model is the

quadratic function hifl = —16¢F + wyt + hy. The variable b
represents the height of an object, in feet, ¢ seconds after
it is launched into the air, The term vy is the object's initial
velocity and by is its initial height.

Modelo de movimiento vertical El modelo de movimiento
vertical es la fundan cuadratica hif) = —16¢F + vat + hg.
Lavariable h representa la altura en pies de un objeto ¢
segundos desputs de lanzarle al aire. El término vy es la
velocidad inicial del objeto y fig €5 su altura inicial.

Example If an object is launched from a height of
10 ft with an initial velocity of B ft's, then
the equation of the object’s height over

time is hif) =

yeintercept The y-coordinate af a point when: a gr._!ph
crosses the y-axk.

1612 + 81 + 10,

Interce pto én ¥ Caardenada W per dande |a {;r.’a'f-(.,! Criizs ¢l
eje de las y.

Example The p-intercept of y =5x 4+ 2 s 2,

Zero-Product Property  For all real numbers a and b,
ifab=0thena=0orb=0

Example x(x +

=0

Propiedad del producto cera  Para todod los nimeros reales
ayh sab=0 entoncesa=08b=0.

x=0orx+3=0

x=0 or

Zero of a function  An x-intercept of the graph of a fumnction.

x=-3

Cero de una funcion
funcidn.

Intercepto ¥ de la grafica de una

Example The zeros of y=x? - 4 are =2,

VISUAL GLOSSARY
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Index

A

absolute value, 37

absolute value equations
applying, 38-30
graphing, 37
solving, 37-38, 41
with no solution, 38
absolute value functions
defined, 105
graphing, 105109, 112-11&6
wertex of, 105

absolute value inequalities
graphing, 39
solving, 3941
wiriting, 40

addition
of functions, 364-365
of polynomials, 203-206

and, compound inegualities
containing, 32

Application Example, 6, 7, 8, 14, 20,
26, 33, 40, 53, 59, 65, 73, 85, 91, 93,
97,107, 114, 127, 135, 141, 147, 155,
167, 168, 173, 174, 180, 182, 188,
183, 190, 205, 213, 219, 235, 233,
245, 259, 267, 273, 274, 278, 280,
287, 301, 306, 315, 321, 322, 328,
344, 351, 365, 377, 401, 404405,
413-4114

Apply Math Models
algae, 185
area, 249
babysitting, 158
bands, 391
banners, 277
basketball, 138, 171
bailing point, 23
business, 304
candles, 354
catering, 68
compound inequalities, 36
computer-generated imagery, 362
deliveries, 151
dimensions, 137, 236, 243, 240
distance, 178
drive-in movie theaters, 96
dropped object, 283, 3118
education, 88

INDEX

empanadas, 229
furniture, 24%

game design, 111
grades, 347

incoime, 158

invasive plants, 193
invisting, 193

light reflection, 118
market booths, 208
miles traveled by car, 409
maolecular models, 151
online sales, 384
parabolas, 270
payment plans, 56
photo frarmes, 171
photography, 243
plant growth, 193
price of food, 145
price per jacket, 131
profit, 304

pyramids, 118
raindrops, 111

ratios, 178

rentals, 62

revenue, 291

riwver level, 96

savings, 158

social media, 138
sports, 138, 270, 308
surface area, 369
television size, 178
television viewing, 185
tightropes, 312

time in class, B8
vertical motion, 283
walume, 216, 229
watermelon launch, 332
weather, 291

weright loads, 151

asymptotes

defined, 180
horizantal, 357

average rate of change, 190, 343
axes, 160
axis of symmetry, 105, 264-266

bar chart, see bar graph

bar graph, 386, 387, 389, 420
segmented, 395, 421
binomials
miultiphying, 209-214, 217-220
squaring, 217-220
bivariate data, 392-398, 399409,
410-416
categorical, 394, 395, 396, 410417,
421,423
numerical, 392, 393, 358, 399409,
421, 422

boundary line, 147
box plots, 379, 382

C

categorical data
bivariate, 394, 395, 396, 410-417,
421,423
univariate, 385-391, 420

causation
carrelation and, 406
defined, 406

change, rate of, 190, 343
circle graphs, 385, 288, 389, 420
dlassifying, lines, 72

dusterad data, 377, 380, 382, 403-405,
407

coefficient, elimination of variables
using, 142

Commen Error, 7, 19, 38, 52, 58, 72, 580,
99, 107, 113, 1265, 132, 139, 147, 153,
187, 204, 209, 218, 225, 232, 244,
258, 265, 266, 286, 309, 313, 320,
322, 327, 341, 349, 355, 359, 366,
378, 386, 405, 406, 411

common factors, 246

completing the square, 319-323, 126

compound inequalities
graphing, 31
involving And, 32
imvehving OF, 32
solwing, 31-34



compound interest, 187

compressions
of absolute value functions, 114, 116
of functions, 100, 114, 359
of linear functions, 100

Concept
Interest, 187
Residuals, 403
Standard Form of a Quadratic
Equation, 272
Transformations, 98
vertical Motion, 279

Concept Summary, 9, 15, 21, 27, 34,
41, 54, 60, 66, 74, 86, 94, 101, 104,
116, 129, 136, 143, 149, 156, 169,
176, 184, 191, 206, 214, 220, 227,
234, 341, 247, 261, 268, 275, 281,
289, 302, 310, 316, 323, 330, 345,
352, 360, 367, 282, 389, 396,

407, 415

Conceptual Understanding Example, 5,
13, 18, 25, 31, 39, 52, 57, 62, B4, BS,
99, 106, 113, 135, 132, 140, 146, 153,
165, 173, 179, 188, 201, 210, 217,
224, F30, 239, 244 258, 265, IT1,
279, 285, 299, 306, 314, 322, 329,
341, 350, 366, 380, 387, 392, 403, 412

conditional relative frequency, 412,
A413-414, 415, 423

constant amount of change, 285
constant percent rate of change, 186
constant rate of change, 265, 287
constant ratio, 181, 286

continuous, B4

correlation
causation and, 406
in scatter plots, 402, 422
reg ative, 402, 422
positive, 402, 422
strength, 403-404
Critique & Explain, 18, 57, 97, 139, 165,
244, 364, 319, 348
cube root function
defined, 350
r_.'||.’||:||"|.i|1r_.'|.l 350-351
key features, 350
cubic function
defined, 348
graphing, 348, 349
key features, 348

D

data

dustering in, 377, 380, 382,
403-405, 407

estimated, 387, 401

autliers in, 377, 380, 382, 404-405%

population, 381, 387

quadratic, 284, 287

representing, 377-384, 385-391,
392-398

samphe, 381

data displays, analyzing, 374423

data distributions
mean, 381

measures of center and spread, 380,

382, 419
data sets
negative associations, 402
no association, 404
positive associations, 402
decay factor, 189
decay, exponential, 189190
degree
of a momomial, 201
of a polynomial, 202
difference of two squares,
218-219, 246
discrete, B4
diseriminmant, 329
distance-rate-time problems, 8
Distributive Property, 209-211,
217-218
division
of functions, 366
of polynomials, 224
domain
continuous, B4
defined, B3
discrete, B4
identify constraints on, 85, 91,
280, 309
of absolute value functions, 106
of functions, B3-86, 355
af square roat function, 241
reasonable, B4, 91, 309

dot plots, 385, 389, 470

E

eloment of a set, 32

elimination method, solving systems of
linear equations using, 13%-143

end behavior, 357

equations, see also absolute value
equations; absolute value functions;
function(s)
defined, 5
equivalent, 140
fram graphs, 52
in point-slope form, 58
in slope-intercept form, 52
In standard form, 63-66
line of best fit, 401
linear, see linear equations
lines parallel to a given line, 70
lines perpendicular to a given
line, 72
of perpendicular lines, 72
parallel lines, 70
guadratic, see quadratic equations
with a wvariable on both sides, 12-15
with infinitely many solutions, 13
with mo solution, 13, 38

emor, margin of, 381
Explore & Reason, 12, 31, 63, 83, B9,
105, 125, 153, 172, 179, 201, 217,
230, 238, 257, 271, 299, 213, 226,
341, M0
exponential decay, 189-150
exponential functions
characteristics, 17759180
defined, 181
graphing, 180
identifying, 285-286, 267
lingar functions vs. 182
maodeling data sets, 285-286, JE7
writing, 181
exponential growth, 186
exponential models, 285-286, 287
exponents
multiplying, 166
raticnal, 165169
expressions
equivalent, 165, 166, 172
rational, see rational expressions

extrapolation, 401

INDEX
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F

factors)
decay, 1689
difference of two squares, 246
greatest comman {GCF), 224-226
perfect-square, 244-245
factoring
by grouping, 239
by substitution, 240
comman factors, 224, 225, 246
difference of two squares, 246
perfect-square trinomials, 244-245
polynomials, 223-226
quadratic trinomials, 230-234,
238-241, 244-245
real-world application, 306307
solving guadratic equations using,
305310
special cases of polynomials,
24.4-247
trinomials, 230-234, 238241,
244-245
formula, 18
formulas
applying, 20
compound interest, 187
literal equations and, 18-19
rewriting, 19
simple interest, 18
slope, 190
frequency
conditional relative, 413, 413-314,
415, 423
joint, 410411, 412, 423

joint relative, 411, 413414, 415, 423

marginal, 410-411, 412, 413-414,
415 423
marginal relative, 411, 413-414,
415 423
frequency table, 383-384, 387,
420, 421
relative, 387, 420
function notation, E3-90
function(s), see also graph{s)
absolute value, 105-109, 112-116
adding, 364-365
analyzing graphically, 255-360
compressions of, 100, 114, 116, 359
dividing, 366

INDEX

domain, B3-86, 355

end behavior, 357

evaluating, §9-90

in function notation, 39-90

increasing and decreasing intervals,
356

linear, B3-54

multiplying, 365-366

names of, 89

aperations with, 364-367

parent, 257

guadratic, see quadratic functions

range of, 83-86, 355

real-world application, 287

reflections of, 105, 106, 114, 351

stretches of, 100, 114, 116, 359

subtracting, 364-365

transformations of, 98, 265-266, 359

translations of, 97-98, 99, 113, 116,
264, 265, 342, 349, 350-351, 356

types of, 358

G

GCF (greatest common factor),

224236

graphis)

analyzing functions using, 355-360

bar, 386, 387, 389, 420

circle, 386, IBB, 389, 420

cube root function, 350-351

cubic function, 248, 349

end behavior, 357

equations from, 52

line (data), 393, 421

of absclute value equations, 37

of absolute value functions,
105-109, 112-116

of absolute value inegualities, 39

of compeund inequalities, 31

of equations, 37, 51, 58, B4

of exponential functions, 130

of horizortal lines, 64

of horizontal tramslations, 99, 113,
116, 265, 342, 349, 350-351, 356

of inequalities, 24, 31, 32, 39

of linear equations, 51, 58, 64-65

of linear functiens, 91

of quadratic functions, 258,
264-268, 271-275

af slope, 51

of solutions of equations, 299-302

of square root functions, 341, 342

of systems of linear equations,
125129

of systems of linear inequalities,
153-156

of vertical ranslations, 97-98, 113,
116, 264, 342, 345, 350-351, 356

scatter plot, 392, 421, 422

shifts of, see translation

sketdhing, 355

salving guadratic egquatians using,
299-302

using point-slope farm, 58

using slope-intercept form, 51-54

writing linear inequalities from, 148

writing systerms of linear inegualities
fram, 154-155

Greatest Common Factor (GCF),
224-226

grouping, factoring by, 239
growth factor, 186
growth, exponential, 186-188

H

Have a Growth Mindset, 39, 53, 90,
148, 166, 246, 259, 309, 365, 414

histograms, 378, 362, 419
horizantal lines, 54

horizontal translations, 99, 113, 115,
265, 342, 349, 350351, 356

identity, 13
inequalitylies), see also solving
inequalities
absolute value, 39-41
all real number solutions, 25
compound, 31-34
graphing, 24, 31, 32, 39
In one varable, 24-27
linear, see linear inegualities
nosolutions, 25
notation, B3-84
symbols for, 24, 39, 147
with variables an both sides, 25
integers
consacutive, &
defired, 63
interest
compound, 187, 188
simple, 18, 92-93, 187

interpalation, 401
intersection, point, 125, 127, 128
isolate, 5



J

joint frequency, 410-411, 412, 423

joint relative frequency, 411, 413-414,
415, 423

L

Learn Together, 25, 64, 97, 133, 174,
212, ZB6, 320, 351, 392

like terms
coembining, 203
defined, 203
line graph {data), 393, 421
line of best fit, 401-405, 407, 422
line plots, 377, 380, 382
line(s)
boundary, 147
classifying, 72
graphing, using intercept, 51-54
horizontal, 64
of best fit, 401-405, 407, 422
parallel, 70
perpendicular, 71
dope of, see slope
trend, 399-409, 422
vertical, BS

linear equations
applying, 59, &5
graphing, 51, 5B, 64-65
point-slope form of, 57-60
slope-imtercept form of, 51-54
salving, 5-9
standard form of, 63-66
systems of. see systems of linear
equations
lmear functions
compressians of, 100
defined, 91
exponential functions v 182
graphs of, 91, 97-101
horizontal translations, 99
identifying, 285-286, 267
maodeling data sets, 285286, 287
rules, B0
stretches of, 100
vertical translations, 97-98
lingar growth, 52-93
linear inequalities
graphing, 146-147
inone variable, 148-149
In twio variables, 146-149
solving, see solving inequalities
wystems of, see sytems of Nnear
inequalities
writing from graphs, 148

linear models, 285286, 287
linear regression, 401, 404, 407

literal equations
defined, 18
resvriting, 18-19

M

margin aof error, 381

marginal frequency, 410-411, 4132,
413-414, 415, 423

marginal relative fraquency, 211,
413-414, 415, 423

mathematical modeling
abiolute value equations, 43
equations with varables on both
sides, 17
imegualities in ene wariable, 29
of gquadratic functions, 278-281

Mathematical Modeling in 3 Acts
Eig Time Pay Back, 194
Collectimg Cans, 30
Edgy Tiles, 363
Get Up There!152
How Tall is Tall?639
Text Message, 418
Thie Express Lane, 104
The Long Shot, 284
Unwrapping Change, 333
Whao's Right, 237

mean, 381

Model & Discuss, 5, 24, 37, 51, 112,
132, 146, 186, 209, 223, 278, 285,
305, 355, 364, 377, 3485, 392, 359

mananmial
adding, 203
defined, 201
dividing, 223
subtracting, 203

multiplication
of a trinomial and a binomial,

211-212
of binomials, 200-214, 217-220
of exponents, 166
aof functions, 365-366
of polynomlals, 209-214, 217-220
of radical expressions, 173

Multiplication Property of Equality,
140

nagative assodations, 402
negative comrelation, 402, 422
nio association, 404
notation
function, &S50
inequality, 83-84
sat-builder, B3-84
number lime{s)
absolute value on, 37
salution of an inequality on, 24, 31,
32, 39
numbers
absolute value of, 37
integers, 6, 63
rational, see rational numbsers
numerical data
bivariate, 392, 393, 398, 399409,
421, 422
univariate, 377-384, 419

O

operations, with functions, 364-367

apposite reciprocals, 71

ar, L-:‘;lrnpnund inegualitios :nnmimng,
32

ordered pair, 146
outliers, 377, 380, 382, 404-405

P

parabolas
axis of symmetry of, 264-267
defined, 257
in quadratic graphs, 265-267
symmetry of, 264-267, 307
vertex of, 264, 265, 266, 307
parallel line(s), 70
parent functions, 257
parentheses
expressions in, 132
for negative values when
substituting, 327
patterns, In squares of binomials,
217/=-220
perfect-s<quare trinomials, 244245

parpendicular line(s), 71

INDEX

N5




point-slope form of linear equations,
57-60

palynomial(s)
adding, 203-206
defined, 202
degrees, 202
dividing, 224
factoring, 223-226
multiplying, 209-214, 217-220
naming, 202
standard form of, 202
subtracting, 203-206

population data, 381, 387

positive assoclation, 402

positive correlation, 402, 422
Power of a Power Property, 165, 166
Power of a Product Property, 168
prime factorization, 224

Preduct of Powers Property, 167
Preduct Property of Cube Roots, 173

Preduct Property of Square Roots, 172
property(ies)
Addition Property of Equality,
within Do You Understand, 21
Closure Property, 204
Distributive Property, 209-211,
217-218
Multiplication Property of Equality,
140
Powveer of a Power Property, 165, 166
Power of a Product Property, 168
Product of Powers Property, 167
Product Property of Cube Roots, 173
Product Property of Square Roots, 172
Quotient of Powers Property, 167

Q

quad ratie equations
defined, 299
factored form of, 306, 308
solving by factoring, 305-310
solving by graphing, 299-302
salving by tables, 300-301
solving wsing completing the sguare,

319-323, 326

salving wsing square roots, 213-316
standard form of, 306

Quadratic Formula, 326-330

INDEX

guadratic functions
factored form of, 307, 308, 309
graphs of, 258, 264-268, 271-275
harizontal translations, 265
identifying, 285-286, 287
modeling data sets, 285-286, 287
modeling with, 278-281
parent function, 257
real-world application, 259
standard form of, 271-275
wertex form, 264-268, 322
wertical translations, 264

guadratic graphs, 258, 264-268,
27T1-275

guadratic models, 285-286, 287
guadratic parent function, 257

guadratic trinomials, 230-234, 238
241, 244-245

Quick Review, 4447, T7-79, 119-121,
158161, 195157, 250253,
292-295, 334-337, 370373,
410423

Quotient of Powers Property, 167

radical expressions
adding, 175
dividing, 173
equivalent, 172
multiplying, 173
rewriting, 172-175
simplest form, 174
subtracting, 175
range
continwous, B4
defined, 83
dscrete, 84
identify constralnts on, 85, 309
of absolute value functions, 106
of functions, B3-86, 355
reasonable, 84, 309

rate of change

awverage, 190, 343

constant, 285, 287

constant percent, 186, 286, 287
rational exponents

defined, 165

salving problems with, 166-168

write radicals using, 165

rational numbers, integers as, 63
rathos, constant, 181

reciprocal, 71

reciprocals

opposite, 71
preduct af, 71

reflections, of functions, 105, 106,
114, 351

regresslons, linear, 401, 404, 407

relative frequency table, 387, 420

residuals, 403-405, 407, 422

root, 329

samiple

data, 381

mean, 381

scatter plots

associations in, 402

correlation in, 402, 422

trends in, 395-409, 422
segmaented bar chart, 295, 421
set-builder notation, B3-84

set(s), see data sets
defined, 24
element of, 32
subset, 32

simple interest, 18, 52-593, 187

simplest form of a radical expression,
174

slope
formula for, 190
of aline, 51, 52

of parallel lines, 70

of perpend icular lines, 71, 72

rate of change as, 190

sign of the, 52
slope-intercept form, 51-54

solution of a system of linear
Inegualities, 153-156

salution of an equation, 11, we alio
salving equaticns

solution of an nequality in two
variables, 146

solutions of linear inequalities, see
salving ineqgualities



solving equations

approximately, 127-128, 301

linear, by graphing, 125-129

linear, chioosing method of, 142

lirear, |,|'sin|3 elimination mq:'thn-dl
139-143

linear, using substitution method,
132-136

using elimination, 139-143

using graphs, 125129

using substitution, 132-136

with a variable on both sides, 12-15

with infinitely many solutions, 126

with rational exponents, 166-168
solving inequalities

absolute value, 29-41

all real number solutions, 25

compound, 31-34

linear, 146—149

using substitution, 146

with no solution, 25

with variables on both sides, 25

square root functionis)
defined, 341
domain of, 341
graphing, 341, 342
key features, 341
rate of change, 343

square roots, solving quadratic
equations using, 313-316
square(s)
completing, 319-323, 326
difference of twa, 218-219, 246
of & binomial, 217-220
perfect-square trinomials, 244-245
standard form
of linear equations, 63-66
of polynomials, 202
of quadratic eguations, 306
ol quaadr atic functions, 271-275%
STEM
Design a Pitched Roof, 50
Detign a Smarphone, 4
Designing a T-5hirt Launcher, 298
Gruwing Grain, 124
Make Busines Decisions, 200, 256
Planning a Recycling Drive, 82
Predict the Future Using Moore's
Law, 164
Program a S5quare Root Algorithm,
340
Take an En:'.rg'.' Sunlr.:y. 276

stretches
af abialute valse Fun(‘tlnns_, 114,
116, 359

of functions, 100, 114, 114, 359
of linear functions, 100

Study Tip, 6, 12, 13, 24, 37, 38, 52, 58,

112, 125, 134, 142, 146, 180, 181,
190, 201, 210, 212, 224, 232, 235,
240, 259, 259, 266, 300, 3086, 307,
3048, 326, 350, 399, 410

subset, 32
substitution

factoring by, 240

solving linear inegualities using, 146

solving systems of linear equations
uging, 132-136

subtraction

af functions, 264-365
aof polynomilals, 203-206

symbal(s)

for inequalities, 24, 39, 147
greater than or equal to, 24
less tham or equal to, 24

systems of equations

solving by adding, 139140
solving by graphing, 125-129
with infinitely many solutions, 126
with no salution, 126

systems of linear equations

equivalent, 140

graphing, 125129

solving, see salving equations

with infinitely many solutions,
134-135

with no soluthon, 134-135

systams of linear inequalities

defined, 153

graphing, 153-156

solutions of, 153-156

writing, 154-155

writing, from graphs, 154155

tables

finding product of polynomials
using, 210

finding solutions of eguations wsing,
300-30

interpreting quadratic functions
fram, 259

solving guadratic equations using,
300-301

using to solve equations, 300-301

Topic Review, 44-47, 77-79, 119
121, 159-161, 195-197, 250-253,
292-295, 334-337, 370-373,
419-423

transformations

absolute value functions,
112-116, 359

defined, 98

of function(s), 98, 265-266, 359

translations

defined, 98

graphing, 97-98, 99, 113, 116, 342,
349, 350351, 356

horizontal, 99, 113, 116, 265, 342,
349 350-351, 256

of absolute value functions, 113, 116

of cube root functions, 350-351

of cubic functions, 349

of functions, 97-94, 99, 113, 116,
264, 265, 342, 349, 350-351, 356

of quadratic functions, 264-265

of square root functions, 342

vertical, 97-98, 113, 115, 264, 342,
349, 350-351, 356

trend line

defined, 399
in scatter plots, 399409, 422

trinomials

factoring, 230-234, 238-241,
244245

rmultiplying a binomial by, 211-212

multiplying a monomial by, 212

of the form, 238-241

of the form , 230-234

perfect-square, 244-245

two-way frequency table, 334, 395,

306, M10-417, 423

U

univanate data

cateqgorical, 385-391, 430
numerical, 377-384, 419

Vv

variable{s)

defined, 5
indata sets, 394, 406
In linear inequalities, 146-149

vartex

defined, 105
of absolute value functions, 105
of parabolas, 264, 265, 266, 307

wertex form

of a quadratic function,
D6-268, 322

wiiting using completing the
square, 322

INDEX
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wertical ines, 85 x
wertical motion model, 279
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